LIMIT THEOREMS FOR LOW DIMENSIONAL GENERALIZED
T, 7' TRANSFORMATIONS

D. DOLGOPYAT!, C. DONG2, A. KANIGOWSKI!*4, P. NANDORI®.

ABSTRACT. We consider generalized (T, T~!) transformations such that the base map
satisfies a multiple mixing local limit theorem and anticoncentration large deviation
bounds and in the fiber we have R? actions with d = 1 or 2 which are exponentially
mixing of all orders. If the skewing cocycle has zero drift, we show that the ergodic
sums satisfy the same limit theorems as the random walks in random scenery studied
by Kesten and Spitzer (1979) and Bolthausen (1989). The proofs rely on the quenched
CLT for the fiber action and the control of the quenched variance. This paper com-
plements our previous work where the classical central limit theorem is obtained for
a large class of generalized (T,T~!) transformations.

1. INTRODUCTION

This work is a continuation of our study on generalized T, T~! transformations, fol-
lowing previous work [11], 12, 13]. Our main innovation in this paper is to provide
several limit theorems in the low dimensional setting, complementing to the higher
dimensional case in [12].

1.1. Results. Let f be a smooth map of a manifold X preserving a measure u, and
G, be an R? action on a manifold Y preserving a measure v.

Definition 1.1. G, enjoys multiple exponential mixing of all orders if there is @ > 0
such that for each r there are constants C, ¢ > 0 such that for all zero mean C'* functions
Al,...,AT, for all tl,...tr G]Rd

(L1) v ([ [AGw )| < ¢ |T] 1Al | e
j=1 j=1

where [ is the gap [ = max It — ¢l
i#j

Remark 1.2. A simple interpolation shows that if ([1.1)) holds for some « then it also
holds for all « (see e.g. [14, Appendix A]).
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In case d = 1, there are plenty of examples of multiply exponentially mixing systems
see e.g. the discussion in [I1]. In the case d = 2 our main example is the following:
Y = SL3(R)/I', where I' is a cocompact lattice, G; : Y — Y is the Cartan action on
Y, and v is the Haar measure. More generally one can consider subactions of Cartan
actions on G/I' where G is a semisimple Lie group with compact factors and I' is a
cocompact lattice. In particular, we can take Y = SL4(R)/T", and let G; be an action
by a two dimensional subgroup of the group of diagonal matrices.

Let 7: X — R? be a smooth map. We study the map F': (X xY) — (X xY) given
by

(1'2) F(‘Tay) - (f<x>7GT(:v)y)'

Note that F' preserves the measure ( = u X v and that

N-1
FY¥(x,y) = (fY2,Grywy) where 7y(z) = ) 7(f"x).
n=0
Let H: X xY — R be a sufficiently smooth function with {(H) = 0 and
N-1
Sy =Y H(F"(z,y)).
n=0

We want to study the distribution of Sy when the initial condition (z,y) is distributed
according to (.
We shall assume that f is ergodic and satisfies the CLT for Holder functions.

Definition 1.3. We say that 7 satisfies the mizing local limit theorem (MLLT) if for
any sequences (0, )neny € R, with lim §, = 0 and (2, )neny € R? such that ]\Z/—"H —z| < oy
n—o0

for any cube C C R? and any continuous functions Ay, A; : X — R

lim 20 (Ag(-) A1 ("Ll = 20) ) = 8(2) (Ao )a( A1) VoL(C)

n—oo

where g(z) is a non-degenerate Gaussian density and the convergence is uniform once
(6n)nen is fixed and Ay, A, 2 range over compact subsets of C'(X), C'(X) and R%.

Definition 1.4. 7 satisfies multiple mizing local limit theorem (MMLLT) if for each

m € N for any sequence (0,)neny € R, with lim §, = 0, for any family of sequences
n—0o0

() .
(z,(Ll), e ZT(Lm))neN with |% — 20| < §, for any cubes {C;} <, C R? and any continuous
functions Ay, Ay, ... A, : X — R for any sequences n; ...n,, € Nsuch that n;;; —n; —

oo (with ng = 0),
1 (n, - ) |

lim
min |n;—n,|—00 j:l

=TT [Le(z9 -2 HVol(C»
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where z(*) = 0. Moreover, the convergence is uniform once (8, )nen is fixed, Ag, A1, ..., A,
range over compact subsets of C'(X) and zU) range over a compact subset of R? for
every 7 < m.

Definition 1.5. 7 satisfies the anticoncentration large deviation bound of order s if

there exist a constant K and a decreasing function © such that O(r)r?dr < oo and
1
for any numbers ny, ng, ..., ng, for any unit cubes C, Cs, . .., Cy centered at ¢y, ca, . . ., Cs
(1.3) ,u(x:TnjEijorjzl,...,s)g
- - ¢ = ¢l
K n; —n;_q) ¥? @(maxHJ—j).
(L= (e

The class of maps satisfying the MMLLT and the large deviation anticoncentration
bounds includes in particular the maps which admit Young towers with exponential
tails, see [211 [19].

Theorem 1.6. Suppose that d = 2, G; enjoys multiple exponential mixing of all
orders, f satisfies the CLT for smooth observables and 7 satisfies the MMLLT and
Sy

VNIn N

converges as N — 0o to the normal distribution with zero mean and variance 2.

the anticoncentration large deviation bound. Then there is Y2 such that

Theorem 1.7. Suppose that d = 1, G; enjoys multiple exponential mixing of all
orders, f satisfies the CLT for smooth observables and 7 satisfies the MMLLT and the
anticoncentration large deviation bound. Then there is a constant > such that

(1.4) converges as N — oo to a product LLN,

N
N3/4
where £ and N are independent, N has standard normal distribution and

(1.5) C— /zgdx

o0
where ¢, is the local time of the standard Brownian Motion at time 1 and spatial
location x.

Remark 1.8. If d = 1 then the exponential mixing condition can be weakened to
sufficiently fast polynomial mixing, see Theorem [5.1]in Section[5] It seems more difficult
to weaken the mixing assumption in two dimension. We do not pursue this topic since
we do not know examples of smooth R? actions which are mixing at a fast polynomial
(rather than exponential) speed.

Remark 1.9. The asymptotic variance %2 in Theorems and has similar form
(see (3.10) and (4.5)). Namely let H(y) = / H(z,y)du(z). Then

—cd/Rd/H (Gy)dv(y)dt.



4 D. DOLGOPYAT, C. DONG, A. KANIGOWSKI, P. NANDORI.

In dimension 1 if ¥% = 0 then there is an L? function J(y) such that

/Ot H(Gy)ds = J(Gyy) — J(y).

This was shown in the discrete case by Rudolph, [20] (Proposition 2 and Lemma 7),
but the proof applies with no changes in the continuous case.

It is shown in [12, Theorem 6.4] that for R! volume preserving exponentially mixing
flows, the quadratic form H +— YX2(H) is not identically zero. Therefore the set of
functions of vanishing asymptotic variance is a proper linear subspace. The proof of
Theorem 6.4 in [12] works also for higher dimensional (not necessarily volume preserving
actions) provided that
(i) there are constants K1, 81, Ks, 83 such that for all y and r, Klrﬁlgu(B(y, 7“))§K27"52
and
(ii) there exists a slowly recurrent point, that is, a point y € Y such that for all positive
constants K and A there exists 7o( K, A) so that for all r < rq and for all ¢ with |t| < K,

v(B(y,r
(We note that for exponentially mixing volume preserving R actions, almost all points
are slowly recurrent, see [14].)

, where B(y,r) is the ball of radius r centered at y.

We believe that in many cases the vanishing of the asymptotic variance entails that
the ergodic sums of H satisfy the classical CLT but this will be a subject of a future
work.

Remark 1.10. Results analogous to the above theorems can be proved in case G is
an action of Z¢ (d = 1,2) and 7 : X — Z% is a piecewise smooth map satisfying
the appropriate assumptions such as the CLT, MMLLT, and anticoncentration large
deviations bounds. Since the results as well as the proofs are virtually the same, we
omit the case of discrete actions. One can also take X to be a subshift of finite type,
see the discussion below.

1.2. Discussion. Here, we discuss previous results related to Theorems [1.6] [1.7]
The first results about 7,7~ ! transformations pertain to so called random walks
in random scenery. In this model we are given a sequence {&,},cz¢ of i.i.d. random

variables. Let 7, be a simple random walk on Z? independent of &s. We are interested
N

in Sy = Z &,.. This model could be put in the present framework as follows. Let X
n=1

be a set of sequences {vy, }nez, where v, € {£ey, Lea, - - -Eey} where e; are basis vectors
in Z% p is the Bernoulli measure with P(v = +e;) = % forall j € 1,...,d, Y is the
space of sequences {.}.cza, v is the product of distribution functions of &, f and G
are shifts and 7({v}) = vg. For random walks in random scenery, Theorem [1.7]is due to
[15], and Theorem [1.6 are due to [4]. The results of [15] and [4] are extended to more
general actions in the fiber (still assuming the random walk in the base) in [7, §].

In the context of dynamical systems, Theorem [1.7] was proven in [I7] under the
assumption that we have a good rate of convergence in the Central Limit Theorem for
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f. In the present paper we follow a method of [4] which seems more flexible and allows
a larger class of base systems.

We also note that if d > 3 or 7 has a drift, one has a classical CLT (that is,
Sy = E(Sy) converges to a Gaussian distributions). These results are proven in [I1],12].
The paper [11] also studies mixing properties of (T,7~') transformation defined by
. In particular [I1] shows that in many cases the mixing of the whole product F' is
exponential. We observe that in the case where F' enjoys multiple exponential mixing,
one can obtain the classical CLT by applying the results of [3]. The CLT of Bjérklund
and Gorodnik [3] also plays a key role in our proof and we review it in Section .

In the case where the base map f is uniformly hyperbolic the skew product map F' is
partially hyperbolic. It is possible that generic partially hyperbolic maps enjoy strong
statistical properties including the multiple exponential mixing and the Central Limit
Thereom. However, such a result seems currently beyond reach (some special cases
are considered in [I, [6]). In present (7,7 ') setting the exotic limit theorems such as
our Theorems and require the zero drift assumption, which is a codimension d
condition.

2. BJORKLUND - GORODNIK CLT

In order to prove our results we use the strategy of [4] replacing the Feller Lindenberg
CLT for iid random variables by a CLT for exponentially mixing systems due to [3].
More precisely we need the following fact.

Proposition 2.1. Let my, N € N be a sequence of measures on R? and let {4; x };cpa ven
be a family of real valued functions on Y so that || A n|/¢c1(yy is uniformly bounded and
v(Ain) = 0. Set Sy := [oa A v (Gyy)dmy(t). Suppose that

(a) A}im |[my|| = co where ||m|| = m(R?).
—00
(b) For each r € N, r > 3 for each K
/m?v_l[B(t,Kln lmy|])]dmy(t) = 0,

where B(t, R) C R? is the ball of radius R around t € R?.
(c) A}im Vy = o where
—00

Vi im [ S5 = [[ [ A0v(Gn) A (Gr)dm (i (t2)a ().

Then, as N — oo, Sy converges weakly to the normal distribution with zero mean

and variance o2.

This proposition is proven in [3] in case A; 7 does not depend on ¢ and T, however
the proof easily extends to the case of ¢, T-dependent A, see [13].
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3. DIMENSION TWO

3.1. Reduction to quenched CLT. Here we prove Theorem
Consider a function H satisfying

(3.1) /Izl(x,y)dz/(y) =0

for all x € X.
Given x € X define the measures my on R? by

N-1
1
3.2 my(z) = —ouS 6.
( ) N() \/mg n(x)

and functions A; y.(y) by

1 n
(3.3) Aina(y) = Card(n < N - mo(2) = 1) n<N;x):tH(f z,y).

Proposition 3.1. Under the assumptions of Theorem , there exists o2 and subsets
Xy C X such that A}im u(Xy) = 1 and for any sequence xy € Xy the measures
—00

{my(zy)} satisfy the conditions of Proposition .

The proposition will be proven later. Now we shall show how to obtain Theorem [1.6
from the proposition.

Proof of Theorem [1.6 assuming Proposition [3.1. Split

(3.4) H(x,y) = H(z,y) + H(x) where H(z)= /H(w,y)du(y).

Denote

=

1
VNI N 4

Note that H satisfies (3.1)) and hence, by Proposition , Sn(z,y) is asymptotically

normal and is asymptotically independent from z. Finally the contribution of H is
N-1

1
VNIn N &=

This completes the proof of the theorem (modulo Proposition . [l

Il
o

negligible. Indeed, the CLT for smooth observables gives H(f"(z)) = 0.

The remaining part of this section is devoted to the proof of Proposition 3.1} It
suffices to verify the conditions of Proposition [2.1]

Property (a) is clear, since ||[my(z)| = /N/InN.
Verifying properties (b) and (c) requires longer computations that are presented in

and 53
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3.2. Property (b). Let
(3.5) Xgn ={z:Card(n: |n| < N and ||7,(z)| < KInN) > Nl/s}.
Lemma 3.2. If for each K, ]\}1_{1100 Nu(Xgn) =0, then there are sets Xy such that for
all xy € Xy the measures my(zy) satisfy property (b) and u(Xy) — 1

Proof. Given K let Xy = {z : f"z ¢ Xy for n < N}. By the assumption of the
lemma, 1(Xy) — 1. On the other hand, for z € Xy,
1 N-1
/mer(ﬂﬂ)[B(taKlnN)]dmN( )= m ZCal”dT "G< N:|rj—ma|ll < KInN)
< N-oEHHS < N—l/l(],

where the first inequality holds since 2 € Xy and the second one holds because r > 3.

Since K is arbitrary, the result follows. OJ
Let
(3.6) l(x,t, N) = Card(n < N : |7,(z) —t] < 1).

Lemma 3.3. For each p there is a constant C), such that for each t € R and N € N,

(3.7) p(lP(-t,N)) < Cpln” N.
Proof. Since {(z,t, N) Z 1,1 (T () we have
n<N
w(P(-,t,n)) = Z (2 |7, (x) —t| < Lfor j=1,...p)
n1,..myp
= IZ%K nln(nj —nj_ 1+1)
where the last step uses the anticoncentration large deviation bound. O

Lemma and Markov inequality imply that for each ¢,t, p we have

N5 C,(KIn N)%
cl(x, t, N) > < =P
lu (‘/E (xJ 9 ) — (K ln N)2> Np/5

for N large enough. It follows that

N1/5 K 1ln N)2r+2
,u(a::EIt It < KIn N and ¢(x,t, N) > )<Cp( n V)

(KInN)? Nr/5
Taking p = 6 we verify the conditions of Lemma [3.2]
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3.3. Property (c). Theorem 4.7 in [11] implies that

(35) [ A A )auta >du<y>=&,f><§+o(%),
where
(3.9) 2= /// / H (ar, y) H (w2, Guly))dv (y)dtdpu(z)dp(as)

and g is the limit Gaussian density of 7 (that is, 75 /v/N converges as N — oo to the
normal distribution with density g). We note that the integral converges by the
exponential mixing of G and (3.1)). Furthermore, ¢ > 0, which can be seen from the
following formula (whose proof is standard and so is omitted)

G = Tlgrgo—/[//Hth dtd,u} dv.

Defining

we compute

Ve = iy 2 O [ A ) )ty

) 77k
- Z (N = B3+ L) [ Ha ) H P ,)dvly).
whence from ([3.8) we obtain

(3.10) X2 hm ,u(VN = 2g(0 /// H(z,y)H (%, Gyy)dp(z)du(z)dv(y)dt.

By Chebyshev’s inequality, to establish property (c), it suffices to show that

(3.11) lim p(Vy) =4
N—o0
Note that
1
p(Vi) = NV IZN Z (01150 ng,na)

ni,mn2,n3,n4

where
G () = / H(f™ e, G wy) H(f"2, G, (o)d(y).

Fix alarge L and let k = k(ny, ng, n3, n4) be the number of indices j such that |n;—n;| >
L for all i # j. The number of terms where k < 1 is O(L?>N?). Using the trivial bound
1Oy mgOnzms)| < | H||%,, we see that the contribution of terms with k < 1 is O(N2L?)
which is negligible.
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Next, we consider the contribution of the terms with k = 4. Without loss of gener-
ality, we will assume that

(3.12) ny <ng, ng<ng, ng<ns.

We distniguish 3 cases based on the relative position of ny with respect to n3 and ny.

Case 1. We claim that for each € > 0 there is L such that if

(313) n1<n1+L§n2<n2—|—L§n3<n3+L§n4,
then

4 £
3.14 OnimoOngmg) — < .
O oy et ER e e

_The proof of (3.14)) is based on [I1]. First, by [11, Lemma 3.3, we can assume that
H(z,y) = A(x)B(y) and without loss of generality we assume v(B) = 0. Then we have

2 (0n17n20n3,n4) = /

where p(t) = [ B(y)B(G:y)dv(y). Note that for H as above (3.11]) simplifies to

(3.15) »? = 2g(0)u(A)? / p(t)dt.

The remaining part of the proof of (3.14)) closely follows the lines of [I1, Theorems 4.6,
4.7] and so we only give a sketch. Decompose R? into a countable disjoint family of
small squares C;. Let z; be the center of square C;. Then

K (Unl,nzans,n4) ~ Z Si»i?
o

H A(]mlz)] P(Tng—ny (f" 1)) p(Trg—ny (f™*2))dpa(),

where
Sij = p(2i)p(2)) / TTAG™ @) Le, (T, (£ @) L, (Taymny (f"42))dps(2).

Fixing i, j, letting L — oo and using the MMLLT and (| -, we find

Sij & t)dt / t)dtg( A
2J |n2_n1|‘n4_n3’/ g ( )]
Summing over 4, j and using , we obtain ((3.14)).

Case 2. We claim that
(3.16) Z 1 (Tny g Onams) < ON?In N.

(n1,...,nq)in1<nz<ng<ng

To prove (3.16) take (ny,...,n4) as in (3.16) and write

mo=0, mp=nsg—n;, My=ng—"ny, Mg=m"ny—Ny.
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Then we have

1% (Un17n20n37n4) = /

HA(fm"(x))] (T (2)) (T, (f ™ 2) ) pa().

Decompose R? into unit boxes C; with center z;. Then, we find

|N(Un1 n20ns,ny |< C Z 223 ZZQ Ziy /H]]-Tm eC;. d,LL

11,12,13

where p(t) = sup |p(t)|. Applying (1.3), we find

t:[—t]| <1

(213)p(2i2 - Zil) ||Zl - Zi'-l”
3.17 e Onsng)| <C ) L B e IR
( ) |:u’ (U 1,n20n3,ny | Z ml My — ml)(m3 _ m2) 1122(3 /—mj —m,_

11,12,13

= Z Siinyis (M1, M, My3).

11,12,13

Let us consider the special case when iy, = i; and z;; = 0 (without loss of generality we
say that in this case i3 = 0). Then we have

(3.18) Zsil,il,o(m1>m27m3) <

(51

C L 1 1 (o) ( ”Z“ ” )
) my1 Mo — M1 M3 — Mo min{\/ﬁl,\/m;; —mz} '
Note that the last expression is symmetric in m; = nz3—n; and mz—ms = ny—ny. Thus
without loss of generality we can assume ng —n; < ns —ny (indeed, the multiplier 2 can
be incorporated into the constant C'). Denoting a = ng — ny, b = ng — ng, ¢ = ng — ny,
we obtain

N N N
E eSS o)

(n1,...,n4)n1<nz<ng<na<N 11 i a=1 b=1 c=a

Note that the multiplier N accounts for all choices of n;. Thus

> S Sivivo(ma, ma, ms) <CN1“NZZZGC (||zz||)

(n1,...,n4)im1 <n3<ng<na<N i1 i a=1 c=a

§C’NlnN/ / / (H ”)dcdadz<CNlnN/ / —dcda<CN21nN

[e.9]

where in the third inequality we used that / O(r)rdr < oo and the last inequality

1
follows from direct integration. Thus we have verified that the terms corresponding to
i1 = ip and i3 = 0 are in O(N?In N).
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To complete the proof of (3.16)), we need to estimate the contribution of the sum
corresponding to all iy and ¢3. To this end, we will distinguish two cases based on
whether the following assumption holds or not:

1 1
(319) ”Zi2 - le“ < ZLHZHH7 and ||213 - le” < ZHZMH

For any given fixed iy, let /iig ;, denote the sum over iy, i3 that do not satisty (3.19)

and let /iizﬂ.g denote the sum for iy, i3 satisfying (3.19)).
First, we assume that (3.19) fails. Then, we have

1 1 1
Z 2821,12,13 my, ma, m3 < ¢ Z Zp iz T le ZIS)ml Mo — MMy M3 — My

11 12,13 11 12,13

o ) o 2
4min{,/my, /ms — my} 4min{/my,/mz —ms} )|
Now we can perform the summation with respect to i,, 13 first. Denote a = mq, b =
mo — my, ¢ = mg — my. By the exponential decay of p we get

ZZ&I,M my, my, ms) <Czabc{ (4mm”{3§,¢g})+@(4mm“f§§,ﬁ:})}'

11 12,13

Summing the last displayed formula for ny,ns,ns3,ng4, we obtain a term O(N?In N)
exactly as in the estimate of .

Now we assume that holds. Then observing that ||z;| > ||z ]//2, and using
the exponential decay of p, we find that

Pz, — 2iy)p(23,) < Ce Il
with a fixed constant ¢. Thus we conclude

D 2D Suws

m1<ma<m3z<N i1 1i2,i3

]' 1 —cl|z;
¢ Z mi Mg — M1 M3 — m2zze ol < O’ .

m1<ma<mgz<N i1 12,13

Summing over all choices of n;, we obtain a term in O(N In® N). This completes the

proof of (3.16]).

Case 3. We claim that
(3.20) Z 1 (g myOngmy) < CN*In N.

(n1,...,n4):n1 <Nz <na<n4

The proof of (3.20)) is similar to that of (3.16]). Indeed, the right hand side of (3.17))
is now replaced by

C Z ZZQ Z’Lg Zi1) @ (maX Hzij - zij%H ) )
mg — ml)(mg - mg) J m; —Mmj—

11,82, 13
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We consider the special case iy = 0,3 = i; first. Then (3.18)) is replaced by

(321) DSy 04 (my, ma,ms)

i1

- M1 My — My Mg — My min{,/m1, v/mo — my,\/ms — ma}

which is bounded by the right hand side of (3.18)) (perhaps with a different constant
C) and hence is in O(N?In N). The contribution of general iy, i3 can be bounded as

before. (3.20)) follows.

The upshot of the above three cases is that the leading term only comes from indices
ni, ..., ng satisfying (3.13). Summing p(0n, 1ny0nsn,) for all indices ny, ..., ng satisfying
(3.13), we obtain N?In* N[%*/8 + o1_,(1)] where we have used (3.14) and the fact

N2In* N
that 3 In(ng — ny) In(N — ng) = Tna + onseo(1)).
ni<nz<N
Next we claim that
(3.22) > OnmaOnsms) = (57 + 01000 (1)]N? I N

ni,...,na:k=4

Indeed similarly to the case of considered above we see that the main contri-
bution to our sums comes from the terms where the pairs (ny,ny) and (n3,n4) are not
intertwined. Note that if we choose a random permutation of (ny,ns,ns,ny) then the
probability of non intertwining is 1/3 (since the second element should come from the
same pair as the first one). Therefore there are 24/3=8 permutations E| contributing to
our sum which explains the additional factor of 8 in (3.22]).

To complete the proof of property (c), it remains to verify that the contribution of
terms with k = 2, 3 is negligible. First note that k = 3 is impossible by the definition
of k. Finally, if k = 2, the we can repeat a simplified version of the proof for k = 4
using the MLLT instead of the MMLLT. For example, let us consider the case n; <
ny < ng < ny. Since k = 2, we must have |ny —ny| > L or |ngy —ng| > L. Without loss
of generality assume |ny — n3| > L. Then, using the fact that due to the exponential
mixing of G, 0,5 ., < Ce™ on the set ||7,, — Tos || € [¢, €+ 1], we obtain from the MLLT

that
1
2 (Unl,HQUns,n4> =0|——)-

74 — n3|

Hence the total contribution terms with k = 2 is in O (LN?1In N). This completes the
proof of property (c). We have finished the proof of Proposition 3.1/ and hence the proof
of Theorem [L.6l

IThese eight permutations corresponds to all possible choices of signs (x € {<,>}) in the inequalities

ny *ng, MN3*ng, min(ng,ng)*min(ng,ny)
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4. DIMENSION ONE

4.1. Reduction to the limit theorem for the variance. Here we prove Theo-

rem [L.7]
We use the decomposition (3.4). Since f satisfies the CLT for smooth observables,

— ZH (f"(x)) converges weakly, and so this sum is negligible after rescaling by

N34 Tt remains to study the ergodic sum of H.
Following the ideas of the previous section, we let

1 .
A T - H " ) ’
t,N, (y) Card(n < N - Tn(ZL‘) _ t) n<N;x)t (f (1‘) y)
where Nt
~ [Siepdvy) Suy) =3 HoF(wy)
n=0
Thus in the notation of Proposition [2.1] we have Sy = 5—N()
N\T

In contrast with Theorem , Vn(z) does not satisfy a weak law of large numbers.
Instead we have

Proposition 4.1. There is a constant A so that % converges in law as N — oo to
the random variable £? given by (1.5]).

Before proving Proposition [£.1], let us use it to derive Theorem [I.7. We start with
the following analogue of Proposition 3.1}

Lemma 4.2. Under the assumptions of Theorems there are subsets Xy C X such
that lim u(XN) = 1 and for any sequence zy € Xy the measures {my(zy)} satisfy
the condltlons of Proposition 2.1 with o = 1.

Proof of Lemmal[{.4 assuming Proposition[{.1] Clearly, |[my|| — oo for a large set of
z’s and so (a) holds. Recalling that Sy(z,y) = Sn(x,y)/+/Vn(z), property (c) holds
trivially for all z € X. It remains to show property (b).

Note that £? is non-negative and non-atomic at zero, i.e. for any € > 0 thereis &’ > 0
so that P(L? < &') < £ and so by Proposition [4.1]

lim p(z: N < Vy(x) < NP = 1.
N—00

Thus we can assume that z is such that N4 < Vi (z) < N1, Next, we define
Card(n < N : |1, (z) —t| < 1)
VN '

As in the proof of Lemma [3.3} we find that for every p € Z, every t € R, and every
N € N we have p(¢°(.,t,N)) < C,. Then choosing p = 1000, the Markov inequality

U(x,t,N) =
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gives p(x : {?(x,t, N) > N'/100) < ON~1° Thus we can assume that for all ¢ € Z with
[t| < NO6 f(x,t, N) < N/ holds. By the anticoncentration large deviation bounds,

we can also assume that max |7 ()| < N9 since the set of points where this condition
nx

fails has negligible measure. In summary, the measure of the set of x’s satisfying that

~ 001 ’t‘ < NO-6

N < Vy(z) < N¥' and  fl(x,t,N) < - ’

N( ) ( )— 0 |t|2N0'6.

tends to 1 as N — oco. For any such x, we have
N—1

1
)(t, KInN)d ———— ) Cad '(j < N: |1j—7,| < K1
0K N ) = s 3 Card G < Nl < K )
1 r 0.517+0.6—0.745r
SW Z 0" (z,t, N) < 2NO°t =o(1).
tEZe|t| <NO-
if > 3. Property (b) and the lemma follow. O
S
Proof of Theorem [1.7 assuming Proposition [{.1. Recall that Sy(z,y) = ]\Zé—x’(yi By
N{Z

Lemmal[d.2and Proposition[2.1] there is a sequence of subsets Xy C X with pu(Xy) — 1
such that for every sequence xy € Xy, the distribution of Sy (x,y) w.r.t. v(y) converges
to the standard normal (note that this time properties (a) and (c¢) are immediate).

In fact, we have the stronger statement that

(4.2) (%,&\0 = (L2, N) as N — oo,

where L is given by , N is standard normal and £? and A are independent. This
follows from Proposition 4.1 Lemma and the asymptotic independence of Sy and
Vxn which comes from the fact that Vy depends only on z while Sy is asymptotically
independent of x. More precisely, let ¢ and 1 be two continuous compactly supported
test functions. Then

1% 1%
dn ¢ (o () o) = Jim ¢ (6 (v ) w(SLx, )
= i (Sy)dv | dp = E(p(N)) i LT
. ) o)

) Jim [0 (s ) dn = EGOOIEG(E)

where the first and the fourth equalities hold since pu(Xy) — 1, the third inequality
holds by Proposition 2.1, and the last equality holds by Proposmon | This proves

E2).

Denote ¥ = v/A. By (4.2) and the continuous mapping theorem,
Sy VW Sy

YN3/4  \/AN3/2 \/VN

= LN
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completing the proof of the Theorem [1.7] O

4.2. Proof of Proposition We are going to use the following well known fact
(see e.g. [2] Chapter 1.7, Problem 4). If A, is a sequence of random variables so that
for every k € Z

(4.3) Jp = lim E(&F)
n—oo
exists and
o\
(4.4) limsup | = < 00,

then X, converges weakly to a random variable X'. Furthermore, E(X*) = J, for every
k € Z, and X is uniquely characterized by its moments.

Now we explain our strategy of proof of Proposition (a similar strategy was used in
[18]). We prove that there is a constant A depending on the (T, 7!) transformation F
and the observable H so that Xy = Vi /(AN?/?) satisfies (with E meaning integral
w.r.t. p) and with constants J; that do not depend on F' and H. Consequently,
there is a random variable X' so that Xy = Viy/(AN?%/2) converges weakly to X' for any
(T, T71) transformation satisfying the assumptions of Theorem [1.7 Recall from §I.2
that one such example is the one dimensional random walk in random scenery, in which
case by the result of [15], Xy = Vi /(AN3/?) converges weakly to £2. Thus X = L2
and it has to be the limit for all (7', 7~!) transformation satisfying the assumptions of
Theorem [1.7} It remains to check and (4.4).

Recall that 7 satisfies the MMLLT with a Gaussian density g. Let ¢; be the standard
deviation of this Gaussian random variable, that is g(z) = ¢(z/s1)/s1, where ¢ is the
standard Gaussian density.

Define

(4.5) A= VTS V2re3(0)

<1
where ¢2 is given by (3.9).
Lemma 4.3. For k£ =1, (4.3) holds with

2 1 1 w
4.6 J :—/ / ( ) 0)dtdtodw.
(4.6) ' VT Jwer Jo<ti<ta<1 VL V2 —tlw Vi P (0)dhrdr,

e

We note that the above integral can be performed explicitly. Namely J; = N
T

This shows that A was chosen correctly. Indeed, in case of the simple random walk in
random scenery, formula (1.2) in [15] shows that J;, = % while by the main result of
[15], the conclusion of Proposition {.1| holds for simple random walk in random scenery.

Proof of Lemma[{.3 Fix some ¢ > 0. We need to show that for N large enough,

N 2
N-3/2p-1 // [ZF[ o F”(x,y)] dpudv — Ji| < e.
n=1
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In the following proof, we will choose a small n = n(c), a large L = L(e) a small
n'=n'(e,n, L)<n and finally N = N(e,n, L,n’). There will be finitely many restrictions
on these parameters, we can choose the most strict one.

Choose a partition of X into sets X;,7 € I of diameter < n and fix some elements

x; € X;. We have
N 2
// [ZF[OF”(ZL’,Q)] dpdy =
n=1

@n > > > / p() / H(f™(x), Gy )W) H (™ (2), Gr,, (o) (y))drdp,

ni,na=1141,i0€l 21,220€7Z

where

p({l?) = Pnnangiiyia,en,ze ([l?) = ﬂf"leXz‘l ﬂf”%‘EXig ILTnl($)6[21721+1]T]17n2($)6[22722+1]Ti'

Split the sum in (4.7) as 17 4+ 15, where T} corresponds to the terms satisfying

(A1) ' N < min{ny,ns} < min{ny,ny} +n'N < max{ns,ny}

(A2) || < LVN /5

(A3) |21 — 22| < L/n.
and T, stands for the terms where at least one of the conditions (A1)-(A3) is violated.
Write 17 = i()

We start by estimating 77. Let us write ay = by if there are constants n, L and 7/
so that for N large enough, |ay — by| < eAN?2/10. We claim that

(48) 153 [ o) [, G0 H (1, Gy ()i

Indeed, by the continuity of H we can choose 1 so small that the difference between
the LHS and the RHS of (4.8]) does not exceed

eA =
10002/pn’nl’n27ilvi2721,22<x>dﬂ<x>,

so (4.8)) follows from the anticoncentration large deviation bound.
Next, writing m; = min{ny, ns}, mo = max{n;, ny} and using the MMLLT, we find

(49) T~ 3> or (W”m_) e (L) )

[ A G (1, G (0))

Noting that by (A1) and (A3), (20 — 21)n/[s1v/ma2 —my] = O(N~Y/2), we see that

(22— 21) . . . DL
——= -] can be replaced b 0) in (4.9)) without invalidating ~. Then the
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only term depending on 25 is under the integral with respect to v. We can approximate
the sum over z; by a Riemann integral:

z1+L/n

(4.10) 7 Z ]:I(xiu sz(y))ﬁ[(xiza Glan(Y))dv =T, iy + 0ps0,L00, N300 (1)

zo=z1—L/n

where

7,1,22 //H :U“,y 'T7«27Gt< ))dydt
Combining (4.9) and -, we conclude

[Z ,LL 11 z Izl,ig

11,12

X

1 211 1
x > B Ul
n'N<mi<mi+n'N<mo<N |Zl\<L\/N/77 m S1v/1 Mg — M

where the factor 2 comes from taking into account both n; < ns and ny < ny. Further
decreasing 7 and increasing L if necessary and recalling (3.9)), we can replace the first
sum by ¢2.

Now replacing two Riemann sums with the corresponding Riemann integrals, we
obtain

26 1 1 w
T, ~ —;N3/2/ / © (
S1 |lw|<L Jn/'<t1<ti+n'<ta<l \/E Vie — 1y §1\/E

In order to complete the proof of (4.6]), it suffices to show that for L large and for n, n’
small

(4.11) Ty < eN3/2/10.

2
> o(0)dtdw ~ 2 \/TN?2J,.
1

We will estimate the contribution of the terms where exactly one of the assumptions
(A1)—(A3) fail (the cases when more than one fail are similar and easier).

Suppose that (A1) fails and, moreover, m; < 1’ N (the other cases are similar). Using
the anticoncentration large deviation bounds instead of the MMLLT, we obtain that
the corresponding sum is bounded by

n' N N

ZZ\/—\/; > C L) <\NC'(n, L)VN < eN*?/10

mi1=1ma=0 |z1|<L~/N/77

if 17’ is small enough.
Let us assume that (A2) fails. Then again using the anticoncentration large deviation
bounds instead of the MMLLT, we obtain that the corresponding sum is bounded by

Y Y e ¥ Cellah/ym)

mi1=n'N ma=mi+n |z1|>LVN /n




18 D. DOLGOPYAT, C. DONG, A. KANIGOWSKI, P. NANDORL

<CN > 10(lzn/VN) < CN3/2/ O(r)dr < eN32/10
o1 |>LV/N o
for L large.
Finally assume that (A3) fails. Then we use the exponential mixing of G to derive

1Y [ A G0 H o, G (0)
z2t|za—z1|>L/n
< 2/ /]Z[(‘Til:y)[j[(xiza Gt(y))dydt < CeicL
L

Proceeding as in the case of T} we obtain that the sum corresponding to indices when
(A3) is violated is bounded by CN32e~¢l < ¢N3/2/10. This completes the proof of the

lemma. O
Lemma 4.4. For any k£ > 2, (4.3]) holds with
(4.12)
21" - Wy(j) — W )
Jk:[—} / / ( ou ”“)dtdw
\/E w1 ,..., WL ER 0<t1<...<t2k<1]1_[ UGZV]I_‘[ \/t — tj 1

where V' is the set of all two-to-one mappings from {1, 2, ..., 2k} to {1,2, ..., k} (that is,
o) =2foralll=1,... k).

Proof of Lemmal[{.4 We follow the strategy of the proof of Lemma [4.3]
Fix some € > 0. We need to show that for N large enough,
k

N 2
N—3k/2A—k/ / [Zf{ o) Fn($,y)] dv dpJ — Jk < €.
n=1

Now we have

/ /lzﬂmw "

|
(4.13) = ZN: > >

Nn1,MN2,..., nop=1141,i2...,isx €I z1,22,..., 2ok €L

[ v [H [ G @),6o o)), %()(y))du] i
where

2k
p(a:) = ﬂlé [H ILf TreX; [H ]lrnj(x)e[Zj,ZjJrl}n] .
j=1

Let us order the numbers nq,...,n0, as my < mo < ... < mg and denote my = 0.
As before, we write the sum in (4.13) as T} + T», where T} corresponds to the terms
satisfying
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(A1’) for every j =1,...,2k, mj —mj_y >n'N

(A2") |29;1| < LV/N/nforall j = 1,....k
(A3’) |Z2j71 — Zle < L/T} for all] =1,.., k

and write T} = i() Asin ([L.3),
—_— k
@) T Y o] [ B Gay @) A (i, Gon)
j=1

where =~ now means that the difference between the LHS and the RHS an be made
smaller than eA* N3%/2/10 provided that 7 and 7’ are small enough and L and N are
large enough. To compute [ p(z)du, we use the MMLLT for times m; < may < ... <
mor. Note however that the range of summation for different z;’s are different and
so it is important to keep track of the index 7 so that n; = m;. To this end, define
to permutation p (uniquely defined by the tuple (ny,...,ng;) if (A1’) holds) so that
m; = n,jy. Writing p(0) = 0 and zy = 0 and using the MMLLT we obtain

o (206) = 2p3-1)1
R

(4'16) [H M(Xij)] [H / ﬁ(xi2j717 GZijl (y))j—:[(xizﬁ GZQj (y>)dV] .

By (A1) and (A3’), p(I) can be replaced by 2[p(l)/2] — 1 (the biggest odd integer not
bigger than p( )) for | = j —1,j in the subscripts of z in (4.15). Consequently, z5; only
appears in . As before, we compute

> [Hu(Xm [H [ By G () (o o (1) ]

11,0502k Lj=1

z2, Z4 ----- Zok:
|z2j—22j—1|<L/n

= 2" +0(1).

Thus we arrive at

T~

)

H ((22@(]')/211 — ZZFP(J'I)/211)77>
W S1y/my — my1

where 3. refers to the sum for N1y eeey Noky 21, 23, -, Z2k—1, Satisfying (A1’), (A3’). Next,
observe that u : {1,...,2k} — {1,3...,2k—1} defined by u(j) = 2[p(j)/2] —1 is a two-to-
one mapping. Let U be the set of all such mappings. The summand in the last displayed
formula only depends on (ny, ..., ngg) through (my, ..., max) and u. Furthermore, for any
given (my, ..., may) and u, there are exactly 2* corresponding tuples (ny, ..., no;). Thus

T1%2’“g2 D 3 [H — ((Zuu— u(;;))ln>

w€lU ~ Mi,...Mak 215022k —1
satlsfylng (AY’) satisfying (A3’)
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Now we are ready to replace the last two sums (Riemann sums) by the corresponding
Riemann integral with ¢; ~ m;/N and w; ~ z2l_1n/\/ﬁ. To simplify the notation a
little, we denote v(j) = (u(j) + 1)/2, thus v is a 2-to-1 mapping from {1,2,...,2k} to
{1,2,...,k} (the set of all such mapping is denoted by V). We obtain

T, ~ 2k§2 N3k/2z

gl veV

1 Wy(5) — Wy(j-1)
dtdw.
/w1|7--~7|wk|<LA t0<t1< <tap<l: H WH ( m

—tj_1<n’

Substituting w to w/¢ in the above 1ntegrals, we obtain

§2k
Ty ~ Z-m*2N32 g
51

As in Lemma [4.3] T5 is negligible. This completes the proof of Lemma [4.4] O

To finish the proof of Proposition [4.1] it remains to verify (4.4). To this end, first
note that since ¢ decays quickly, there is a constant M so that for every v € V and

every tq, ..., ta € (0,1],
/ H ( _ )d < M*,
Rk t —t] 1

Noting that |V| = (2k)!/2*, we have

1
|| < Ok(zk)!/ —dt.
0<t1<...<tgp<1 ]1:[1 V tj - tjfl
r(1/2)*% 7"
T(k+1) kI
that (2k)!/(k!) < C*k!, we find that |.J;| < C*k! whence ({.4)) follows. This completes
the proof of Proposition

The above integral can be computed explicitly and is equal to Noting

5. POLYNOMIALLY MIXING FLOWS IN DIMENSION ONE.

In this section, we extend the result of Theorem to some flows with polynomial
mixing rates. We use the setting of [10]. Recall that a flow G; is called partially
hyperbolic if there is a G, invariant splitting TY = FE, ® E.; and positive constants
Ch,Cs, A1, A9 such that for each t > 0

(i) |G| Eu]l < Cre™;

(ii) For any unit vectors v, € Ey, ves € E.s we have ||dGi|ve|| < Coe™ 2 |dGyuv, ||

For partially hyperbolic flows the leaves of E, are tangent to the leaves of an abso-
lutely continuous foliation W*.

Fix constants R, v, Cy, a;. Let (R, 9,C}, a1) denote the collection of sets D which
belong to one leaf of W™ and satisfy

diam(D) < R, mes(D) > 9, mes(d.D) < Che™
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for all € > 0, where 0.D is the € neighborhood of the boundary of D. We say that the
sets from RU(R, v, C1, ;1) have bounded geometry.

Fix Cy, a3 > 0. Let M(R, v, Cy, g, Cy, a2) denote the set of linear functionals of the
form

By, (A) = /D Aly)ply)dy,

where D € A(R,v,C}, ), p is a probability density on D, Inp € C*2(D), ||Inp||cr <
(5. We shall often use the existence of almost Markov decomposition established in [10],
Section 2]: if R, C}, and Cy are large enough and a;, oy and o are small enough, then
given £ € M(R, v, Cy, a1, Co, ) and t > 0 we can decompose

(5.1) Ef(AoGy) = ¢y, (A) + O (|| Allcot")

with £, € M(R, v, Cy, aq, Cy, ap) and ch =1+ O(#") for some 0 < 1.

We say that a measure is u-Gibbs if its conditional measures on unstable leaves have
smooth densities. The existence of almost Markov decomposition implies that u-Gibbs
measures belong to the convex hull of (R, v, Cy, ay, Cy, ap) for appropriate choice of
R,,C1, a1, Cy, g (see [5l, §11.2]).

From now on we shall fix constants involved in the definition of (R, v, C1, a1, Cy, az)
which satisfies and whose convex hull contains u-Gibbs measures. For the sake of
simplicity, we will write 9 instead of MM(R, v, C1, ay, Cy, ay).

We say that the unstable leaves become equidistributed at rate a(t) if there is r > 0
such that for all £ € 9 we have

(5.2) [Ee(AoGy) —v(A)| < a(t)[Aller

where v is the reference invariant measure for GG;. We note that if (5.2) holds with
a(t) — 0, then v belongs to the convex hull of 9, whence it is a u-Gibbs measure (in
fact, it is the unique SRB measure for G, see [10, Corollary 2]).

Theorem 5.1. Theorem remains valid if the assumption that GG enjoys exponential
mixing of all orders is replaced by the assumption that G is partially hyperbolic and
unstable leaves become equidistributed with rate Kt~ for some v > 1 and K > 0.

Corollary 5.2. Suppose that 7 satisfies the assumption of Theorem G, is a topo-
logically transitive Anosov flow whose stable and unstable foliations are not jointly
integrable, and v is the SRB measure. Then (1.4 holds for sufficiently smooth func-
tions.

Indeed, according to [9, Theorem 3|, for Anosov flows, unstable leaves are equidis-
tributed on C" at rate Kt~7(") where (1) — 0o as r — oo.

The proof of Theorem requires a modification of Proposition 2.1} We shall use
the same notation as in that proposition.
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Proposition 5.3. Suppose that G, is partially hyperbolic with unstable leaves equidis-
tributed at rate Kt~ for some v > 1. Suppose that for some 0 < § < 1/20 such that

169
1—200

(5.3) v—1>

and & > 0 we have

( ) my(t € R: [t < NU/DH) < NV and mp(t : [t] > N2+ = o
) for every t € R, my([t, t + 1]) < NO-0/9);

// dmN(tl)dmN(tQ) S In—" N;
[t1—t2|>VIn N |t1 - t2|fy

hrn V82>
ThenSN = N (0, 1) as N — oo.

Lemma 5.4. Under the assumptions of Theorems [5.1] there are subsets Xy C X such
that A}lm u(Xn) =1 and for any sequence zny € Xy the measures {my(zy)}, defined

by (4.1]), satisfy the conditions of Proposition

Proof. The fact that conditions (a) and (b) hold for arbitrary 6 > 0 are verified as before.

Condition (d) is immediate from the definition of my. In order to verify condition (c)

we note that by Proposition , for any £ > 0, p(z : Vy(z) < N32In"" N) — 0 as

N — oo. Therefore it is enough to check that if 6 and « are sufficiently small, then
p(z: Ry(z) < N2 In~ 2 N)

is close to 1, where

Ru(z) i= Z {(z,n1, N)l(z,n, N)

B [ny —na|?

ni,n2€Z:|n1—n2|>vIn N
and {(z,t, N) is the local time defined by (3.6). Note that
p (U, N)lng, N)) = 3 pla s |75, () = ma| < 1|, (2) — ol < 1),
1<j1,52<N

Therefore, using the anticoncentration large deviation bound, we conclude that

pRy)<C 3T Y \/_m (5%)|n2—1nm

1<j1<525N |01 —ny|>vIn
\/N 1 1 N3/2
c—zz_@(_>< 2/ O (r)dr<C |
= (v=1)/2 ' )= T 1p0-h2 N /2 nO-D72 A7
VRN e \Vi In®~ In' N
Now the result follows by the Markov inequality provided that v — 1 > 4k. OJ
Thus in order to prove Theorem it suffices to establish Proposition [5.3|

Proof of Proposition[5.3. We divide the interval [—N/2%9 N1/2%%] into big blocks of
size N1 > 0 separated by small blocks of size N2 where the parameters £, < 8; will
be chosen later. Let J; denote the j-th big block and L be the union of the small blocks.
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Let Sy = [.., A«(Gy)dmy(y). Note that v(Sy) = 0. We claim that v((Sy)?) — 0 as
N — oo provided that

(5.4) B > B + 30.
Indeed
(55) o(S07) < [ v 0 Grams () dma ().

According to [10, Theorem 2], v(As, (A, 0G4, )) = toy — t1|77) . Therefore property
1 2 2—Ul1
(b) shows that the integral of the RHS of (5.5) Wlth respect to ¢y is O (N~(/9+9) To

integrate with respect to t; we divide L into unit intervals. Noting that the mass of each
interval is O (N°~(!/%) and the number of intervals is O (N/2+=F1+52) "we conclude

that v ((S]'V)Q) = O (NP*3-/1) which tends to zero under (5.4).
Thus the main contribution to the variance comes from the big blocks. Let

T = N1/2+67 T’J = T‘J(y) = / At(GT—i-ty)dmN SN] Z Tk’
J

J
Fix any £ € R. We will show that there is a sequence ey — 0, dependmg only [£] so
that for each ¢ € 91 we have

By (e5%8) — e /2] < ey
where N is the number of big blocks. Let ®;(&) = E, (e*°V7) with ®¢(¢) = 1.
Lemma 5.5. If

(5.6) pr1 < 1/4 — 26,
then )

D;(&) = ®;_4(¢) {1 — %v]} +0 (v;N~° +w; +éy),
where

dmy (t1)dmy (t2) 2y = NO-1/4=B2(-1)

(t1,t2)€J; |t1 — t2|7 ’
[t1—t2|=VIn N

Note that by property (b) and (5.6), we have T;=O(N~°). Hence v;=O(N~%) and
so the estimate of Lemma [5.5 can be rewritten as

(I)](f) - q)j—1(§)€_€2vj/2 + @) (UjN_(S + w; + éN) .

Repeating this process, we obtain

9 N
(5.7) By (¢55%8) = g(€) = exp [_% > v,
j=1

vi=v(T?), w;=

+0 <Z [UjNié —|—U)j] + NéN> .
J
Next we claim that

(58) Zvj =1+ ON%OO(l)
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provided that

(5.9) Bo(y —1) > 24.
N
Indeed, 1 + o 512\/ ) Z Z v (T}, T},) . The second term here is at most
Jj=1 J17#52
C Z mN([nl,nl+1])mN([n2,n2+1])‘

ny — ng|7
7’L1,1’L2:|n1—7’L2‘2Nﬁ2 ‘ |

Summing over ny using assumption (b) we are left with

¢ Z my ([ng, 1 + 1])N5—(1/4)—52(~/—1)

ni

— CmN([—N1/2+5, N1/2+6DN6—(1/4)—62(7—1) < ON¥-F0-1) = ON—soo(1),
where in the last inequality we also used assumption (a).
This proves that 5.9) implies (5.8 shows in particular that

Z v;N°=O(N~°). Also Z wj=o( due to assumption (c) of Proposition , while
J

Né < NY/A4+25-p1=B2(v=1) _ o(1)
provided that

(5.10) f1+ Ba(y—1) > 111 + 26.
Plugging these estimates into ([5.7)) we conclude that for all £ € 9t we have
(5.11) Eo (¢55v8) = /2 4 oy 00(1)
if 5, and [y satisfy , , , and . Thus we need (5, and (5 to satisfy

1 1
61<Z—25, B2 < B1 — 30, 51+52(7_1)>1+257 Ba(y — 1) > 26.

Since (§; can be chosen arbitrary close to %1 — 20 and P can be chosen arbitrarily close
to f1 — 30, the above inequalities are compatible if holds. It then follows that
(5.11) holds on the convex hull of 9t which includes v. This completes the proof of
Proposition [5.3] modulo Lemma O

1+n

Proof of Lemma[5.8 Let J; = [n;,n}]. Denote m; = 7 + JT
Markov decomposition ([5.1)):

E(AoGn,) = cEi(A)+O(Ey)

s

where &y = 0V, (= (D,,p,) € Mand Y ¢, =1-O(Ey).

We use the almost

Fix arbitrary y, € G_m]. D,. Then
ZgSN] ZCSEK < Zf[SNJ 1(y5)+T ) + O( )
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where

T30) = THGoyt) = | AGre)ims 1),

J

Next
2

L . 8 3
Note that E(T}) = O (N p2ly-1)=(1/ 4>+5) due to the equidistribution of unstable leaves.
To estimate |y, (77) we split

T.

J

BT = [[ Bl (G ) A (Gou ) (t0)dm(12) = T+ T

where [ includes the terms where |t; — t5] < VIn N and I includes the other terms.
According to [10, Theorem 2],

EZS ((Atl O thfmj>(At2 O Gtzfmj» == O (|t2 — t1|*7) .
Therefore I = O(wy).

To estimate I, we note that
Efs ((Atl o th*mj)(At2 o GtQ*mj)) = Efs ((Dtl,tz o th*"’”j))

where Dtl,tz = At1 (At2 e} Gt2,t1) with HDtlth Hcr S Kt27t1 S N5/2.
Hence using the equidistribution of unstable leaves, we obtain

E@s ((Ah o th—mj)(Atz © GtQ_mj)) = I/(DtLtQ) + ) (N6/2<t1 - m]'>_’y)

= V<At1 (Atz © Gl‘2*t1>> + O (N5/2<t1 - m]')i’y) :
It follows that

I= V(A (A, Gy ) )iy (t)dmpy (1) + O (NO2- (/275070 i )

t1,t9€J;
[t1—to|<VIn N

— )+ O(wy) + O (N~ (/2-50-1)
Finally
B, (T[%) < N B, (F52) = O ([t + ;] N0 4+ N-0/2-50-1)
Summing over s and using the fact that Z csEp, (eiésN’jfl(yS)) = E; (e°°¥-1) + O(w),

S
we obtain the result. O
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