AVERAGING AND INVARIANT MEASURES.
DMITRY DOLGOPYAT

ABSTRACT. An important approach to establishing stochastic be-
havior of dynamical systems is based on the study of systems ex-
panding a foliation and of measures having smooth densities along
the leaves of this foliation [44, 46, 38]. We review recent results on
this subject and present some extensions and open questions.

Dedicated to Yakov Sinai on the occasion of his 70th birthday.

1. INTRODUCTION.

The study of statistical properties of dynamical systems constitutes
an important branch of smooth ergodic theory. A central role in such
studies is played by Sinai-Ruelle-Bowen (SRB) measures. To define
them let f be a smooth diffeomorphism of a smooth compact manifold
M and let p be an f-invariant measure. Define its basin

B(u) ={z:YAe C(M lim —ZA flz) = u(A)}.

n—4oo N

Call p an SRB measure if the Lebesgue measure of its basin is pos-
itive. Important problems are the existence and uniqueness of SRB
measures, their statistical properties such as the rate of mixing and
Central Limit Theorem and their dependence on parameters. There is
a good evidence [37] that if one wants some stability results then it is
natural to restrict the attention to partially hyperbolic systems. In this
note we review recent results about statistical properties and stability
of SRB measures [18, 19] and then show how the methods of the these
two papers can be combined to obtain new results in this area.

Recall that f is called partially hyperbolic if there is an f—invariant
splitting

I'M=E,®E.®E;
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and constants A\ < Ay < A3 < Ay < A5 < Ag, A2 < 1, A5 > 1 such that
for some Riemannian metric on M we have

(1) Vo€ Ee Mllol] < [ldf (0)] < Aq|o]],
(2) Vo€ B Asllv]] < [[df (0)[] < AdfJo]],
(3) Vo€ By Asllol] < [ldf (v)[] < Ae[v]].

For partially hyperbolic systems there is an important a prior: informa-
tion about SRB measures [38]. Recall that £, is uniquely integrable,
that is, there is a foliation W*" such that TW" = FE,. A measure p
is called u-absolutely continuous if any set which meets each leaf at a
set of zero leaf measure has p-measure zero. An invariant u-absolutely
continuous measure is called u-Gibbs state. u-Gibbs states have good
regularity properties as we explain next. Fix ¢ and consider the cone
in the tangent space

4) Ki={v=v,+v.+us: ||UC||§S||Uu|| ||US||§5||Uu||}

Then for small & we have df(K,(z)) C K.(fr). We call a set D
(r,C4, C3, ag)—admissible if there is an embedding ¢ from the stan-
dard unit d,-dimensional disc D to M such that ||¢|[c2py < C3 and
if V.= ¢(D) then TV € K,, D C V and in the induced Riemannian
structure on V' mes(D) > r and mes(0.D) < Cie®. We call a pair
¢ = (D,p) (C1,Cs,Cs, 1,1, as) standard if D is (Cy,Cs, 1, ) admis-
sible p is a probability density on D and ||p||cez(p) < Co. Denote

E,(A) = /D Aw)p(a)da.

We regard ¢ as a measure on M so if €2 is a subset of M we shall write
() = E(1o).

Let E1(Cq,Cy, Cs, 1, aq, a) be the set of all such measures. We de-
note by Fy(Cy, Cy, Cs, 1, a1, ag) the convex hall of Fy(Cy, Cy, C3, 1, aq, as)
and by E(Cq,Cy, Cs,r, a1, az) the closure of Ey(Cy, Co, Cs, 1, aq, ().
Usually we will drop (some of the) parameters C, Cy, Cs, r, g, g since
their precise values are not important. In the proofs it is usually
convenient to assume that C, Cy, C3 are so large and r, aq, ay are so
small that the Lebesgue measure is in F(Cy, Cy, Cs, 1, a1, ag) and that
Theorem 1(a) holds. But occasionally it is convenient to have larger
(4, Cy, Cy and smaller r, oy, as. For example if £ € E(Cy, Cy, C3, 1, 011, (o)
and B € C*2(M) is a function such that E,(B) = 1 then ¢ defined
by E;(A) = E,(BA) is in E(Cy,(Cy + 1)||Bl|gez, C3, 1, 1, 2). On
the other hand the proofs of our result depend only on mixing as-
sumptions formulated below and if those assumptions hold for some
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(4, Cy, Cy, 1, aq, as then they hold for all Cy, Cy, Cs, 1, aq, g (see [18]).
So the results of this paper are valid for all C, Cs, Cs, r, aq, s,
Observe that Fy and hence FE is almost invariant. Indeed if C;, Csy, Cs
are large enough and r, a;y, as are small enough then for all admissible
D for all n
there are admissible D; such that

(5) "D = (U Di> UZ, where

(6) mes(f"Z) < Constf".

Here and below 6 is a constant which is less than 1. Its precise value
can change from entry to entry. (In (6) Z consists of the points such
that dist(z, 0(f"D)) < Const. Thus dist(f~"z,0D) < Constf" giving
(6). )

Consequently for all ¢ € E; for all n there exist ¢; € F; such that

(1) Ee(Aof") = ¢y (A)+ ((A) where ||¢]| < Constd".

We shall call (5) and (7) almost Markov decompositions of f"D and
E¢(- o f™) respectively.

Define a Markov family P as a collection of (r, Cy, C3, oy )-admissible
sets such that for any D € P for any n > 0 there is a Markov decom-
position

f"D=\JD;, DjeP
J

An argument of [44] (see also [45]) shows that for any admissible set D
for any 0 there is a Markov family P such that f™D has a decomposition
(5) with mes(f~"Z) < §0". (To show this one starts with a family of
(r,C1, Cs, aq)-admissible sets and then modifies the elements of the
decomposition (5) for D to get the Markov property by consecutive
approximations. )

We are now ready to explain the relation between SRB measures and
u-Gibbs states.

Theorem 1. [38, 18] (a) There are constants Cy,Cy, Cs, r, a1, g such
that any u-Gibbs state is in E(Cq,Cq, Cs, 1, 1, ta).

(b) If f; — [ in C? and v; — v where v; are u-Gibbs for f; then v
1s u-Gibbs for f.
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(¢) For any C1, Cy, Cs, v, aq, e for any sequence £, € E(Cy,Cy, Cs3, 1, a1, ta)
any limit point of

n—1

1 )
n(4) = =3 B, (Ao 1)
n =
s u-Gibbs.
(d) For A e C*(M) let I(A) = {v(A)}v is u-civbs- Then for eache >0
there are constants c., C. such that for each ¢ € E

((dist <% ; A(fiz), I(A)) > 6) < Cuen.

(e) Any SRB measure is u-Gibbs.
(f) If there is unique u-Gibbs measure then it is SRB.

Call f wuniquely ergodic if it has unique u-Gibbs state. By Theorem
1(c) uunique ergodicity implies that for all £ € FE

©) LY U ) — i)

where v is the unique u-Gibbs measure for f.

In [18] we obtained several limit theorems for uuniquely ergodic sys-
tems which enjoy sufficiently fast convergence to equilibrium.

Namely we suppose that there is a Banach algebra B of functions on
M such that ||Al|carn) < ||Al|s for some & > 0 and that there exists a
sequence a(n) with ) a(n) < co such that for all £ € E for all A € B

(9) [Ee(Ao f*) —v(A)] < a(n)||Alls
Let s > 0 be given. Let A : M — R® be a function such that each

coordinate map Ag is in B. (9) and Theorem 1 imply that there exist

the limits
o0

oas(A) = Y [v(Aa(Ag 0 1)) = v(Aa)r(4)] -

j=—00
Theorem 2. ([18]) If x is distributed according to some ¢ € E then

(X720 A(fI)) — nv(A)
vn
In case a(n) < C/n?* we also obtained nonlinear versions of Theorem

2 known as averaging theorems.
Consider the sequence z, € R® given by

(10) Znt1 — 2n = €A(f"x, 2), 2= 2"

— N(0,02(A)).
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where function A(z,z) is three times differentiable with respect to z

and the norms ||8a§;(;z)\ ps, are uniformly bounded for 0 < || < 3. Let

¢n be the solution of the averaged equation

Qo1 — Gn = €A(qn), qo = 2"

where

Alg) = [ At avla).
At
Let A, = 2z, — ¢,. Denote A = % Let ¢(s) be the solution of

q=Aq), q(0)==z"

Theorem 3. (a) Let [ satisfy (9) with a(n) = C/n?. If x is distributed
according to some ¢ € E then as ¢ — 0 A} converges weakly to the
solution of

dA(t) = DA(q(t))A(t)dt + dB(t)

where B(t) is a Gaussian process with independent increments, zero
mean and covariance matrix

(11) E (Ba(t)Bg(t)) = /0 as(A(- a(s)))ds.

(b) Let f satisfy (9) with a(n) = o(1/n?). Suppose that A in (10) has
zero mean
Az) = /A(x,z)du(x) = 0.
Let Z; = z’[l}, then as € — 0 Z; converges weakly to the diffusion
2
process Z(t) with drift

a(z) = Zl / ‘Z—f( fra, 2)A(x, 2)dv(x)

and diffusion matriz o(A(-, z)).

Examples of systems satisfying (9) with a(n) < o(1/n?) include

(generic elements of the) following classes of systems.

(1) Anosov diffeomorphisms [6];

(2) time one maps of Anosov flows [15, 34, 22];

(3) partially hyperbolic translations on homogeneous spaces [32];

(4) compact group extensions of Anosov diffeomorphisms [16];

(5) partially hyperbolic toral automorphisms [28];

(6) mostly contracting systems (see Section 9 for the definition)

17, 10, 11].
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We refer to the above mentioned papers for the precise statements.
Later we shall need stronger mixing assumptions. We say that f has
stretched exponential decay of correlations if (9) holds with

a(n) = ¢y exp(—con?)

and B = C*(M) for some ¢y, ¢o, 7y, @. We say that a family of diffeomor-
phisms {f.} has uniform stretched exponential decay of correlations if
c1, o, & and v can be chosen the same for all values of the parameter.
We say that f is exponentially mizing if v = 1. Examples (1), (3), (5)
and (6) are exponentially mixing as well as contact Anosov flows in
example (2).

Theorem 1(b) shows that u-Gibbs states have better continuity prop-
erties than SRB measures (which need not exist and may vary discon-
tinuously with parameters [48]). Thus it is natural to study stability of
u-Gibbs states in more details. This gives information about the SRB
measures via Theorem 1(e),(f). In [19] this is achieved for Anosov ele-
ments of abelian Anosov actions. By this we mean that FE, is tangent
to orbits of an R%action g; : R x M — M and fg; = g,f. This setting
includes classes (1)-(4) described above. However we need stronger
mixing assumptions (satisfied in the above examples). To describe
those assumptions we need to introduce a relevant function space.

Let CZ(M) be the space of functions A such that for all x € M,
the function t — A(gz) € CH(R?) and [0} (A(gz))]|i=0 € C*(M) for
0 < |j| < k. Here j is a multiindex (ji,7j2...jq) and &/ = 8?;8,5’11,

1jl = Zzzljk- Denote

[Alleg (M) = max [|[9](A(g))]

o<1k tZOHCa(M) '
We assume that for all m there exist £ and C such that for all / € F

(12) [Ee(Ao f) —v(A)] < C(m)||A||Cg(m)(M)N_m-
We shall call a diffeomorphism satisfying (12) rapidly mixing.

We say that f, is a family of Anosov elements (FAE) if each f, is
an Anosov element for an abelian action g,, and the map (z,2,t) —
g.:(x) is C* in all the variables.

We call a FAE {f,} uniformly rapidly mixing for each m there are
C(m), k(m) such that (12) holds for all f,.

Observe that rapid mixing can be defined by the requirement that for
any (C1, Cs,r, ) admissible D for any p € C**(D) for all A € C (M)
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we have

(13)

[ o)At = v14) [ pla)da| < Coml|Allozan]lpllowm N "
D D

Indeed (13) implies (12) for all ¢ € E; and by convexity (12) then holds
for all ¢ € E. Conversely if (12) holds for all £ € E; then splitting

p = 2llpllce2n) — [2llpllcean) — p]
and applying (12) to each term (normalized to integrate to 1) we get
(13).

Let VCZ(M) denote the set of the vector fields on M which are
C* along the orbits of g, and the derivatives are a-Holder. Define
|| |lves ary similarly to |[-[|caar). Let C7 (M) be the space of functions
such that for any VC¢— vectorfield v the function 0,4 € C¢(M). Let

Alleg, = sup [|0uAlleg + sup |A2)].

olly g <1

Let VE(M) be the set of C* vectorfields on M.

Theorem 4. ([19]) Let f be a C™ rapidly mizing Anosov element in
an abelian Anosov action. Let v be its u-Gibbs state. Then there exists
a number ko and a bilinear form w : C7, (M) x V(M) — R such
that the following holds. Let {f.} be a C* one parameter family of
diffeomorphisms such that f = fy. Set

X (@) = ol 710)).

For each ¢ choose a u-Gibbs state v, for f.. Then for all B € C}), (M)
we have

(14)  w(B)—v(B) = ew(B.X) +o (el Bllcs, o))

This theorem was proven before for Anosov diffeomorphisms and
flows (see [1, 14, 26, 39]) but the novelty of [19] is that we only assume
that f. is strongly mixing for ¢ = 0 rather than for all small .

We shall write w(B, X, f) instead of w(B, X) if we want to emphasize
the dependence on the diffeomorphism.

Acknowledgment. First of all [ thank Yakov Sinai for teaching me
dynamical systems and for constant encouragement during this work. I
am grateful to Nikolai Chernov, Yuri Kifer, Carlangelo Liverani, Yakov
Pesin and Amie Wilkinson for useful discussions. I thank the referee
for pointing out a serious mistake in my original proof of Proposition 1
and for many useful suggestions on improving the exposition. Part of
this work was done in Institut Henri Poincare and I thank the institute
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2. EXTENSIONS.

Here we present several extensions of the above results. Observe
that in (10) the fast motion is independent of slow one. Our first result
removes this restriction. Consider the recurrence

Tpt+1 = f($n> Zn>€)‘

(15) Zna1 = 2n + EA(Ty, 2n, €)

We assume throughout this section that A € C*°(M x R?®), that A and
all its partial derivatives of any order are uniformly bounded and that
the maps f,(x) = f(x, z,0) are uniformly partially hyperbolic, that is
that they satisfy (1)(3) with the same A\;—\g and the same Riemannian
metric on M. Recall that to prove weak convergence on [0,00) it is
enough to establish weak convergence on [0, 7] for all 7. From now on
we fix some 1" > 0.
Let
Fe(w, 2) = (f(z, 2,€), 2 + €A(x, 2,€))

so that F.(zp, 2,) = (Tna1, 2na1). Then F. are partially hyperbolic for
small €. Let I, () C T'M be the cones (4) for f,. Then

Ko(x,2) ={(v,u) e TM xR*: wvel,(x), |ull<Cellv|l}

satisfy dF.(IC(x, 2)) C K5 (F.(x, z)) provided that Cy is large enough.
We define the spaces of measures Ei(F.), Es(F.) and F(F.) as above
using g, to define admissible sets. Let E(z*,¢) (Ei(z* ¢), Ea(2%,¢€))
denote the subset of E(F;) (respectively E)(F.), E>(F.)) consisting of
measures such that almost surely |z —z*| < Cye. (E.g. if v is a measure
in E(f,«) then v x - belongs to E(z*,¢) for all ¢.)

Theorem 5. Suppose that for each z the map f,(x) is uuniquely ergodic
with u-Gibbs state v,. Assume that the vectorfield

) = [ Alw, .00 (2)
is Lipschitz. Denote by q(zo,t) the solution of the equation
q = A(q)v q(O) = Zo0-

Let (29, xo) be distributed according to some measure from E(F.). Then
for all'T >0

lim sup }zf/e — q( 2o, t)} — 0 in probability.
e=00<¢<T
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Theorem 6. Suppose that f. are uniformly rapidly mizing FAE. Let
A, =z, — q(20,€n).

Denote AS = \[%E Fiz z* € R®,

(a) Let (xg,29) be chosen according to some measure in E(z*,¢).
Then as € — 0 A — Ay, the process given by Theorem 3(a).
(b) For all L € E(F,) for all1 < R<1/y/z

4 (sup |AF] > R) < e

[0,7]

Theorems 5 and 6 are not really new. In case when f, are Anosov
diffeomorphisms they are proven in [31] and |2, 3] respectively. The
general case requires little modifications.

To formulate the analogue of Theorem 3(b) we need more notation.
Introduce vectorfields on M

d

(16) Xe(x) = d—€|e:o(f(f21937 %))

(17) Vo) = 2L (72 0) A0 2, 0).

Theorem 7. Let f, be FAE having uniform stretched exponential decay
of correlations. Suppose that A = 0.

(a) Define

Z/ (z,2,0)As(flz, 2,0)dv,,

j=—o00

a(z) = a1(z) + az(z) + az(2) + as(z) where
:/§|€:0A(:c,z,e)duz(x),

as(z) = 8A(f":)s z,0)A(z, z,0)dv,,

a() w (A(z, 2,0), X, f2)
a(2) = Zw (,2,0), Yau, f-)

where w is the form deﬁned mn Theorem 4. Then o* and a are uniformly
bounded and uniformly continuous. Moreover o® is C* with uniformly
bounded derivatives.

(b) Choose (9, z9) according to some measure in E(z*,¢). Then the

family {z‘[‘:t /52}} is tight.

,_.
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c) Any limit point of {25, 5} is a diffusion process with drift a(z
[t/€?]
and diffusion matriz o(z).

In particular if there is unique process with drift a and diffusion
matrix o then zﬁ Je2] converges to this process. Examples of uniqueness
include the following.

(1) Skew products. (See Theorem 3(b).) If f(z,z,e) = f then as
and a4 vanish and a; and ay are Lipschitz since correlations sums are
smooth (in fact quadratic) functions of A. Then we can use uniqueness
result for diffusions with Lipschitz coefficients ([47]).

(2) Suppose that for each z € M, for each £ € R® — 0 the function
< & A(+,2) > is not L*(v.) coboundary with respect to f. (<,-, - >
denotes the scalar product). In this case 0?(z) is not degenerate and
boundness and continuity of a(z) suffice for uniqueness ([47]). Observe
that in many cases L? coboundaries are smooth ([35, 36, 20]) and then
one can show (see e.g [27]) that the set of coboundaries is a codimension
infinity closed subspace so the uniqueness holds for generic system (15)
with A = 0.

Theorems 5-7 allow extensions to the case of fiber bundles. Let
N, Z be compact manifolds and 7 : N — Z be a fibering with compact
fibers. Let F': N — N be a diffeomorphism such that 7 o F' = 7 and
F restricted to each fiber is partially hyperbolic and uuniquely ergodic
with u-Gibbs state v,. Call f, the restriction of F' to 7~ 'z. Let F. be
a small perturbation of F. Consider a vectorfield V = 4L|._o(F. o F')
and let

Y(z) = /[dWV(x, 2)|dv,(x).

We assume that Y'(z) is Lipschitz continuous. Define E(F') and E(z*,¢)
and FAE as in the product case. For w € N let z;, = n(FIw). We
assume in Theorems 5*-7* that for each z the map f, is uuniquely
ergodic with u-Gibbs state v,.

Theorem 5% Let w = (z,2) be chosen according to some measure
v € E(F;). Let q(t,w) be the solution of

¢=Y(q), q0)=m(w),
then as € — 0 supg<ycp dist(2f; ., ¢(t, w)) — 0 in probability.

Theorem 6* Suppose that f. are uniformly rapidly mizing FAE
Choose w = (x, z) according to some measure v, € E(z* ). Let

-1
exp ) (%fy/e)
NG

(a) AS converges to a Gaussian vector.

A; =
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(b) For all1 < R<1/y/e

((sup A > R) < ¢
0<t<T

Theorem 7* Suppose that in Theorem 6*Y = 0 and that f. are
FAFE having uniform stretched exponential decay of correlations. Let

w = (z,z) be chosen according to some measure in v. € E(z* €). Then
(a) The limit
(£6)(=") = lim liny 2= 2) = 012)

—0e—0 h

1s a second order differential operator.

(b) The family {2} is tight.

(c) Any limit point of {zft/az}} is a diffusion process with generator
L.

(In (a) lim._o need not exist so limlim means that the set of limit
points € — 0 of the above expression rescaled by h shrinks to the unique
value.)

Continuing the study of small perturbation of F' let v. be a u-Gibbs
state for F.. Let v be a limit point for v.. By Theorem 1(b) v is u-Gibbs

for F. Thus there is measure 17 on Z such that

v= /I/Zdn(z).

Our first goal is to reduce the set of possible limit measures. We follow
23] (see also [30]).

Theorem 8. Under the conditions of Theorem 5% 1 is invariant with
respect to the flow generated by Y.

Still the set of invariant measures can be quite large, so one can
ask if one can further restrict the range of possibilities. For example,
suppose that Y is Morse-Smale so that the set of non-wandering points
consists of finite number of periodic orbits 71,72, ...7, with periods
T, Ty,... T, (we let T; = 1 if v; is a fixed point). Then Theorem 8
implies that n = ), ¢;d,,. In fact all those measures will be present in
case F' is a direct product of some partially hyperbolic map f and a
time € map of a Morse-Smale flow Y.

Theorem 9. If F' satisfies the conditions of Theorem 6* then ¢; = 0
unless 7y; is a sink or

(18) | s =0

1s degenerate.
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In case Y = 0 Theorem 8 gives no information about 7.

Theorem 10. If I satisfies the conditions of Theorem 7* and there is
a unique process with generator L then n is an invariant measure for
this diffusion process.

Theorems 5-7 are obtained by modifications of the arguments of
[18, 19, 13, 3, 31] so we only sketch the proofs referring to the above
papers for the complete details. Theorem 5 is proven in Section 3,
Theorem 6 is proven in Section 6 and Theorem 7 is proven in Section
7. The proofs of Theorems 5*~7* are very similar and will be omitted.
Sections 4-5 contain an extension of Theorem 4 needed in our proofs.
The proofs of Theorems 8-10 are given are Section 8.

3. AVERAGING PRINCIPLE.

Here we present the proof of Theorem 5.

Proof of Theorem 5. We have

na—1 no—1
(19> Zng — Anp — € Z A(zj) +€ Z [A(xjv Zjvg) - A(Zjﬂ .
Jj=n1 Jj=n1

Denote ¢, = q(zo,en). Then
Qo+t — Gn = €A(qn) + O(?)
Thus
(20) Api1 — Ay = e[A(2n, 20, 8) — A(gn)] + O(?)
= e[A(@p, 2n, ) — A(20)] + €[A(2,) — A(gn)] + O(£?).
Using the Hadamard Lemma we represent the second term in the form
(21) A(zn) = Alan) = DA(Gn) An + ((an, An) A

where ( is a bounded smooth function of its arguments satisfying
((xn,0) =0. Let

i
L

(22) W, = [A(xn, Zny €) — fl(zn)} ,

<.
Il
o

then by Gronwell argument

(23) |A,| < Const {5 max |W,| + 52] .
sn
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Thus Theorem 5 follows from the next estimate. For each ¢ there is g
such that for e < ¢gq for all ¢ € E(F,)

(24) f( sup |WN|2%T> < C\(0,T) exp (—02(5’T>).

0<N<T/e €

Since A is uniformly bounded, say |A| < K, (24) holds trivially for
IN| < 532 Therefore to establish (24) it is enough to show that for all

6T
e S N < = we have

(25) ((|Wy| > 6N) < Che®N,

oT T - co' T’
(Then ¢ { sup |[Wy|>— ] < —=Ciexp (— = ) as needed.)
0<N<T/e 9 9 2Ke

The proof of (25) is very similar to the proof of Theorem 1 in [18], (see
also [31]). We recall briefly the argument since it plays an important
role in the proofs of the other results as well. The proof consists of
several steps.

Step 1. Let £ € R® be a unit vector. It is enough to show that

26) g(

(< -,- > denotes the scalar product). Indeed applying (26) to each
coordinate map we get (24).
Step 2. By linearity it is enough to establish (26) for £ = (D, p).
Step 3. It is enough to prove (26) for the case then D belongs to a
Markov family P. Indeed let ny = . For arbitrary D consider

an almost Markov decomposition
fmp=|Jp;| Jz
J

with D; € P and use that each D, satisfies (26) (with d replaced by

5/2).
Step 4. We claim that for all § > 0 there is ng such that for € small
enough for each ¢ € F;(F;)

no—1
<<§ Z (zj,25,€) — A(z)] > —%) <0.

Indeed for fixed j the expression in brackets is

A(fLx,2,0) — A(z0) + O(e).

N

<& [Alws,25,6) — Alz)] >

J=0

> 6N> < CremalN

)
100¢][A[| -0
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On the other hand for large ny we must have
no—1
- T on
I << &Y [AGzo, fL,0,0) = A(z)] > —7°> <0
=0

by (8).

Step 5. In order to simplify the notation we denote

n = (e, 2) =< & [A(z), z5,6) — A(z)] > .

Using the Markov decomposition we obtain from (27) by induction

kno—1
(Z - 5k:n0> <0

Step 6. Let ny = kng be sufficiently large and let f™D = J,, Di.
Since the oscillation of the sum is O(1) on each f~"D,, we get

e (£) )=

7 D

where ¢,, = ((f~™ D,,). Since e“ ~ 1+ ¢t for small ¢ we conclude that
if ¢ is sufficiently small then

i 3on
Zcmexp (c( sup (Zm) 1)) <46
™ nle N

for some 6 < 1.
Step 7. Using again Markov decomposition we obtain by induction
that for all k

kni—1
(28) chm exp <c < sup < Z m) 35kn1>> < 6F

fﬁknl Dgm

for some Markov decomposition f*1D =, Dy, and cxm = €(f 75" D).
Indeed suppose that (28) holds for some k. Decompose f™ Dy, =
U, Dimg and let cpmg = ((f~k+mp, ). Then > g Ckmg = Chm and

(k+1)n1—1 kni—1 ni—1
sup § nj < sup § nj + sup E Tj-
f*(k+1)”1 kaq f kny Dk:m j =0 ™M kaq _] =0

Hence
(k —1

+1)ny

30(k+1)n

S e (ol sw (3 ) -
m q 7=0

fi(kﬁyl)nl kaq
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oLt 35kn1
< Z ckme€xXp | ¢ sup Z b X
m fﬁknl Dk:m =
ni—1
exp | ¢ sup n
X ((f%(z )-*%))

Pt 36kn
Schmexp (c( sup (Z m) 1)) 6 < gF+1
m fﬁknl ka =

as claimed.
Step 8. Using once more the fact that the LHS oscillates little on
each f=%™ Dy, we obtain that for large N

(o (o (2 0) - 257) )) = comr

which implies (26) via the Markov inequality.
This completes the proof of (25). Theorem 5 is established. O

4. SMOOTHNESS OF U-GIBBS MEASURES. LOCAL RESULTS.

Before giving the proofs of other results we need to extend Theorem
4 to apply to F.. Let us recall the idea of the proof of Theorem 4. Take
a small §. Let

(29) N=¢"

We show that for any standard pair £ = (D, p) for n ~ N, f*D is close

to f"D. Denote X = %\szo(fs o f71). Choose a smooth distribution

E, close to E,. We show that for 0 < n < N there is y,(z) such that
fgyn = epr”m(Zn(x))7

where Z,, € E.® E,,. Then

(30) Znsr = o df (Zn) +X) + (')

for some & > 0 where 77, is the projection to E,. & E,s along T'(f"D).
Also
eXp;r}+1m(ferL+lyn+1) - eXp;r}Hm(fen—l_lyn)
equals up to higher order terms to
(31) — e py (df (Zn) + €X)

(here w7 pnpy = 1 — m..) Next, T'(f"D) is exponentially close to E,.
This allows us to obtain an asymptotic expansion for Z5. To describe
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it we need some notation. Let 1 = 7, + 7. + 745 be the decomposition
corresponding to the splitting

(32) TM =FE,® E.® E,.

Let I, = mdf and T (z) = T.(f7'2) ... T.(fx)T.(x). Let X* = 1. X.
Set

V= Z I X% (f ),

Let {e;} is a standard basis in Rd. Consider vectorfields ¢;(x) = %(el).
Define functions a;(x) by

X° + FC(V) = Z ae;.
l

Finally we need the notion of canonical divergence on the unstable
leaves ([38]). If S is a subset of an unstable leaf define the density pg
on S by the conditions

ps(y1) _ 7 det(df B (f ) /
= —— and [ ps(y)dy = 1.
pslie) L et B, () ™ iP5
Then the volume form Qg = ps(y)dy is defined up to the multiplicative
constant (that is Qg, = cg, 5,€2s,) so its divergence divy™ (V) = L{ZSS

where L denotes the Lie derivative does not depend on S. (Geometri-
cally pg is a conditional density of our u-Gibbs state v on S.)
With this notation we have

3 S X)) + Y e

Here ~ means that this equalities have to be understood in a weak
sense. That is we say that

-1 N-1

bje ij
7=0

if given dy, m we can find &g, k such that for ¢ < g, for all B € C¢(M)
such that v(B) = 0 we have
<o

[ 9o [bacl £ 20) by £ B )| <

uniformly for all p such that ||p||cer) < 1. (In practise to verify (34)
one shows that both

/Dp(x)bj,s(fN_jl’)B(fo)d:L’ and /p(:c)bj(fN—jx)B(f 2)dz are O(5~(m+D)

D

=

O

j_

(34)
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and then shows that (34) converges to 0 for fixed j.) Similarly (33)
implies that

(35)

(observe that I', is 0 on E.).

Now take B € C(M) for sufficiently large k. We want to compare
ve(B) with v(B). By Theorem 1(c) for this it is sufficient to control
Ei(- o fI) for all sufficiently large n and (7) shows that it is enough to
show that for all £ € E;

(36) Eo(B(fN)) = v(B) + cw(B, X) + o(e).

Since v(1) = E¢(1) we can assume without loss of generality that
v(B) = 0. By our choice of N

(37) Eo(B(FVz)) - v(B) = o(e)

if B is smooth enough. Thus the main contribution difference between

E,(B(fNz)) and v(B) comes from two sources.
(1) The difference

(38) E(B(f"w)) — Eo(Bexp,s, Zy(x))).

According to (33) we can express this contribution as follows.
Split Z,, = Z% + Z¢. Then (38) contributes w® + w®, where

w*(B) = v(dy B)

(The splitting (32) appears in the above formulas since T'(f"D) ap-
proaches E, exponentially fast.)
(2) The difference

E, (B(f%) (‘%-1)).

N—-1 N—-1
dyy _ dyn _ I1 Dyjvi g (dyj“ _ 1)
dl‘ dyo iy dyj

Writing
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and using (35) we get the contribution of this part as

(e}

w"(B) == v([div,(X*+T,V)|(f7z)B(x)) .
=0
Thus we get
E¢(Bo fI') = ew(B, X) + o(e),
where
(39) w=w*+w+uw"

Combining this with (36) (recall that v(B) = 0) we get Theorem 4.

The proof of Theorem 4 shows that it is useful to control E,(Bo f).
Our next goal is to do the same for F.. Recall that by definition the
standard pair ¢ = (D, p) for F_ satisfies Z(T'D,TM) < Cye. Fix { =
(D, p) as above and let (z*, z*) be a point in D. Take a function B on
M x R® such that for each fixed z the map x — B(z, z) is in C¢ (M) for
k large enough (depending on 4 in (29)) with [|B(-, 2)||cs(ar) uniformly
bounded and the same is true for partial derivatives of B with respect
to z up to the second order. Recall (16), (17).

Proposition 1. Let f, be FAFE such that f. are uniformly rapidly miz-
ing. B

(a) Ef(Bo FYN) = B(z*) + o(eN?),

Suppose in addition that B = 0 then

(b) For alln >0

L 5 1
[E¢(B o F")| < Const <—4 + €N2) = Const <—4 + 51—25> )
n n

(c) If f. have uniform stretched exponential decay of correlations and
A =0 then

Ey(Bo FN) = ca(z*, B) + o(¢)
where

ZVZ* (— T, ) Az, z*)) —|—w(B,Xz*,fz*)+zw(B,Yz*,mfz*)

n=0
(d) For allm > 0
1
|E¢(B o F!")| < Const <—4 + 5) :
n

(e) for alln > N
E/(Bo F!) = eEy(a(z,_x, B)) + o(e).
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(f) In particular if N < n < 1/ then
E/ (B o F') =ea(z", B) + o(e).

5. PROOF OF PROPOSITION 1.

Proof. We follow the proof of Theorem 4 making heavy use of the
mixing properties of F' described in Appendix A. Let ¢ = (D, p) be
F.-standard pair. Let w be a point in D. By induction we shall find for
0 <n < N a point v, € D such that F'v,, = exppn,,(Z,(w)), where
Z, = (Zn, Q) with Z,, € E,s® E.(f.), @, € R®. Then (30) is replaced
by

1) Zu =t (d(2) + <X+ (@) 4ol
(41) Qni1 = Qp + cA(F™w) + o(e'%).

The system (40)—(41) is upper triangular so it can be solved explicitly.
However, we will not present the solution in a single formula since it
would be too cumbersome. Rather we divide it into several pieces and

analyze each piece separately.
(31) is replaced by

— — n n 9
eXnglle(F +1Un+1) eprrlzﬂw(F MR’ n) ~ WT—(FI;nHD) (8_£(Z )+eX + —f( )) .
Now we estimate E¢(B o FN) — Ey(B o FN) by splitting it into two
parts.

(1) The contribution of

Eo(B(expp,(Zx(w)))) — Eo(B(FVw)) = O(eN?).

Indeed it is easy to see that ||@Qy||co < Consten and then ||Z,||co <
Consten? by induction.

(2) % — 1 = 0O(e) which again can be proven by induction follow-
ing the line of [19], Proposition 2.4(f). (Observe that even though
||@Qn]|co/e grows linearly with n its derivatives in the directions of
T(F"D) are uniformly bounded since the derivatives of A o F~/ de-
cay exponentially in j because F~7 restricted to T(F"D) is strongly

contracting.) Since

dUN H dvn+1
dv,

we have

E, (B(FNw) (CZ’—J - 1)) O(eN).
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This proves part (a).

To get (b) consider two cases.

(I) n < 2N. We can argue as before except that for small n we can
not neglect the term

E((B o F") =Ey(Bo F") — B = 0(n""||Bl|ce))

(cf (37)) which accounts for O(n™*) term in (b).
(IT) n > 2N. Then we split

E(Bo ) = S B, (Bo FY) + 00"

and apply part (a) to each ¢;.
To prove part (c) we need to analyze Z, more carefully. Again we
deal with the two parts of the difference

Ey(Bo FN) —Ey(Bo FV)

separately.

In the formulas below we use summations over various indices. [ will
always change from 1 to d and (§ will always change from 1 to s whereas
other variables (j, k, m etc) will be non-negative and possibly satisfy an
extra requirement described on the case-by-case basis. We shall also
use the convention of Appendix A that ¢, is a positive constant whose
value can change from entry-to-entry.

(1) [Ee(B(exppr,, Zx)) — E(B(F~w))] /e. We can split this into two
parts Z, and Z,, where Z, consists of terms not containing A and Z,.,
consists of terms containing A. Z, can be analyzed as before, thus

L. = [w*"(B, Xor, for) + w(B, Xox, fo)] + 0(1).

To handle Z,, we observe that there are four types of terms containing
A. We consider them separately.
(I) Contribution of Qg—N = Z;V:_Ol A(FN~Jw). Thus we need to analyze
>4 Lj; where
0B &

T) =E, <a—zﬁ(FNw)A5(FN_jw)) .

Since A = 0 Lemma 4(d) from Appendix A tells us that

(42) Iéj = O(cy exp(—Gz min(j, N — 5)7)).

Hence ;Zp; is uniformly bounded and to get the asymptotics of this
series we can restrict our attention to the cases where the minimum in
(42) is small.
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(a) j is small. In this case by Lemma 4(b)
oB , .
I
(b) N — j is small. In this case Lemma 3 from Appendix A and the
continuity of v, imply

B (A0 52 (F V)

825

0B 0B & G 0B

~ N—j _ e N N—j ==
E, <A5(F w) ((925(F w) — v, (025 (F w))))+Eg(A5(F w))v, (025)
0B
~ Uy <8z5) EZ(AQ(FN Jw))
Thus the total contribution of type I terms is
= OB, . OB

where
(44) Ag = Ey(Ago F™)

(Observe that both (43) and (44) converge exponentially fast because
A=0)
We now pass to terms containing 8f Let

of

= R+ R, + ) age
Dy~ LT Has ;ﬁll

where RY € E,, RS, € E,,. There are three kinds of terms
(I Call

I8 = Ee((0, BY(FNw)ag(FN 7 (w)) Ag(FN=17F"1w))  (Here j+k < N—1.)

Observe that A = 0 and v,(0,B) = 0 since e; preserves v,. Hence by
parts (a), (c) and (f) of Lemma 5 from Appendix A 3, T/, is uniformly
bounded and the main contribution comes from the terms where j and
either k or N — k are small.

So the total contribution of type I terms is

(45) ZZW Ag(w)ag(F*w)(0., B)(F7 ™ w))

+> " Ag Y v (ap(w) (0, B)(Fw)) .
Bl J
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Let us remark that similarly to the proof of Theorem 4 the terms
containing RY and R’ provide only weak approximation to the actual
Z, /€ since we are replacmg the splitting

TM =FE. ® E.® (T(an)) by

(46) TM =E,, ®E. @ E,

but we ignore this issue here and below since the argument presented
above allows us to neglect the terms where n is small and the ap-
proximation (46) works poorly. On the other hand we have strong
approximation for the terms containing Ag (like Ag) since we always
split

T(MR®*) =TM @ R°.
In particular the foregoing analysis shows that the first series in (45)

converges as
K i
§ j“f e c2]
J

(the second series converges as for type I terms).

Now we pass to the terms containing I',;.

(IT) Let

0, —E, (Aﬁ(FN_j_k_lw)(8FJG-SRSSB)(FNw)> (Gj+k<N-1)
The analysis of this term is similar to Zg;; but it is simpler since for
any admissible D, ||(T%,RP,|| < Consté?. The contribution of type Il
terms is

ZZVZ (As(@) (O o, B) (Fw) ) + ZAﬁZ oo (Ory e B)

(IV) Let
T = Be (00 B) (FYw)agu(FYw) A(F " 4w) ) (b hetm < N=2)
where agy, are defined as follows
r FssRaﬁs = Z agik€r-
l
Lemma 5(a) gives
(@) |Zhkm| < Conste™ 776",
On the other hand if m > (5 + k)V* then by Lemma 5(c)
T = Ba (A0 FY 7700 ) v (0 (w) (90, B) (FPw)) + O(™™).
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Thus the contribution of type IV terms is
Z Z Ve (Ag(w)ag(FFw) (0, B) (FTH+m 1))

Bl jkm
+> As Y v (agn(w) (0, B)(Fw)) .
Bl jk
Now we consider terms coming from
_ d'U _
1D <B(F€Nw) [d—g - 1D Je.

Again we split it as J, + J.« where 7, contains A and J,, does not
contain A. 7, can be treated as in Theorem 4. Thus

j* = wu(BvXZ*v f2*> + 0(1)
Before handling J.,. let us observe that we have an a prior: estimate
dv; v Go i
E, ({ U’H] B(FNw))‘ < Conste
d’Uj

coming from the fact that C'-norm of Zy_; is uniformly bounded and
B has zero mean.

Now we split J., into two parts.

(I) Terms containing RZ. Those are

Taiw=—Ee (divga" [Ago F~0+UR ] (FN ‘jw)B(FNw)> (j+k < N-1).
Next

(47)

dive™[Ag o F~ YR, ] = (A5 0 F~*+D)dive®™(R,) 4 Op, (A o F~ kD),
The second term here is O(6%) since F~* is strong contraction on

FN7ID. Now Jj;; can be treated similarly to Z-terms. So the total
contribution of type I J-terms is

=3 e (A [(Ag 0 PR, (w) B(FIw)
Bk

=3 AR v (diveT(R) (w) B(Fw)) .
B J
(I') The terms containing I',,. They are
Them = —Eo (B(FN w)dive™ [(A o F=m+k+2)p 1k RO T (FN _jw)) (j+k+m < N-2).

as as

To estimate 73, we use the fact ([19], Lemma B.1) that C"-norm of
(TERI) o F7% is O(6%). Now the analysis is similar to Zj;, ., taking

as™u Imj
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into account the remark after (47). The resulting contribution of type
I J-terms is
=) v (dive™ [(Ao FTMHRIND TE RY (w) B(Fiw))

6 m‘yk as u
- ZAg Z Vver (dive™ [T, TE RI] B(Fw)) .

It remains to sum up the extra terms appearing here. The terms
containing Ag can be combined to yield

Al (55) v (30|

The expression in brackets is

Oizﬁ (/B(:L",z)dyz(g;)) _ 0

since B = 0. On the other hand the terms not containing Az add
up to > 2 w(B, Y, ,, fo+) (this series converges uniformly due to the
estimates of terms Z/-Z% | g1, JT). This proves (c).

(d) follows from (c) the same way (b) follows from (a).

To get (e) let N; = N/2 and observe that the estimates of part (c)
remain valid for N replaced by N; (with slightly worse constants). Now
we split

E(BoF!') =Y ¢E,(BoFY)+0(6"™)

and apply part (c) to each E,,. (Observe that n—N; > N; so O(6™M) =
O(e?).)
To get part (f) we observe that due to a priori bound

|20 = 27| < enl[Al|co

we have 2,y + o(1) for n < 1/e so (f) follows from (e). O

6. SHORT TIME AVERAGING.

Here we present the proof of Theorem 6. The proof depends on two
lemmas whose proofs are given after the proof of the Theorem.

Proof of Theorem 6. By a standard approximation argument it suffices
to prove the result for ¢ € Ey(z*, ). Recall (20)-(23).

Lemma 1. As e — 0 eWj
(11).

converges to B, the process defined by

€
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Next we estimate the second term in (21) as follows

> Cla5 M)A
j=1

< Const(ne) :r1'1<axe'5W'j2 < ngx(\/E\WjDz
j<n j<n

As e — 0 the second term converges to max,<7 |B(s)|?. Thus as e — 0
%(5 >-;C(g5,A5)A;) converges to 0. Hence dividing (20) by v/ and

taking € — 0 we obtain

At) = /0 DA(q(s))A(s)ds + B(t).

This proves (a).

To prove (b) we use (23). Arguing as in Theorem 5 we can reduce
part (b) to showing that if £ € R® is a unit vector then for each ¢ =
(D, p) € Ey(z*,¢) we have

0<n<T/e

(48) 14 ( max < &, \eW, >> R) < cre~ 2l

Moreover we can assume that D belongs to a Markov family P.
We begin with a weaker bound

(49) (<& VW >> R) < crem ™

and then derive (48) using the Reflection Principle. To establish (49)
we use the following bound.

Lemma 2. If { = (D, p) is as above then there are constants § and K
such that if K < |p| < 6/+/€ then

Ee(ep<fv\/EW[T/s]>) < 01602102.

Lemma 2 and Markov inequality imply that
U< & VEWiryg >> R) < e’

Taking p = R/(2c2) we obtain (49) for R such that K < R/(2c) <

§/\/, that is K < R < %. Next the inequality

VE

extends (49) to R < 1/(y/e) at the expense of increasing ¢; and c¢s.
Finally increasing ¢; once more we can assume that c;e~25* > 1 which
makes (49) trivial for R < K.

It remains to derive (48) from (49). We inductively define a collection
S of sets where the maximum in (48) is large. Let Cy = {D}, Sy =
0. If C,, = {Dgyn} is already defined decompose F.Dy, = Uj Dijpp. 1f

¢ << &VEWirye >2 %) <t << & VeWirye >> i)
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MaXp—(ntt)py < £, eWhpr >> R we add Djy, to S,41 otherwise we
add it to C,41. Let S = UT/ 5 S,.. Arguing as in part (a) we obtain that
there is a constant ¢ such that for each Dy, € S,, we have
{(w € F7"Dyy, and < &, \EWp)e >> &)
E(Fe_nDkn)

> c.
So
€<max < & VEW, >>R)< £(<§\/_WT/E>>R)
0<n<T/e 2
as needed. O

Proof of Lemma 1. The proof consists of several steps. (We suppress
the dependence of A on ¢ in order to simplify the notation.)

Step 1. We shall use Proposition 1 with 6 = 0.01. Call 7 = ¢~ (1729,
B = A — A and consider

S
L

P B(Fi(x,2)).

£

=0
Then by Proposition 1
(50) |E,(P)| < Const.
We also claim that
(51) E(PoPs) = 1(025(A(-, 2°)) + o(1)) and

(52) E(|P|") = O(@*).

To prove (51) decompose

E(P,Ps) = ZEZ (z,2))Bs(F¥(z, 2))).

We claim that
(53) EE(BQ(Fg(x,z))Bﬁ(Ff(x, 2))) < Const {

1 1—25}
— 7P|
(k —j)*
Indeed, assume, e.g. that k£ > j then lettingn =7+ k, m=k — j we
can split

Ey(Bo(F!(x, ) Bs(F. ZCTEZ W(FT™2(2, 2)) B (F™?(z, 2)))+0(6™).

Let ¢, = (D,,p,). On each D, we can approximate (Ba(Fe_m/z(x, 2))
by a constant o, with O(Qm)-error Thus

E(Bo(F!(x, 2))Bs(FF(z, 2)) ZCTUTEZ Bz o F™?) +0(6™).
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By Proposition 1(b)
1
By, (Bs o F™?) < Const {ﬁ + 51_2‘5]

proving (53).

(53) shows that the main contribution to Ey(P,Ps3) comes from the
terms where k — 7 is small.

Let m be fixed. For j > N split

E; (Ba(FY (7, 2)) Bo(FI ™ (2, 2)) ZE& )B(E™(x,2)))+0(#~™).

Applying Proposition 1(a) to each ¢, Wlth function C(x, z) = Bu(x, 2) Bg(F™(z, 2))
(observe that for m fixed

Ba(, 2)By( (2. 2)) = Bu(, 2) By(F"(2.2)) + O(2))
we get
E¢ (Ba(F!(w,2))B(FI™ (2, 2))) = va (Bal(w, %) Bs(F™ (2, 2%)))+O(e#)+0(0"~™).
Summation over m proves (51). (52) follows from (51) similarly to [18],
Lemma 1(d).

Step 2. Fix ¢ € R®. Let ¢(&) = Ey(e'<¢VE>). From the Taylor
series

e<EVEP> — 1 L\ < & P> —¢

and the fact that (52) and Holder inequality imply that E.(|P|*) <
Constn®/? we get

$(€) =1 —en < o*(A(, 27))§, € > +o(en).
Step 3. We now use a big block—small block approach common in the
theory weakly dependent random variables (see [25]). Let

<& P>2
572 +O(83/2|P‘3)

(k—1)(n+N)+n - k(n+N)
Pi= Y.  BoF!, Py= 3 Bo Fi.
j=(k=1)(R+N)+1 j=(k—1)(A+N)+n+1
Then
t/(en)
Z P(k < Const—N < Conste™.
k=1
Hence the main contribution to W comes from big blocks P(k).
Step 4. Let

Ui(€) = E <exp (z < é,\/EZP(j) >)> :
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We prove by induction that

+ o(enk)

(54) Iy (§) = — lfnz < 0 (qe—1)(sn) )&, € >

Indeed suppose that (54) holds for & — 1. Denote m = (k — 1)(7 + N).
Split
(55)

Z >)exp(i < &, vEP >))4+0(8™).

— Z e, By, (exp(i < &, v/

Let £, = (D,, p,). On each D, we can approximate the first factor in
(55) by a constant o, with O(6")-error. Applying the result of step 2
to each £, we get

[Zcmr (1—— <& (A( 7)€ >>

* *

where (z7,), z(r)) is a point in D,. Recall that by Theorem 5 for most

+ o(en)

r’s we have 2(,y = qu—1)m+n) + o(1). Hence

[ZCTUT] (1 - — <§ o (A(, -1y @m+n)))E >> + o(en).

By inductive assumption

2o (kD)

> con = |exp(—— Z < 02 (A(, gimrm)E, € >) | +olen(k—1))+0(8").

Hence (54) holds for k.
Step 5. Applying (54) with k = t/(en) we see that /W, is
asymptotically Gaussian with zero mean and variance

/0 2 (A(, q(s)))ds.

Step 6. The fact that for each tq,ts,...t,, the vector
VeWita el Witasels - - - Wit /=)

is asymptotically Gaussian is proven by induction on m using the ar-
gument of step 4. We leave this to the reader. O

Proof of Lemma 2. The proof is similar to the second part of the proof
of Theorem 5 so it will only be sketched here. Fix a large 7 and let
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no = 7/(1/€p). Observe that £ < ng < 7z Now similarly to (50), (51)
one can show that
‘Eé(p < 67 \/ano >)‘ < COHSt\/Ep,

Eo(p? < &, veW,, >%) < Constngep® = Consty/zp.
Using Taylor series e = 1 + ¢t + O((ct)?) (observe that /W, is
bounded uniformly in &,ng) we obtain

Ey(er<6viW0>) < (1+ cy/zp).

Let f"D = J, D,. Arguing as in the proof of Theorem 5 we obtain

Z c, sup P<EVEWng>(2(r)2(r)) <1+c/ep

r (@(r)>2(r))ES "0 D

where ¢, = ((f~™D,). Arguing as in the proof of Theorem 5 we can
deduce from this that for all &

By (eP<6VEWino>) < Const (1 4 ¢y/ep)*.
Taking k =L /ng = T%\}E we obtain Lemma 2. O

7. LONG TIME AVERAGING.

Proof of Theorem 7. Continuity statements of part (a) follow from the
uniform convergence of the series for a(z) and o?(s) proven in Section
5. Differentiability of o2 is proven in Appendix B. We do not use
this differentiability result here but it can be useful for the question
of uniqueness of the corresponding diffusion process which we plan to
discuss elsewhere. (Estimates of Appendix B are used in Appendix A
but just continuity of o2 would suffice for our purposes.)

The proof of parts (b) and (c) proceeds as in ([18], Section 15) re-
placing the estimates of ([18], Section 13) by Proposition 1. For com-
pleteness we sketch the proof here. We divide the proof into several
steps.

Step 1. Again we can assume ¢ € F;(z*, ¢). We establish a priori
bounds on the growth of z. Let

N-1
Sy =Y A(Fe(w,2)).
=0
We claim that for all £ € E(e, z*) for all é < N< 522 we have
(56) E,(Sw) = O(cN)
(57) E/(S%) = O(N)
(58) E/(Sy) = O(N?).
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(56) is immediate from Proposition 1(d). To prove (57) we want to
show as we did in Section 6 that the main contribution to E,(S%)
comes from near diagonal terms. However a naive application of (53)
gives only the following insufficient estimate for the off-diagonal terms
(59) o(N) + O(N%).

(Observe here that we can replace the RHS of (53) by 0(9]+k+ )4 +¢)

since we can use Proposition 1 (d) instead of Proposition 1(b) used to
derive (53).) Therefore we shall use multi-scale analysis to improve
(59). The point is that in (53) we bound E,((A, o F?)(Az o FF¥)) by
replacing A, o F? by |A,oF?| but now we shall explore the cancellations
between different j’s as well.

Let 7 be a small number. The argument of Section 6 shows that for
Ny = 7/e for all £ € R® we have

Ei(< Sy, € >%) = No < 0*(2%)€, £ > +O(Nge).

In particular we have the required a priori estimate (57) for Ny. Next
let N, = 2¥N,. We show by induction on k that for N < N,

Nj—1

Eo(< Z Az, zj,€), € >%)| < Ny

where ¢, > 1 will be unlformly bounded if 2F < —. Let us explain
the induction step. Suppose that the result holds for N < Nj. Take

N, < N< Nk—i—l- Denote S" = SN/Q, S = SN/2 o Fe . Then
Eo(< §'+8",€ >2) = Ey(< 5,6 SHHE (< S, € >2)H2E (< S’ >< 87, € >)
=1+ 0+ 1.

By induction |I| < ¢;N/2. Using the splitting (7) we get | 1] < ¢, N/2+
O(6™). To estimate the cross term we split

Ei(< S'¢ >< §",6>) = ZCTIE&, (< Snjpo FTN2 € >< Syjp, & >)+O(0M).

Let ¢, = (D,, pr). On each D, we can approximate < Sy o F~N/Z ¢ >
by a constant o, with O(1)-error. Hence

= ZCTUT’EZ(SN/2) + @) (Z CTEZT(|SN/2|)> = ]Z[a + ]Z[b

where

|I,| < ZcrarConst(eN +1)

< Const [E¢(|Swa]) + 1] (eN + 1) < Const [\/ckN/Q n 1] (eN + 1),
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|[Iy| < Const Y ¢, By, (|Sny2|) < Consty/c,N/2.

Next /c; < ¢ since ¢ > 1. Thus

(60) crs < C <1 N M)

VN

for some constant D. To analyze (60) we consider two cases. Let ko, k;
be such that Ny, < 1/e < Ny, Np, < T/e? < Niy1. Then for a
constant D we have

Cr, < Co(1 4 Dy/Te)es2/DHL < oc.
Next for kg < k < k; + 1 we have

k k e
cr < ¢y, H (14+De+/N;) = ¢, H (14+D2U=F/2) < ¢ H (1+D27™/?)
J=ko J=ko m=ki—ko

This proves (57). The (58) follows from (57) by a similar inductive
argument (cf. [18], Lemma 13).

Step 2. Using (58) and (7) we sce that if Ny, No < % and [No—N; | >
1/e then

Eo(|Sn, — Sn,|*) < Const(N; — Nyp)2

This implies that {2}, .5} is a tight family (see e.g. [5]).

Step 3. We claim that for N < §/¢% we have

N

(61)  Eo(< Sv.&>%) =) Eu(< 0%(2),€ >) + 0-gs-0(N)

i=0

Indeed let C' be such that E,(S%) < C'N. We rerun the induction
procedure using the inductive assumption

Ny
Eo(< Sn,, & >%) =D (< 02(2)€,€ >) + T,

j=0
where || < v, Nk. Then

~Npe +1
Vi1 < Vi + ConstC f/m
proving (61).
Step 4. For N = §/&% we have
(62) eEi(Sn) = da(z") + o(0),

(63) e(< SNE,E>) =0 < d?(27)E, € > +o(0).
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Indeed, (62) follows from Proposition 1(c) and the tightness of {2y /.2}
proven on step 2, (63) follows from step 3 and tightness. Also (58) and
the Holder inequality imply

(64) Eo(e®|Sy[?) = 0(6%?).

Step 5. Let ¢(z) be a function bounded together with its first three
derivatives. Divide [0,7/?] into segments of length §/¢2. Let t; = 6J

Denote
:Zaa( 2a¢+ Zaaﬁ z 25
Then
¢(ZT/6 - Z th+1 - th+1)] :
J
Decomposing

(BoFb) Z ¢jBe, (B

using second order Taylor series for ¢(2,,,) — ¢(2,,,) and applying
step 4 to each /,; we get

Ei(¢(27/e2 — 9(27)) = Ey (Z 5ﬁ(¢(ztj))> +O(V3).

Taking the limits ¢ — 0, § — 0 we obtain

E(o(er) — otan)) = [ (£0)()ds)

Step 6. The argument used in Section 6 to prove Lemma 1 shows
that for all 517 < 55 < -+ < 5, < t; < ¢ty for all bounded Holder
functions ¢; : R®* — R we have

E ([az@) o) = [ (Lo)aas] Hqu(zsj)) =0

This completes the proof of Theorem 7. U

8. INVARIANT MEASURES.
Here we prove Theorems 8-10.

Proof of Theorem 10. Assume to the contrary that n is not invariant.
Then by Hahn-Banach theorem there exists a function B(z) such that
n(B) = 1, while k(B) < 1/2 for any invariant measure x. Since C*(Z2)
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is dense in C(Z) we can assume that B € C*°(Z). On the other hand
there exists 1" > 0 such that for each z € Z

(65) E. (% /OTB(Z(S))ds) <23

(since if for each T there were zr failing (65) then a limit point of

m:n(/H )

would have k(B) > 2/3.) Let Ny = Te™2. Theorem 7* implies that for
any u € E(F.) we have

’ (Ni S B(Fi(a, z))) <4/5

=0
Since v.(B) € E(F.) by Theorem 1(a) we have

1 Np—1
ve(B) = v (N—T ; B(Fg(x,z))> <4/5
if € is small enough (at the last step we have used Theorem 1(a)). Thus
n(B) < 4/5 a contradiction. O

The proof of Theorem 8 is similar to the proof of Theorem 10 and
can be left to the reader.

Proof of Theorem 9. We split the proof into several steps.

Step 1. Let Z be a periodic point which is not a sink and the matrix
(18) is non-degenerate. Let U be a small neighborhood of the orbit
of z. We shall prove that there exist constants C', o such that for each
0 > 0 the following holds for sufficiently small . For any standard pair
¢ = (D, p) we have

66) ¢ (z (C| 1“') € U or dist (2%, W (2)) < o—) <

£

where 2* is the value of z; at the moment it exists U.

Step 2. We introduce the ordering ~; > ~; if W*(y;) \W?*(v;) # 0.
Theorem 5% implies that there exists T' such that any point on the
boundary of U which is ¢ away from W(Z) enters a small neigh-
borhood of a smaller periodic point after a time T'/e with probability
1 — O(exp(—Cae™h)).

Step 3. Iterating steps 1 and 2 using decomposition (7) we con-
clude that there is a constant C' such that for any standard pair ¢ if

(2(0),x(0)) is distributed according to ¢ then z (%) enters a small
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neighborhood of a sink with probability larger than 1 — §. Applying
again Theorem 5* we see that upon entering a small neighborhood of a
sink it can leave in 1/e steps with probability O(exp(—Cse™!)) so with
probability 1 — ¢ it stays near the sink for exponentially long time.

Step 4. Let ¢(z) be a smooth positive function equal to 1 near the
orbit of z and 0 outside U. Steps 1-3 show that for each § > 0 there
exists C' such that for each standard pair £ € E;(F.)

| Nt
E, (ﬁ > <z><zj>> <6
where N, = |C'lne|/e. Thus

v (Ni > <z><zj>) <o

for any u-Gibbs state v.. Since ¢ is arbitrary we have n(¢) = 0.

Steps 2-4 are straightforward. Let us describe the proof of (66) in
more detail. To fix our ideas we consider the case when Zz is periodic.
The case when it is fixed is similar. In a small neighborhood of the
orbit of Z we can choose coordinates (p, ¢,t) such that ¢ is the periodic
coordinate, the orbit of Z is {p = 0, ¢ = 0}, the center stable manifold
of Z is {p = 0} and the unstable direction along the orbit of z is
{¢ = 0,t = 0}. Take some (Z,Z) € D. Choose a large constant R.
There are two cases.

(I) |p(2)| < ConstRy/e. Then let Z be the point such that p(2) = 0,
q(2) = q(2), t(2) = t(2). Theorem 6 implies that if we call

A _ ya ~ 931
' Ve
then A¢ is close to the solution of

- _ - ~ Z—Z

dA(t) = DA(q(2,1)A(t) + B(t), A(0) =

where B(t) is the process defined by (11) with 2 as a guiding orbit.
Therefore

A(t) = T(t) /0 =1 (s)dB(s)
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where I is the solution of the homogeneous equation
I'= DA(q(2,t))L.
Letting 7, m,, m to denote the projections we get

m[A®E) — A0)] = 7,0() /0 7,071 (s)dm,B(s).

Observe that then t — oo along the periods of z (m,I")(t) is growing
exponentially whereas the second factor approaches in distribution

/ (m, D) (5)d(m,B) (s)

— 00

which is non-degenerate as can be seen by computing its variance. Thus
there exists Ty such that

4]
Prob(|m,(A)|(Ty) > 2R) > 1 — 100°
This implies that for small £ we have
)
(I (= (To/e)) | = RvE) 2 1 = 755

Thus we found ourselves in case (II) at the expense of loosing proba-
bility §/100.

(IT) [p(2)| > ConstR\/e. We shall prove that there exists A > 0 such
that with large probability

Ky, = t—>14+ A

Indeed there exists A > 0 such that if p(zg) > 0 then the solution of
the averaged equation satisfies p(z1)/p(20) > 1+ 2. Thusif k; > 14+ A
for y=1,2...n—1 then

P(znse) = (14 X" Ry/e

and if k,, < 1+ X then the difference between the actual and averaged
evolution is at least cR(1 + \)"y/e. According to Theorem 6(b) the
probability of this is less than

max(C exp(—CoR*(1 4+ \)"), Oy exp(—Cy/e))

so if R is large enough then the probability that x; < 1 + A for some
j < C|Ilng| can be made as small as we wish. This completes the proof
of (66). Theorem 9 is established. O
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9. LYAPUNOV EXPONENTS.

Here we apply the previous results to the dynamics of skew products.
Consider F. : M x Z — M x Z given by F.(z,z) = (fz, g..(2))
where f : M — M is Anosov and g, . are close to id. We compute
the asymptotics of the Lyapunov exponents of those products. Similar
computations in slightly different setting can be found in [43, 41, 19, 21].

Recall that a partially hyperbolic diffeomorphism is called mostly
contracting if its central exponents are negative for any u-Gibbs state.
Mostly contracting diffeomorphisms has been studied in [7, 9, 10, 11,
17, 42] and their properties are well understood.

Theorem 11. If for the averaged system the non-wandering set con-
sists of finite number of hyperbolic FIXED points then F. is mostly con-
tracting for small €.

Proof. Let G(Z) be the Grassmann bundle of Z. F; induces a diffeomor-
phism F. : M x G(Z) — M x G(Z). Since the integration (averaging)
commutes with differentiation the averaged equation on G(Z) is in-
duced from the averaged equation on Z. In the proof of Theorem 9 we
saw that most orbits spend most of the time near the sinks. It follows
that for large T" we have for all / €

E¢ (In[[(dF] | B|]) < —eT
This implies ([9]) that F. is mostly contracting. O

Next assume that F. satisfies the conditions of Theorem 10*. Then
by the above argument the averaged system on M x T'Z and hence on
M x G(Z) also vanishes. Thus we can apply Theorem 10 to the induced
action of F. on G(Z). Let Z, denote the induced process. Assume that
Z has unique invariant measure 1 and let A\(n) > Ay(n) > --- > Aa(n)
be its Lyapunov exponents. The argument similar to the proof of
Theorem 11 give the following result.

Theorem 12. Let v. be u-Gibbs state for F. and let
Ai(e) 2 Aale) = - = Aale)
be its Lyapunov exponents. Then A\, (g)/e* — An(n).

Proof. Since 7 is unique it follows that for all k£ and § there exists Tj
such that for any k-plane II we have

1 k
5 (g mAn(m) = 3 A

)
< Z
-2
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where Ar(II) is the expansion of the plane II at time 7" Then for small
e we have the following. Let n. = Tpe 2, then for any ¢ € F(F.) for
any plane field II which is sufficiently close to constant we get

E, <T In det (df™|T) (z ) Z)\

Now Theorem 1 (applied to F.) implies that all limit points of LIn det(df"|IT)(x)
is within €20 from €2 3% _ A,.(n). Since § is arbitrary we have

k k
lim —Zm:l Am(€) — Z Am (7).

e—0 52

O

Remarks. (1) The assumption that Z, has unique invariant measure
could be relaxed considerably (see [4, 8, 24]) but we do not pursue
we subject here since the assumption of Theorem 12 holds for generic
diffusion.

(2) In the case the perturbations destroy the skew-product structure
one still can obtain the asymptotics of Lyapunov exponents (cf. [41]) by
considering the induced action on k+dim(£,) dimensional planes (1 <
k < dim(Z)) but the resulting exponents have less clear probabilistic
meaning.

For our final example let A : N — N be an Anosov diffeomorphism
of a compact manifold, M = N x T? and let

f-(2,0) = (f(2),0 + a(x) +eB(x,0) + 2y(x,0,¢)).

Then f, is an Anosov element for the action of R% on T? by translations.
We assume that it is rapidly mixing with respect to the unique u-Gibbs

measure v where dv(z,0) = dusrp(2)dd and pggp is the SRB measure
for h.
Let zy be a vector in RY = TT? and 2, = df"(z), then

. op 287
Zn+1 = (1“‘5% + e 09)

So the map

Fla0,2) = (a0 + (o) + 20(0,0) + e (00). (14250 + 200) 2

is of the type considered in Section 2. Since

0 0
Py = / ( a—ﬁd@) dytsn(z) = 0
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the averaged system vanishes. Thus we can apply Theorem 7. (For-
mally Theorem 7 does not apply since it is unknown if f; has stretched
exponential decay of correlations. However the proof works in our sit-
uation because % = 0 and so there are no Y, ,, terms involving triple
correlation functions. Hence rapid mixing ([16]) suffices here.) The

drift can be computed as follows. a4(z) = 0 since Y, ,, = 0. Next,

a(z) = ol D gy = 0,

06
98 m 9p
ay(z) = ; o (F7(0,2)) =5 (0, 2) 2d0dps s ()
whereas the expression for as(z) is given in ([19], Section 2.10)
=03, .
s(2) = 32 TR0, )50, )00 s ).
n=1

Integration by parts shows that a3 = —ay so a(z) = 0. Thus the ef-
fective equation in this case can be obtained as follows. Consider the
recurrence M, 1 — M, = 569 B(F(z,z)) then as € — 0 My.» — W(t)
and the diffusion process of Theorem 7 takes form

(67) dV = (dW)V.
The arguments of Theorem 12 give the following.

Theorem 13. Suppose that the linear system (67) has unique invariant
measure on each Grassmannian. Let \,,(¢) be defined as in Theorem
12. Then as € — 0 \,(g)/e? converge to the Lyapunov exponents of

(67).

10. OPEN PROBLEMS.

We conclude with listing some open problems.

(1) Find further restrictions on the class of limiting u-Gibbs states.

Theorems 10 and 9 deal with the simple averaged motions: identity
and Morse-Smale respectively. It is of interest to extend this analysis
to more complicated averaged dynamics. Theorem 6 suggest that the
better description of the actual motion is the averaged equation with
small Gaussian corrections. This leads to the following refinement of
question (1).

(1a) Suppose that there is unique measure which is the limit of the
small noise perturbations of the averaged equation. Is it true that n is
this measure?

As a special case we have the following.
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(1b) Suppose that the averaged motion is partially hyperbolic. Is it
true that n is a u-Gibbs state?

This question is open even in the uniformly hyperbolic case. We
remark that (1a) would imply (1b) due to the results of [29, 12].

(2) In the Morse-Smale case (Theorem 9) can the coefficients c; be
specified completely (at least under some non-degeneracy assumptions)?

In the case then the fast motion is Anosov and is uncoupled from the
slow one the answer is given by large deviation techniques ([30]) but
little is known about large deviations for general partially hyperbolic
systems.

(8) Can one rule out non-sinks as limits of SRB measures in the
setting more general than that of Theorem 97

As it was mentioned Theorem 9 is false for direct products since in
that case one can have u-Gibbs measures concentrated on arbitrary
periodic points. However those measures are not SRB.

(4) Extend the results of this paper to the case of flows.

For Anosov flows the time one maps are generically rapidly mixing
([15, 34, 22]), so Theorem 6 holds for generic flow. However in the
uncoupled case there is no need to exclude non-mixing flows. So it is
interesting if the same is true in the coupled setting. On the other
hand Theorem 7 does not apply since it is unknown if Anosov flows
have stretched exponential decay of correlation (except for contact flows
([34]). It seems that one can establish the convergence of the triple sum
using an approach of [33], but we do not pursue this question here.

APPENDIX A. MIXING PROPERTIES OF F.

Here we discuss estimates of multiple correlation functions for F' :
M x R* — M x R?® given by (z,z) — (f.x,z) where f, is FAE and
there are constants ¢y, ¢o such that for all z for all £ € E(f,) we have

(68) [Eo(B o fI') = va(A)| < cre”™ || Bl|ca
In the estimates below we let ¢;, ¢ be constants whose precise value

can change from entry-to-entry.
(68) implies in particular that for all By, By € C%(M) we have

(69) '/Bl(l’)Bg(onl’)dflf — /Bl(x)dx X v,(By)

< e | Byl|caan || Bellca .-
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This inequality allows us to to control correlation functions for F.
Namely if By, By are Holder functions on M x R* then

/Bl(x,z)Bg(F"(x,z))d:de - /Bl(z, 2)By(2)dxdz

< cie” || Bi|cal | Bo |-
Define F-admissible sets using cones
Ku(z,2) ={(uw,v):  w€ Ku(z, f.), [l <0|lull}.

Approximating integrals over admissible sets by integrals over their
small tubular neighborhoods we get

(70) [E¢(Bi(By o ™)) — Eg(B1By)| < cre” " || By o] | Ba|| o

We now state several bounds on multiple correlation functions. Given
Holder functions B, Bs, B3 let

pin(0) = Eo(By(By o F*)(By o FF+),

Denote
N = ||Bi||cal| Ba||ca|| Bsl|ca

Lemma 3. If By =0 then
(71) pi(0)] < E1e”™ N

Proof. 1t suffices to prove this for ¢ € E;(F'). We consider two cases.
(I) & > j. Split

pit(0) = D crBe, ((By o F™*)By(By 0 F)) + O(").
Applying (70) to each £, with function By = (B o F~*)B, we get (71).
(IT) k < j. Split
pi(l) =Y B, ((Bro F-EH/2)(By o F7I2)(By o F2)) + O(¢F)
and argue as in case (I). O
* 1
Let ~* = S+ 1.
Lemma 4. In parts (a)-(c) we suppose that k > 57" Then
(a) pjk(ﬁ) = Ey(Byv,(B2(Bs o F]))) + O (6_52]67/\[) .
(b) Suppose that {(|z — z*| < &) =1 for some z*,e. Then
pie(l) = Eg(By)v.+(Ba(Bs o F7)) + O(e) + O (e N) .
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(c) If ByBs = 0 then
pi(l) = O (e N).
(d) If BoBs = 0 then (without assuming k > 77" ) we have
pjk(l) = O (exp (—Camin(j, k)7) N)
for some 7 > 0.

Proof. (a) Rewrite p;x(¢) = E¢(By(By o F*)) where By = By(Bs o FY).
Applying (70) and observing that

[|Balles < [|Ballcal| Bsll oo K7

for some constant K we obtain (a).
Now (b) follows from the fact that if |z — 2*| < e then

v.(Ba(Bs 0 f1)) = va+(Ba(Bs o f1.)) + O(e)

(see Appendix B.)
To get (c) we apply (a) and estimate v, (By(Bs o F7)) using (70).
(d) follows from (c) and Lemma 3. O

Next we shall need the estimates on the triple correlation functions
of the type

pitm(€) = Eo((By o F™)(By 0 F™*F)(By 0 ™)),
The analysis of pji, is similar to pjy.
Lemma 5. (a) If B3 =0 then
pikm = O(e” " N).
(b) If k > 57" then
pikm = Ee((Br o F™)v.(Bay(By o FY))) + O(e” "' N).
(c) If k> 37 and (|2 — 2*| < &) =1 then
pikm = Ee((Br o F™)v+(By(By 0 F¥))) + O([e + e =] \).
(d) If m > (j + k)" then
Pikm = Eo(v.(B1(By o F¥)(Bz o FItF))) 4 O(e ™™ N).

There exists 7 > 0 such that
(e) If m > (j + k)" and B, = B3 = 0 then

pikm(€) = O (exp (—E; max(j, k)7) N)
(f) If By = Bs = 0 then
pikm() = O(e™ "' N)

where n is the second largest among j, k, m.
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Proof. The proofs are similar to the proofs of Lemmas 3 and 4. (To
get (e) we use (d) and Lemma 4(d).) O

APPENDIX B. SMOOTHNESS OF THE DIFFUSION COEFFICIENT.

Here we prove that under the conditions of Theorem 7 o2 is uniformly
C'. We shall use the mixing estimates of Appendix A which clearly
hold for individual f. (In other words we have s = 0 in the setting of
Appendix A.)

Proof. In the expression for 02 both A and f depend on z. For f fixed
the map A — 072 3(A) is smooth (quadratic). So it remains to be proven
that o2 is a differentiable function of f. Let B : M — R® be fixed and
f- be FAE having uniform stretched exponential decay of correlations.
Let v. be the SRB measure for f.. We need to show that

oo

£ — aiﬁ(a) = Z [Ve(Ba(Bg o fI')) — ve(Ba)ve(Bs)]

is uniformly C!. We have
Uiﬁ(f) = v.(BoBg) — ve(Ba)v:(Bgs) + Uiﬁ+(5) + Uém_(g)

where

NE

Ug{ﬁ+(5) = [V(Ba(Bg o f')) — ve(Ba)v-(Bg)]

n=1

Since the first two terms are C' functions of € by Theorem 4 it re-
mains to show that ¢ — 02, (¢) is C'. Let us show that this map is
differentiable at ¢ = 0. We follows [13]. We have

N
025 (e) = lim lim > 1p((Bo fM)(Bo frt))

N—o00 M—o0
n=1

so it is enough to show that the derivative of the above expressions
converge as M, N — oo. To simplify the formulas we assume that
v(B) = 0. Let X = L|._(f. o f;'"). Differentiating we get

> " vo(0x [(Bao f)(Bso fiHH)] o f37F)

n k=1

M+n

30 22 wl(Bao £ (Ox [Bafi " o 1)

n k=M+1
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=P+ Q To estimate P we decompose
dfy(X a5+2 (@ofy™®) 6#2 Gmo f*™)er+dfE X +Z dfy "I X

where X, = ), aqie;, I I X = Zz aime;. Accordingly P is a sum of
five terms.

(1) P = v (s, x,,[Ba(Bs o f™)]) -
Split P, = Ple + PIY corresponding to
Ors X, [Ba(Bg o f")] = (Bg o f")0rk x,,(Ba) + Badrs x,.[(Bs o f")].

Now Pl = O(9*e=*"") by Lemma 3 (observe that ||[T'* || < 6%). Hence
> . Pl converges uniformly. On the other hand P!} = O(6™*) since
Bo f" is almost constant on stable leaves. Hence Y . P!’ converges
uniformly.

(I) P = 0(a1 [0, (Ba(Bs o f3))] © fo)-
Split it as P14+ Pt asin part (). Since v(B,) = vo(Bg) = 1(0, Ba) =
v9(0e, Bg) Lemma 3 shows that

Pl <ce ™ o=a,b
and if k > n"" then by Lemma 4(a)
Py = vo(a)vo(9e, (Ba(Bg o f¢')) + O(e™®"") = O(e™™"")

since e, preserves 1. Thus > . P!, converges uniformly.

() P = v0(@im [0, (Ba(Bs 0 f5))] © fy).
Since ||I'7%]| < 6™ the analysis of these terms is similar to the analysis
of type I terms. Let us state the relevant bounds.

(@) Pigm = O(0™e™>™).

(b) If k > n?" then PL, = O(0™e%*"). Hence Y. , PIL  converge
uniformly.

For the terms containing E,-components we integrate by parts inside
unstable leaves. Thus we get

(V) Pry = —w(divi™(X.)(Ba o fg)(Bs o fg™)).
For this term we have two bounds. By Lemma 3
P = O(e™®"").
On the other hand if k¥ > n?" then by Lemma 4(a)
Py = vo(divy™ (Xu))vo(Ba(Bg o fg)) + O(e™*") = O(e™*"")
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since
vo(dive™(X,)) = v(0x,1) = 0.

Hence Y . P!V converges uniformly.

(V) F)l‘r/;km = —vp(divy"(Tel'7, Xas) (Ba © f(?)(Bﬁ © (7)1+k))-

The estimates of these terms are similar to the estimates of part IV
terms. Namely by Lemma 3

Py = O(0™e™™")
and if ¥ > n?" then by Lemma 4(a)
Py = O(7e™7).

Thus >, Py, converges uniformly.
Now we pass to -terms. They can be split into five parts as P-
terms. Recall that vy(B,) = 0.

(1) ik = VO(Ba(arngasBﬁ) o fo)-
This term can be estimated as follows.
I = O(6%) since ||T* || < 6% and by (70)

QL = (BT, Bg) + O(e™™™) = O(e™ ™).

Thus Y, Q!, converges uniformly.

() Qin = 0(Ba(@o f57") (0 Bs) o f3)).
Again we have two estimates. QI, = O(e~®*") by Lemma 3 and if
n—k > k7" then QI, = O(e=2("=*") by Lemma 4(a). Hence >, QI ,
converges uniformly.

() Qo = vo(Ba(G@um © f§")(0e,Bg) o f§)).
The bounds for these terms are

QE.. =0 ™) (by Lemma 3) and
Qi = OO if n—m —k > (m+ k)" (by Lemma 4(a)).

Hence > . Q. converges uniformly. For the other terms we in-
tegrate by parts inside unstable leaves. Thus we get the following
expressions.

u

(V) QN = —woldivie™ [(Bao By ") X.] (Bs o f)).



AVERAGING AND INVARIANT MEASURES. 45
Since divy™ [(Ba o FO_("_k))Xu] is uniformly Holder Lemma 3 gives

an - ( _62]”)‘
On the other hand

divie™ [(Ba o Fy ") X, = (Buo f " M)divim(X,) + 0(0" )
so if n — k > k7" then by Lemma 4(a)
an - ( —CQ(TL—/C)'Y)

proving the convergence of Y. . Q.

(V) @Y = —00ldive™ [(Bao f5 )P0 X | (By o 1),
By Lemma 3
nkm = O(Qm _Czk’y)

and if n —m — k > (m + k)7 then by Lemma 5(b)
_O(em —C2(n—m—k)” )

Thus Y, QY. converges. This completes the proof of the differen-
tiability of o2. O

nkm
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