THE VISITS TO ZERO OF A RANDOM WALK DRIVEN BY AN
IRRATIONAL ROTATION
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ABSTRACT. We give a detailed analysis of the returns to zero of the “determin-
istic random walk” Sy, (z) = ZZ;& f(x+ka) where « is a quadratic irrational,
flz) = 1[%11)({:1:}) — 1[0’%)({:13}), and z is sampled uniformly in [0, 1].

The method is to find the asymptotic behavior of the ergodic sums of L!
functions for linear flows on the infinite staircase surface.

Our methods also provide a new proof of J. Beck’s central limit theorem
for S, (0) where n € {1,..., N} is uniform and N — oo, and they allow us
to determine the generic points for certain infinite measure preserving skew
products (“cylinder maps”).

1. INTRODUCTION AND OVERVIEW

The simple random walk (SRW) can be generated from a dynamical system as
follows. Pick « in T := R/Z uniformly, and iterate the angle doubling map

7:T—=T, 7(x)=2x modl.

Place a “walker” at 0 € Z. At time step k (k > 0), ask the walker to make one
step to the left if 7%(z) € [0, 3), and one step to the right if 7%(z) € [3,1). This
procedure generates the simple random walk, because the steps are sy := (—1)%x*1
where 0.xgx129 - - - is the binary expansion of z, and if x € T is chosen uniformly,
then s are independent random variables, equal to +1 or —1 with probability %

The angle doubling map is a standard example of a “chaotic” map: It is mixing,
it has positive entropy, and it has countable Lebesgue spectrum. It is natural to
ask what happens if we replace 7 by an “non-chaotic” ergodic map, such as the

irrational rotation
Ry:T—T, Ruo(z)=z+a modl (aeR\Q fixed).

R, is not mixing, it has zero entropy, and its spectrum is discrete, properties
associated with “determinism” (see [Pet] page 245).

If we replace 7 by R, then we obtain a stochastic process called the deterministic
random walk [AK]. To define it formally, let 2 denote the Borel o—algebra of T,
let mp be the normalized Lebesgue measure on T thought of as the unit interval
mod 1, and define f : T — Z by
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The deterministic random walk (DRW) with angle o € R\ Q is the sequence
So =0, S, = Ez;éf o RE (n > 1) on the probability space (T, %, mr). The
following table compares it with the simple random walk:

Simple RW Deterministic RW
Ae. orbit returns to zero. Ae. orbit returns to zero [At].
Recurrence The set of exceptions has full | The set of exceptions is
Hausdorff dimension [BS] finite [Ral.
Trace Z for a.e. z, Z for a.e. z [C],[CK],[Sch],
{Sn(z) : n > 0} | but not for all x. but not for all z [BR],[Pe].
Drift A.e. orbit has zero drift. All orbits have zero drift
nl;ngo Sp(x)/n The set of exceptions has full | by Weyl’s Theorem
Hausdorff dimension [BS] (KN, chapter 1])
Central No, by the Denjoy—Koksma
Limit Yes Ineq. [Her, page 73]. Other
Theorem choices of f may have CLT
[BD],[V]. See also [Hu],[B1]

In this paper we contribute to the study of the visits to zero of the deterministic
random walk: N, (z) = N, (z;0a) :=#{0 <k <n—1:S;(z) =0}.
For the simple random walk, if the number of visits to zero up to time n is
N,, then E(N,,) ~ \/2n/7 (de Moivre-Laplace Theorem), and ﬁﬁn st o(1),
n—oo

where ©(t) is Brownian local time [Bor|. The deterministic random walk behaves
differently. Aaronson and Keane showed in [AK] that if « is a quadratic irrational,
then there are constants ¢q,co > 0 s.t. cl(\/l?:Tn) <E(N,) < 02(\/%).

We show, among other things, that if « is a quadratic irrational, then there is a

positive constant c¢(«) with the following properties:
(1) E(N,) ~ c(a)(—2=) =: an(a) as n — .

Vinn
(2) %@Nn st V2 exp[—1x?], where x has the standard normal distribution.
n n—o00
(3) i st A (a l(a) Nn) 1 almost surely.
n m—oo
4) cla) = Ll:o’él where )\, 02 € Q[a] can be calculated explicitly. For example,

c(V2) = \/3—@ In(17 + 12/2).

These results should be contrasted with Kesten’s work [Kes] which says that if
« is also randomized (i.e. (z,«) chosen uniformly in [0, 1]?), then the right scaling
for N, (z;«) is n/lnn.

Our main tool is the cylinder map Tp(x,€) = (x 4+« mod 1,£+ f(x)) on T x Z,
together with the (infinite) invariant measure mrxz := mr X myz (mr=normalized
Lebesgue measure on T, my =counting measure on Z). To see the connection to
the DRW, write T} := T, 0--- 0T, (n times) and observe by direct calculation that

e S, (x) is the second coordinate of T*(x,0), and

o N,(x)= ZZ;& L1y {0} (T¥(z,0)), where 1z is the indicator function of E.

We will analyze the asymptotic behavior of S,,G := ZZ;S G o T* for general non-
negative functions G € L'(T x Z). The results for N,, follow from the special case
G = ]-TX{O}-
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FIGURE 1. (a) The infinite staircase St; (b) The translation surface
Sto it covers; (c) Stg is a punctured torus

T, is ergodic and measure preserving [CK]. But since myxz is an infinite mea-
sure, if G € L' has non-zero integral, then there is no sequence of numbers a,, s.t.
%”(SnG) converges a.e. to a finite non-zero limit [A1]. Nevertheless one can hope
to show that (S, G)(z,&) ~ a, [ Gdm x F,(z,§) a.e. where a,, is deterministic, and
F,(x,€) is a fluctuating term independent of G which converges in distribution on
T x {k} (see e.g. [A2], [AS]). Further study of F,(z,{) can hopefully also lead
to a summability method which kills the fluctuations almost surely, and results in
a “higher order” pointwise ergodic theorem as in [ADF],[Fil],[Fi2],[LS1],[LS2].
This is what we shall do (Theorems 3.1 and 4.3).

The asymptotic expansion we obtain holds for an explicit set of full measure
of (z,£). This allows us to characterize the generic points of T, which partially
answers a question in [Sa]. See §7 for precise statements.

Our methods also allow us to give a new proof of a result of J. Beck on the
central limit theorem for ZZ;; ({ka}) where n is chosen randomly uniformly in
{1,...,N}, and N — oo [B1, B2]. See §5 for precise statement.

To study the cylinder map, we use a remarkable geometric construction due
to Pat Hooper, Pascal Hubert & Barak Weiss [HHW] (see also [HW]). They
constructed the infinite staircase surface, St, described in figure 1. The rectangles
are 2 x 1 rectangles with the short side in the direction of the positive y—axis (“up”).
Edges with identical labels are identified by translations.

The vertices split into four infinite classes of identified points, called the singu-
larities of St. We let St* := St \ {singularities}, and think of the singularities of



4 A. AVILA, D. DOLGOPYAT, E. DURYEV, AND O. SARIG

St as of punctures in St*. Each singularity is the meeting point of infinitely many
rectangles, and the angle around it is infinite.

The linear flow at direction § € (=7, 75) is the flow ol which moves a point on
St* in the direction (Eg;g) t units of distance respecting identifications (§ = 0 is
moving “up”). The definition makes sense for the set of full measure of points p
whose orbit does not hit a singularity.

The connection to the cylinder map is explained by the following observation
from [HHW!]. Recall that a Poincaré section for g is a set & C St s.t. for a.e. p €

r

St there is a minimal positive time r(p) > 0 s.t. gaa(p) (p) € &, and inf,es 7(p) > 0.

The function 7 : & — (0,00) and the map 7' : & — &, T'(p) = gaz(p) (p), are called
the roof function and Poincaré map of &.

Lemma 1.1. For 0 # +£%5 + 27k, the union of the horizontal sides of the horizontal
rectangles in figure 1 is a Poincaré section for pg with constant roof function. The
Poincaré map is isomorphic to the cylinder map T, where a = %tan& + %

The isomorphism is very simple: Divide St into horizontal rectangles, call one of
them “rectangle zero” and tag the remaining rectangles by £ € Z in such a way that
the rectangle directly above rectangle ¢ is rectangle £ + 1. The point (z,£) € T x Z
corresponds to the point w(z) on the top horizontal side of rectangle &, and located
2z units of distance away from the left end.

Since Ty, is a Poincaré map for ¢y with constant roof function, there is a standard
way to reduce the study of the Birkhoff sums of T}, to the analysis of the Birkhoff
integrals of pg. This is what we will do.

The gain in the reduction to the infinite staircase model is that St has many
symmetries which are hidden for the DRW: For special directions 6, it is possible
to find a “nice” automorphism v : St — St s.t. for some 0 < A < 1

Yo ph=ppt o (%)

This is what happens for the 6 whose corresponding « is a quadratic irrational.
(%) is the key to the asymptotic behavior of the Birkhoff sums of ¢y and T, and
therefore also to the asymptotic behavior of the visits to zero of the DRW.

2. THE INFINITE STAIRCASE AND ITS AUTOMORPHISMS

Z—cover. St* is a regular Z—cover of a finite area surface St (figure 1(b)). Let
7 St — St

be the covering map. St is a twice punctured torus (Figure 1(c)). Let Sty denote
the completion of Stj with respect to the natural metric. Stg is a torus, and
7 @ St — St{) extends continuously to a map m : St — Stg. The extension is
two-to-one on the singularities of St and infinite-to-one elsewhere.

The group of deck transformations of the covering is generated by an obvious
translation. We denote it by

D : St — St.

D? fixes the singularities.
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Z—coordinate. Choose a bounded connected R C St* s.t. St* = |f,., D*(R)
(i =disjoint union), e.g. one of the horizontal rectangles in figure 1 minus the
vertices and bottom horizontal side. The Z-coordinate of p € St* (relative to R) is

&(p) == unique k s.t. p € D¥(R).

Notice that £ o D = £+ 1. This definition depends on the choice of R. We will refer
to this as “choosing a Z—coordinate.”

Homogeneous automorphisms. St has an obvious atlas of charts whose change
of coordinates transformations are euclidean translations. This allows us to identify
the tangent spaces of St at different points with R? (and therefore with each other)
consistently. We will use the convention that direction “up” in figure 1 is ((1)) € R2.

Once we have identified the tangent spaces at different points with R?, we can
view the differential dip, : T,(St) — Ty (St) of a smooth map ¢ : St — St
(p € St*) as a linear map R? — R2. The matrix representing this map is called the
derivative at p.

A map ¢ : St — St is an orientation preserving affine automorphism, if ¢ is a
homeomorphism; ¥ (St*) = St*; ¢ : St* — St* is differentiable; ¢ : St* — St™ is
orientation preserving; and i has constant derivative. In what follows orientation
preserving affine automorphisms will be simply called automorphisms.

An automorphism 1 : St — St is called homogeneous, if it commutes with
D and preserves the D-orbits of the singularities of St. Necessarily 1? fixes the
singularities of St*. The homogeneous automorphisms form a subgroup of finite
index in the group of automorphisms [HW].

If ¢ is homogeneous, then v : St — St is the lift of a toral automorphism
g : Stg — Stg, called the projection of 1. To define vy, let

to(p) = [t (p)] for some (any) p € 7~ (p).

The definition is proper, because 7~ !(p) is an orbit of D, 9o D = D o1 and
moD = m. It is easy to see that 1y is invertible, 1y has constant derivative, and
1o fixes the singularities of Sty.

Proposition 2.1. All homogeneous automorphisms are area preserving.

Proof. Let J, Jy denote the Jacobian functions of a homogeneous automorphism 1
and its projection 1y . Since 7 o1 = 1)y o and 7 is a local isometry, J = Jy o 7.
The Jacobian of 1 is constant (1) has constant derivative), therefore the Jacobian
of 1 is constant. Since 1)y is a self-bijection of a surface of finite area, this constant
equals one. So J = Jyo7m =1, and v is area preserving. O

Frobenius functions and drifts. Fix some Z-coordinate £ : St — Z. The Frobe-
nius function of a homogeneous automorphism v : St — St is

Fy:Stg =L, Fy(p) = £[(p)] — &[p) for some (any) p € 7" (p).
The definition is proper because 7= 1(p) = {D"(p) : n € Z}, » o D = D o 1), and
oD = ¢+ 1. Fy depends on the choice of the Z-coordinate. If we change the
Z—coordinate, F;, changes by a coboundary of 1, see below.
The average drift (or just drift) of a homogenous automorphism v : St — St is

1
() = arca(Sty) /Sto Fy(p)dp, (dp =area measure).

We will see later that 0(¢)) is the drift of a certain random walk associated to 1.
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Lemma 2.2. The average drift is independent of the choice of the Z—coordinate,
and 0(¢ o @) = 0(¥) 4+ 6(¢) for any homogeneous automorphisms 1, ¢.

Proof. Let g : Stg — Stg be the projection of v, and suppose &, 7 are two choices
of Z—coordinates with Frobenius functions Fi, F,. We claim that [ F¢ = [ F}.

Define A : Sty — Z , A(p) = &(p) — n(p) for some (any) p € 7 !(p). The
definition is proper since 7~ (p) is a D—orbit, and (é—n)oD = (£+1)—(n+1) = E—n.
A simple calculation shows that Fi — Fg = Aoy — A. Since 1)y is measure
preserving, f(Fi —F})= [(Aoyy—A) =0, and [F§ = [ F}.

Next suppose ¥, ¢ are two homogeneous automorphisms. It is easy to see that
o ¢ is a homogeneous automorphism, and for every p € Stg and p € 7~ 1(p),

Fyop(p) = £[(0(p))] — €[] = E[w(0(P))] — £lo(D)] + £lo(P)] — £[P]
= (Fy o ¢0)(p) + Fg(p), where ¢ is the projection of ¢.

Since ¢y is area preserving, §(¢ o ¢) = [ Fyodg + [ Fy = 6(¢) + 0(¢). O
By [HHW] the set of derivatives of homogeneous automorphisms equals
={AeSL(2,Z):A=(, {)or (.} ;) mod2}
Here is a refinement of this statement. The proof is in the appendix.

Proposition 2.3 (Classification of homogeneous automorphisms).

(1) If A€ SL(2,Z), A= ( , | )mod2 and & € Z, then there is a unique homo-
geneous automorphism with derivative A and drift &.

(2) If A€ SL(2,Z), A= ( _} ; )mod2 and 0y € 5 + Z, then there is a unique
homogeneous automorphism with derivative A and drift dg.

(3) No other homogeneous automorphisms exist.

Renormalizing hyperbolic automorphisms. A homogeneous automorphism of
St is called hyperbolic if its derivative matrix has two real eigenvalues, A\, \~!, where
0<|Al <L

Definition 2.4. A hyperbolic homogeneous automorphism v renormalizes o € R,
if o = 3 + % tanf(mod 1) where (z;‘;g) is an eigenvector of the derivative of 1. In
this case we say that « is renormalized by ).

The motivation is that if o = % + %tan f(mod 1), then T, is the Poincaré map of

the linear flow in direction 6, @y : St — St, and

Yoy =gy oy
where A is the eigenvalue of (ZL‘;Z)
There is no loss of generality in assuming that (a) the eigenvalues are positive,
(b) v fixes the singularities of St, (c) ¥ has zero drift, and (d) 0 < A < 1: We saw
above that any homogeneous automorphism ¢ has drift in %Z, 50 26(1) is always an

integer. One of the automorphisms D~40W)q% D(¥)ey=4 satisfies (a),(b),(c),(d).

We characterize the irrational numbers o which possess renormalizing automor-
phisms. Recall that a quadratic irrational is an irrational a s.t. aa? +ba +c =0
for some a, b, c € Z not all equal to zero.

Proposition 2.5. a is renormalized by a hyperbolic homogeneous automorphism
iff it is a quadratic irrational.
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Proof. The derivative of a hyperbolic homogeneous automorphism belongs to SL(2, Z).
The eigenvalues of such matrices are quadratic irrationals, and the slopes of the
eigenvectors of such matrices are quadratic irrationals. It follows that all irrationals
with renormalizing hyperbolic automorphisms are quadratic.

For the converse suppose that « is a quadratic irrational. We prove that a
renormalizing automorphism exists. Let o’ := 1/(2«a — 1). This is also a quadratic
irrational.

By Lagrange’s Theorem, the continued fraction expansion of o' is eventually
periodic. So there is a map ¢(z) = Z,'jjrrs; with ( 9 U) € SL(2,Z) sit. the
continued fraction expansion of p(a’) is (completely) periodic:

o) =lag,...,0n-1,00,...,an-1,"""]. (2.1)
Let Z—: denote the principal convergents of 5 := ¢(a’). By the theory of continued

fractions, det( o -1 ) = (=1)"*!, and f is a fixed point of ¥(z) = 7’;”25”:;.

So Y[p(a’)] = p(a’), whence (¢~ '9p)(a) =o'
Let ¢ := ¢ ", then ¢ (o) = o’ for all N. We claim that for some N, ¢ is
a Mobius transformation with matrix belonging to

I'2):={AeSL(2,Z): A=1d mod 2}.
Let A be the matrix which represents ¢?. Obviously, ¢? € SL(2,Z). Let [A], €
SL(2,Z3) denote the residue class of A mod 2. The group SL(2,Z2) is finite,
therefore [AN]y = ([A]2)" = Id for some N. So ¢*V is represented by a matrix in

I'(2), proving the claim.

Write ¢2V (z) = Ziiz for (§ ¢ )eT(2), then

( CcL Z ) (;) - (Zi;g:) = (a+ba’)<¢2N1(a,)> = (a+bo/)<a1,>, (2.2)

proving that (;,) is an eigenvector of ( o b ) € T'(2). This matrix is hyperbolic,

because its trace is bigger than two: a + d = tr [¢2N] = tr [( A )QN],

and every 2 X 2 matrix with determinant one and all of whose entries are positive
integers, has trace bigger than two.
By (2.2), the homogeneous automorphism with zero drift and derivative ( ¢ ;)

N S |
renormalizes o = 5 4 5(57)- O

o
The previous proof is constructive, but it does not provide a convenient tool for
calculating renormalizing automorphisms. This is the purpose of the next result.

SREARVACASY ”q(q—H)(mod 1) for

Proposition 2.6. Any quadratic irrational o equals % o
some k,q,n € Z satisfying q(q +1) # 0 and n|k? — q(q+1). In this case there is a
renormalizing homogeneous automorphism v with zero drift and derivative

[ 2q—k)+1 2. Eoaatd
&= ( —2n 20q+k)+1 /)’ (23)

Example: For a = /2, we can take k = n = 3,q = 8, and get the homogeneous

automorphism with zero drift and derivative ( 15 753 )

Similar formulas can be obtained for V3 (k=n=1,¢=3),V5 (k=n=1,q=
4), V7 (k =n = 12,q = 63) etc.
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Proof. Since « is a quadratic irrational, it has a hyperbolic renormalizing automor-
phism with zero drift. Let A be the derivative. By proposition 2.3, A = ( o b )
with a,d odd and b, c even, and ad — bc = 1.

We claim that tr(A4) = 2 (mod 4). Since a, d are odd, they are equal to £1 (mod 4).
Write a = da+¢e,d =48+n,b = 2y,¢c = 2§ with o, 8,7, € Z and ¢, = £1. Since
1 = det(A) = en(mod4), e = n. It follows that ¢ = d(mod4) and trA =a+d =
da+pB)L£2€4Z+ 2.

Write tr(A) = 4¢ + 2 with some ¢ € Z. Since a,d are odd and a + d = 4¢ + 2,
we can put a,d in the form a =2(¢— k) + 1 and d =2(¢+ k) + 1 with k € Z.

Since c is even, ¢ = —2n with some n € Z. Since ad — bc = 1, either n = 0 and
k?—q(q+1)
A=Td,orn+#0andb=2. Kzl g5 4 [ 2(¢—k)+1 27—
" —2n 2(q+k)+1

with ¢,n,k € Z s.t. n # 0 and n|k? — q(q + 1). Such choice of k, ¢, n determines a
matrix in SL(2,Z) equal to ( , ; ) mod 2.

The characteristic polynomial of A is 22 — xtr A + det A = 22 — (4 + 2)z +
1. The eigenvalues are (2¢ + 1) &+ 24/q(q+ 1). A is hyperbolic iff ¢(¢ + 1) # 0.

The eigenvectors are proportional to (L W7 1),
% + EvaterD) ‘fl(qﬂ). Playing with the signs of k,n we
Valg+1) 0

see that there is no loss in taking o := % + s -

so the automorphism with

derivative A renormalizes o :=

Markov partitions and symbolic dynamics. Every hyperbolic homogeneous
automorphism v : St — St covers a hyperbolic toral automorphism g : Stg — Stg.
Adler and Weiss introduced in [AW] a technique for coding v : Stg — Sto as the
action of the left shift map on the collection of two sided infinite paths on a finite
directed graph. This is done using Markov partitions. The purpose of this section
is to describe this method.

The original work of Adler & Weiss applies to general hyperbolic automorphisms.
It is important for our purposes to apply the Adler—Weiss construction in a way
which respects that fact that v fixes the punctures of Sty and has derivative matrix

AeT(2):={AeSL(22,Z): A=(, |) mod 2}

We will assume for simplicity that A has positive eigenvalues, 0 < A < 1 and
A™! > 1. Then there are vectors v = (i), w = (i}) such that Av = A~'v and
Aw = Aw. Since A € T'(2), v, w are irrational. We call w the stable direction and v
the unstable direction (of vy).

The first step in the Adler—Weiss construction is to divide the torus into two
parallelograms @1, Q2 with sides parallel to v, w. They cut the torus along two line
segments emanating from a single fixed point. We prefer to use one segment passing
through the first puncture, and the other passing through the second puncture: this
simplifies the analysis of the coded Frobenius function, see §6 below.

Suppose first that —1 < w < 0, v > 1 (case 1), or 0 < w < 1, v > 1 (case 2).
Then @1, Q2 can be constructed as in Figure 2. One of the parallelograms, which
we call @1, does not contain any punctures in its top or bottom sides. The other,
which we call @2, does.

The general case can be reduced to case 1 or 2 by working with 6 o 9 o 67!
or f o 1/}0_1 o =1 for a suitable toral automorphism 6 : Sty — Stg which fixes
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FIGURE 2. Partition of the torus

the punctures. The derivative matrix of 6 is produced from the following lemma,
applied to the irrational numbers ¢ = v~1, 7 = w™! (see the appendix for proof):

Lemma 2.7. For every {,n € R\ Q s.t. £ # n there exists (¢ ) € I'(2) such

c

that s := %,52 = Z:;_ts satisfy one of the following: One of s1,s2 is in (0,1)

and the other is in (1,00); Or one of s1, sz is in (—1,0) and the other is in (1, 00).

6 itself can be produced using Proposition 2.3 by projecting the homogeneous auto-
morphism with zero drift and derivative ( a Z ) to Stg. Homogeneity guarantees
that 6 fixes the punctures.

We call R := Q1 UQ> the fundamental polygon of 1. The sides of R in direction
w (resp. v) are called stable (resp. unstable). Let OsR :=union of stable sides of
R and 90, R :=union of unstable sides of R. Since 0;R,J, R are linear segments
containing fixed points of ¥y and in the direction of eigenvectors of diy, we have
Yo(0sR) C OsR and ¢y (O, R) C Oy R.

A u—fibre is a linear segment in direction v with endpoints in Jd;R. Since
Po(0sR) C OsR, Av = X71u, and 0 < X < 1, the 9p-image of a u-fibre is a fi-
nite union of u—fibres. Similarly, an s-fibre is a linear segment in direction w and
endpoints in d, R. The yy—image of an s—fibre is a subset of an s—fibre. We orient
u/s—fibres in the direction of v, w.

Thus %(Q;) is a finite union of non-overlapping parallelograms @1, ..., Qin, C
R with sides in the stable and unstable directions, and with s—sides contained in
0sR. We use the following convention for the order Q;1,...,Q;n, (i = 1,2): Recall
that u—fibres are oriented in the direction of v, then every parallelogram @);; has a
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FIGURE 3. The Z-coordinate associated to the canonical renor-
malizing automorphism of V2

bottom s—side, and a top s—side. The ordering is done so that the top side of Q;; is
identified with the bottom side of Q; j41 (j =1,...,N; —1).

The interior of ();; is completely contained in the interiors of Q) for k =1 or 2.
Otherwise, 1 (int(Q;)) intersects 9, R, in contradiction to ¢y ' (9,R) C 9, R.

Let P :={Q;; : ¢ = 1,2;1 < j < N;}. Since g is bijective, P is a partition of
Stp. By the previous paragraph, B is a refinement of {Q1,Q2}. B is the Adler—
Weiss Markov partition.

The dynamical graph of B is the directed graph ¢ with set of vertices ¢ and
edges P; — P; for any pair of P;, P; € P s.t. int(P; Ny ' (P})) # @. Let X(¥)
denote the collection of bi-infinite paths on ¢:

YY) := {(Py)rez € R%: Py — Py for every k € Z}.

Equip (%) with the metric d(z,y) := exp(—min{|k| : zx # yr}). Let 0 : 5(¥4) —
3(¥) denote the left shift map, o : (x;)icz — (Tit1)iez-

Theorem 2.8 (Adler and Weiss). For every (P;)icz € %(¥), there is a unique point
mo[(Pi)iez] € Niez Yo ' (i), and mo : 3(¥) — Sto has the following properties:

(1) 7o : X(4) — Sto is onto and |7y (p)| = 1 for Lebesgue almost every p € Stq.

(2) mo is Holder continuous and mg o o = 1)y o 7.

(3) Let mq denote the normalized Lebesgue measure on Stg, then mg = Mg o 7T61
where Mg is a mixing stationary Markov measure on ..

(4) mg is the measure of mazimal entropy for o : X(¥4) — X(¥Y).

See [AW] for proof. Additional information on the combinatorial structure of ¢
can be found in §6.

Let R denote a connected lift of the fundamental polygon @1 U Q2 to St. The
corresponding Z—coordinate £ : St — Z is called the Z—coordinate associated to the
automorphism 1, see figure 3.

The main advantage of the associated Z—coordinate is the following fact, whose
proof we defer for reasons of exposition to §6 (Lemma 6.8): If F, is the Frobenius
function of ¥ with respect to the associated Z—coordinate of 1, then

Fy is PV by L (P)-measurable or PV 1o (P)-measurable. (2.4)
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This means there exists a function g : P x P — Z s.t. the coded Frobenius function
F:=Fyom:%(¥Y) = Z
takes the form F[P] = g(Py, P1) or F[P] = g(P-1, Py), where P = (P;);cz € X(¥Y).
The following additional property of F' is proved in the appendix.

Lemma 2.9 (Aperiodicity Lemma). If ¢ = zh/h o o where |2] =1, t € R, and
h:¥(¥) — C is continuous , then z =1, t € 2rZ, and h = const.

This is called the aperiodicity condition in [GH], and should be viewed as a strong
way of saying that F' does not take values in a set of the form a + bZ “up to a
coboundary.” The aperiodicity condition is used in §3, to show that o # 0.

The twist at a singularity. The contents of this section are only used in §5.

Suppose 1 is a homogeneous hyperbolic automorphism of the infinite staircase,
and let p denote one of the four singularities of St. Recall that D?(p) = p and
V2 (p) = p.

Let w be some non-zero vector. There are infinitely many rays emanating from
p in direction w: one for each horizontal rectangle with vertex congruent to p such
that the vector w based at p points into the rectangle. Let L;(p,w) denote the ray
which starts at horizontal rectangle number i. So D(L;(p,w)) = L;1+1(D(p), w).

Now suppose w is an eigenvector of dyy™ for some n. Then di*"(w) = Aw with
A > 0, and *"(p) = p. It follows that ¢*"[L;(p,w)] = L;(p,w) for some j = j(i).
It is not difficult to see that (j —4)/2n is independent of the choice of ¢ and n.

Definition 2.10. The twist of w at p is 7y (p, w) = 5-(j — i).

Lemma 2.11. 7y(p,w) € %Z. If ¢ is hyperbolic with positive eigenvalues, then
7y (p,w) € Z.

—_

Proof. Every eigenvector of di™ is an eigenvector of diy, so we can take n =
whence 7y (p,w) € %Z. Now suppose in addition that A > 0. If ¢(p) =
then ¢[L;(p,w)] = Litx(p,w) for some integer k, and therefore 1?[L;(p, w)]
Lijtor(p,w) and 7y (p,w) = k € Z. If ¢(p) # p, then by homogeneity, ¢ := Do
fixes p, and by the previous line 74(p,w) € Z. So Ty (p,w) = Tp(p,w) —1 € Z. O

i

=

Ezample 1. Let ¢ be the homogeneous automorphism with derivative ( o ) and
drift % (see figure 5). Let p :=lower left corner of horizontal rectangle #0. For any
vector w with positive coordinates, 1¥%[L;(p,w)] = Lit1(p, —w). So 7y (p,w) = %

Ezample 2. Let v denote the renormalizing automorphism of /2 with zero drift
and derivative ( P ), and let w := (H?ﬁ) be its contracted eigenvector.
Let p be one of the singularities at the bottom left corner of one of the horizontal

rectangles, say rectangle #0. We show below (Theorem 6.3) that 7, (p, w) = 1.

Lemma 2.12. Suppose v is a hyperbolic homogeneous automorphism with zero drift
and positive eigenvalues. Let p be a singularity, and w an eigenvector of di, then
Ty (P, w) =minus the drift of ¢, where ¢ is the unique homogeneous automorphism
which fixes Lo(p,w), and which has the same derivative as 1.
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Proof. As in the proof of the previous lemma, there exist k € Z and ¢ = 0,1 s.t.
w[Ll(paw)] - DZ[LH-k(paw)] Let (;5 = Di(k+e) © 1)[), then (rb fixes Lz(paw) and
has the same derivative as ¢. This determines ¢ uniquely, because every other
homogeneous automorphism with the same derivative has the form D™ o ¢ with
n # 0. By the definition of k and ¢, 7y (p,w) = k + £. By the definition of ¢ and
Proposition 2.2, §(¢) = 6(¢) — (k+£) = —(k + 0). O

3. ESTIMATES OF BIRKHOFF SUMS

In this section we find pointwise asymptotic estimates for the Birkhoff sums of
the cylinder map T, : TXZ - T x Z

To(z,t) = (x + a(mod 1),t + f(z)),

where « is a quadratic irrational, and f = 1[%_’1) — 1[0’%).

By proposition 2.5, there is a hyperbolic homogeneous automorphism 1 with zero
drift s.t. @ = 1 + £ tanf(mod 1), where (zg;g) is an eigenvector of the derivative
of 1, with eigenvalue 0 < A < 1.

Recall that the infinite staircase is made from a Z-array of 2 x 1 horizontal
rectangles. Declare one of these rectangles to be “rectangle zero” and let w : T — St
be the function which associates to w(z) the unique point on the top horizontal side
of rectangle zero, located 2z units of distance away from its left corner. In what
follows log* := log,-1, £ : St — Z is some (any) Z-coordinate on the infinite
staircase, and C.(Y") := {real continuous functions with compact support on Y}.

Theorem 3.1. There exists o > 0 such that for every (z,€) € T X Z for which
[P (w(z))] P 0, for every non-negative G € C.(T x Z),
— 00

n—1 . 2
, (14 o(1)]n [ Gdmryz 1+0(1) [ €&plos(w(x))]
GoT!)(x, ¢ V2 ex

;( @8 = 20\/7rlog n 20? Vlog'n

The following uniformity holds: Ye > 0 36, N > 0 (which depend on G but not x)
s.t. if |m§[w[l°g* "(w(z))]] < & and n > N, then the o(1) terms are in [—¢, €.

We will see in §4 that the condition +&["(w(z))] P 0 holds almost every-
—00

where. Thus Theorem (3.1) describes the almost sure behavior of Birkhoff sums for
non-negative G € C.(T x Z). By the ratio ergodic theorem, this is the almost sure
behavior of every L' function with non-zero integral.

We will also see in §4 that ()] dist N(0,0%) on T x {k} (k € Z). Thus
vk k—o0

Z?:_Ol GoT! grows a.e. like a constant times N J G, but if we normalize by this
growth rate, then we get fluctuating non-convergent behavior. The fluctuations are
driven by the renormalizing automorphism, and happen on an exponential time
scale. They are independent of GG. Similar results were proved for horocycle flows
on Z® covers of hyperbolic surfaces of finite area in [LS1], [LS2], and for Hajian-

Ito-Kakutani skew products in [AS].

We will obtain Theorem 3.1 from a study of the Birkhoff integrals of the linear
flow in direction 6 on the infinite staircase. Denote this flow by ¢y. We will show:
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Theorem 3.2. There exists 0 > 0 s.t. for every w € St s.t. +&[W*(w)] — 0,
nde el

and for every G € C.(St) such that [ Gdm > 0 (m =non-normalized area measure),
. 2
[1+o(nf Gm | 1 o)) ((€fule o)
. xp | —
20+/7log*n 20 Vlog'n

The following uniformity holds: Ve > 0 36, N > 0 (which depend on G but not w)
s.t. if |mg[¢ﬂog*nl (W)]| < and n > N, then the o(1) terms are in [—¢,€].

| Glesta = ;-

The extra % in the asymptotic expansion for fon Goyhdt is because %i@f&i@gg =2.
Notation. Let ¢ : Stg — Sty denote the projection of ¥ : St — St to the covered
torus Stg, and let 8 denote the Adler—Weiss Markov partition of .

Let v = (i) and w = (11u) denote eigenvectors of the derivative of v with eigen-
values A~ and A. They define the unstable and stable directions.

Linear segments in St or Sty in the direction of £w will be called stable. For
example, {p}(wp) : @ < t < b} is a stable linear segment in St.

The following is a particularly useful way to generate stable linear segments.
Let 7o : 3(¥) — Sty denote the Adler-Weiss coding map of Theorem 2.8. Let
vt = {(zo,21,...) €PN :z; = 7444 for all i > 0}. For every z € ©F, let

Wi(z) :==mo{y € X(¥) :ys = x; (1 >0)}.

Lemma 3.3. W*(z) is a stable linear segment. It is the s—fibre through mo(z) in
rectangle o € P. Let h(z) = £(xo) be its length, then 3, \_, h(y) = A h(z),
where the sum ranges over y € ¥ and o(yo,y1,...) == (yl,y;, cl).

Proof. By the Markov property of 1y, Cy, := xg Nty H(x1) N -+ N 1/10_("_1)(%”_1)
is a decreasing intersection of compact parallelograms with s—side of length £%(z)
and u-side of length O(A"™). So (,,~ Cn is an s-fibre in xo, which passes through
mo(z). This is a stable linear segment.

The Markov property also implies that 1 ' [W*(z)] = Us (y)=a W?*(y)- Since 1o

contracts s-fibres linearly by factor A, >° h(y) = A" h(z). O

y=z

Let £ : St — Z be the Z—coordinate associated to ¢ (Figure 3). We write
[€ = k] := & H{k} and W*(z, k) :=lift of W*(z) to St so that my(z) lifts to a point in
[€ = k]. This is a stable segment in St, and it has length h(xo). W?(z, k) C [£ = K],
because W*(z) lies completely inside an element of B, and such sets lift in their
entirety to subsets of D*(F)(i € Z) where F is the fundamental polygon of .

Proof of Theorem 3.2. We begin with some reductions.

Any two Z—coordinates are within uniformly bounded distance from one another,
therefore if the theorem holds with one choice of a Z—coordinate, then it holds with
all other possible choices. We will work with the Z—coordinate associated to ).

With this choice of ¢, the Frobenius function Fy, is either BV, ! ()-measurable,
or PV o (P)-measurable. We will carry out the proof in the first case, and leave
to the reader the (routine) modifications needed for the second case.

A symbolic cylinder is a set of the form 4[P,..., Ppy| := ﬂf/:z wo_i(Pi), where
P; €. This is a parallelogram with sides parallel to v and w. Symbolic cylinders
are subsets of Stg. They are not necessarily cylinders in the geometric sense.
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Instead of working with G € C.(St), we will work with indicators of lifts of
symbolic cylinders to Stg. Any non—negative continuous function with compact
support can be sandwiched between linear combinations of such functions, so this
suffices for our purposes.

Here is the precise definition of the sets which we will work with:

g[Pg,...,Pgl]k .= lift to {EZk‘} Of([Pg,.. Pg/ ﬂlﬁ i

Here ¢/ > ¢ and Py, ..., P, € B are arbitrary.

Most of our calculations will be done in the special case £ = k = 0. This is
enough, because 3i,j s.t. ¢[P,...,Py]* = (D' o) (o[Py,..., Pr]°) where D is a
deck transformation. Since D? o )7 preserves the area measure and does not affect
the asymptotic drift lim £[¢)" (w)]/n, whatever works for the special case £ =k =0
works in general.

Similarly we may assume without loss of generality that {(w) = 0. From now
on, fix w € St s.t. {(w) =0 and £(¢¥"™(w))/n — 0, and let

E = 0[P07 AP ,Pg_l]o.
Our aim is to find the asymptotic behavior of [" 1z[p}(w)]dt as n — co.

In what follows ¢[-] is the euclidean length measure, and ng € N is a free param-
eter that will be calibrated at the end of the proof. For every n, let

n* = [log*(n/no)].
Notice that A" - n € [Ang, ngl.

Let Ap(w) = {ph(w) : 0 < t < n}. This a stable linear segment, and we are
interested in [ 1[p}(w)]dt = ([A,(w) N E].

Let B, (w) := 9™ [A,(w)]. Since ¢ contracts stable linear segments by factor A,
B, (w) is a stable linear segment with length E[B (w)] [Ang, ng]. Break B, (w)
into a finite union of lifted s—fibres W*(z(V), &5), ..., W*(z(™), & ) plus two pieces
of stable fibres W*(z(®), &), W*(z(m*Y & 1) to take care of edge effects:

ny ni+1
W@, &) € Baw) € | W, (3.1)
=1 =0

Even though n,z® and & depend on n, some uniformities are observed:
(1) 2no. —2<n < Aﬁfn (. Ang < £[By] < no, (W* (2D, &5)] = h(x{)).

max h

(2) |& — W™ ()| < 29 for all 4, because &, ..., &5 1, £ (w)) are Z coor-
dinates of points in B, (w), €[Bn( )] < ng, and because it takes at least minh

units of distance to cross the fundamental polygon of ¥ when moving in the
stable direction.
By the definition of By (w), [y 1e(ph(w))dt
translates to

([E Ny~ (Bp(w))], so (3.1)

ZJ (@) /OnlE[sozw)]dtgZan%s:» (3:2)

where J,, (2D, &) == ([E Ny~ (W5(z®,£F))]. The remainder of the proof is an
analysis of J, (2", £F).
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We start by asking when does a point w’ € W*(z(® { ) belong to ¥" (E). We
claim that ¢~ (') € E iff 5™ [r(w')] € m(E) and ( Z Fyod) g™ “(r(W)] =

¥ where 7 is the covering St — Stg.
Explanation: By the definition of the Frobenius function Fy, if ' € W*(z(®, £F),

* *

then & —€[™"" ()] = £(W) €™ (W] = Fyltg™ (m(@)]+ - +Fy g (m(w)].
It follows that £l (w')] = 0« (X7_g" Fyouf) [y ™ (m(w'))] = &
Writing w” := 1,&0_"* [7(w")] (a point in Stg), we see that
Tn(@D, &) = t{o" € o[Po, ..., P g (") € Wo(zW),
nl . (3.3)
and Y Fy[df(w")] =&
3=0
We write this in more convenient form. Let o : ¥t — X7 denote the one-sided
shift defined before Lemma 3.3. The assumption that Fy, is BV 1, '3-measurable
allows us to view F' := F, o my as a function on ¥, F(z) = g(xo,z1). By the
Markov property, 5™ [W*(z(®)] = E’Jg"*(g)zg(i) W#(y) mod Lebesgue, and since
Fy) = g(o,11), Fa(y) = F(y) + F(o(y)) + -+ F(o™ ~(y)) is constant on
W#(y). It follows that

Tn(@D,6) = Y hyo)lp(@)do(Fu- (y) — &)

o (y)=2(®

Here h(yo) is the length of the stable side of the parallelogram yo, 1;p)(y) equals
one when (yo,...,ye—1) = (Py,...,Pi—1) and zero otherwise, and dy(k) equals one
if k = 0 and zero otherwise.

We will use the methods of Babillot & Ledrappier [BL1],[BL2] to estimate this
sum. Given w € R/27Z,u € R, let (Lyriwp)(z) = > e(“"‘“")F(Q)(p(y). This is

o(y)=z

an operator on . := {p : ¥ — C: ||¢|| := ||¢|le + Lip(p) < oo}, where Lip(yp) is
the best Lipschitz constant of . For all u,

3 * 1 T u+iw * —&F
L) =hP) Y g [0y

o (y) =2 o

h 4 s N )
= M0 [T i (1) ) (3.4
The parameter u does not affect the value of the integral, but a judicious choice

u = u(&F,n*) will facilitate the analysis of the integrand.

L,: ¥ — % (2 =u+iw) has the following properties ([PP] chapter 4):
(1) Lo has leading eigenvalue A~!, with eigenprojection Py = hv(p) where h is
given by Lemma 3.3, and v satisfies hdv = my (cf. Theorem 2.8).
(2) The eigenvalue A~! is simple and isolated. All other eigenvalues have strictly
smaller absolute value.
(3) For all w real, L, has spectral radius exp p(u) where

B 1 is a o—invariant
p(u) = Prop(uF) := Sup{ ) tu / Fdp: probability measure }
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(4) For all u,w real, w & 27Z, L,+;, has spectral radius strictly smaller than
expp(u). This uses the Aperiodicity Lemma (Lemma 2.9).

(5) There is €pert > 0 such that for every |z| < eperse, L. = A(2)[P(2) + N(2)]
where A\(z) € C, P(z) is a projection with one—dimensional image, N(z) is an
operator with spectral radius strictly less than one s.t. PN = NP = 0, and
2+ A(2), P(z), N(z) are analytic on {2 : |2| < €pert }-

(6) p(z) := log A(2) is an analytic extension of p(u) to U = {z : |2| < €pere}. On
U, p(z) = —log A + 2022% + 0(2?), where ¢ > 0. ¢ does not vanish because of
the Aperiodicity Lemma, see [PP, Prop. 4.12].

Part (6) implies that the image of p/(+) is a neighborhood of zero. Suppose fl
belongs to this neighborhood, and choose u s.t. p'(u) = fT The closer fT is to

zero, the closer u is to zero. Since, by construction, & = &(¥" (w)) + O(1), there
exists €9 > 0 so small and ng so large that for all n* > ng

’ § <w”**<w>>

<ego = |u| < €pert-

The condition will be satisfied for all n large enough, because of the assumption
that &[yF(w)]/k = 0. Henceforth we assume that ‘w‘ < g and take
—00

|u] < epere 8.t p'(u) = %

Let p(Ly+iw) denote the spectral radius of Lyyq,. Since u + iw +— Ly 18
continuous, u + iw — p(u + iw) is upper semi-continuous. Therefore, by part (4),
there exists 0 < x < 1 s.t. sup{e ™™ p(Ly4iw) : dist(w, 27Z) > pert} < K.

Similar reasoning gives (perhaps for a slightly larger 0 < k < 1)

sup{\e*p(“)p(N(u +iw))| ¢ Ju +iw| < gpert} < K.

It is not difficult to see, using the spectral radius formula and the continuity of z —

L., that ||L21iw1[£]|| = O(e" PWx™") uniformly on {w € (—m,7) : [w| > €pert}s
and ||N(u+ iw)"*l[g]H = O(e" P(W k") uniformly on (—&pert, Epert)-

If we split the domain of integration in (3.4) into (—&pert, €pert) and its com-
plement and then substitute L = A(P + N) into the first piece, then we get the
following (where J,, = J, (29, &7), z = 20, € = &):

Epert
h(P, e .
In = % / e~ (utiw)g [)\(u +iw)" (P(u + iw)1p))(z)| dw
- P
—Epert

+ O(en P U ony

The error bound can be simplified using the Legendre transform. Let H(v)
denote minus the Legendre transform of p(u): H(v) := p(u)—up’(u) for the u = u(v)
s.t. p'(u) = v. By the choice of u, n*p(u) — u€&* = n*H(£*/n*), whence

Epert

*

67(u+iw)§*+n*p(u+iw) P(u + iw)l 2)dw + O en*H(i—i)l{n )
(P( e (z) ( )

—Epert
The next step is to use the Taylor expansion of p(z) at z = u to see that the
exponential term in the integrand equals

P —us] | pintwlp' () - £5] | 0t (- 50" (ww?+O0(w?)]
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The first term is exp[n*H (f?)]v and the second term is 1 by the choice of u. So

*H(%)h P Epe’r't .
o= S P femm s 0 Pt ) )+ O
s
—Epert
*H(g* )h(P) [ Epert\/F d
_ e’ n* 0 -1 P’ (u)v?+0 (L ) P i ] v 0 n*
= e (P(u+ 7%=) [B])@)TE‘*‘ (k")
:Epertm

We discuss the asymptotic behavior of this expression as n* — oo, subject to
the assumption that L £[y" (w)] — 0. Since £* = & = [P (w)] + O(1),

i —— 0, and therefore u — 0.

n* n*—oo n*—o0o

Recall the definition of the eigenprojections P, P(z) of Lg,L,. Since ||P(z) —
P|| Tr—(? 0 and P(0)1(p] = P1p) = hv[P] is bounded away from zero,
z|—

(P(uti—=)1ip)) (@) = [1+o(D)]A(@)v[P] = [1+0(1)J((W* (2)]v[P] wnif. as n* — oc.

(But caution! z = 2 varies as n* — oo so the term on the right side fluctuates.)

If £pere and |u| are small enough then |p”(u)| > 1p”(0) = 302 and |O(w3)|1§2
20 |w|? for |w| < epers. We see that the exponential term is bounded by const e~ 5",
By the dominated convergence theorem,

Jn = L4 o()] ——h( P [PIW* (2] w% / e H dy + O(s™)

e H(5%) 4 en H(5%)
—————h(Py)v[PlW?e(z")] =1+ o(1l)] —=m
Notice that h(Py)v[P] = fig[P] = mo(n(E)) = m(E), where my is the normalized
area measure on Stg and m is the non—normalized area measure on St.

We analyze n*H(5 ). Since H(-) is minus the Legendre transform of p(-) and
p(z) = —log A+ 10222 +0(2?), H(v) = —log A\— 2+0( 2). In particular H'(0) =
and H"(0) = —0_—12. Recalling that £* = &£[¢™ ( )] + O(1) and expanding H (u)
5[11) (W)]

= [1+o(1)] E)(W*(z")].

around ug = , we obtain

n*H(5) =n* |H(E (”)])+H (Sl )]y €7 EW™ ()] 4 & =Elv" (w)])}

o(1 o(1
— n H(E Ly 4 (17(0) + of1)] TE*)+”*°< 75)) (-l )
=t (Y 4 (1) (- H'(0) = 0).

Now we expand H around zero to see that

[y (w)]

) S,

* 1
n*H(5) = —n"log A — 5ozl +o(D)] <
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This and the definition of n* give

Tula®,€) = [1+ o(1)) A EVIW @)

2¢/logy\-1mn

n* w 2
« \/2;76)@ [—2}‘2[1+o(1)} <§W\/ni)]) 1

By (3.2), the sum of these expressions over i = 1,...,n; gives a lower bound for
Jo 1e[@h(w)]dt, and the sum over 0,...,n1 + 1 gives an upper bound. The only
term which depends on i is £[IW*(z(")]. Since by (3.1),

ni ni+1
([Bp(w)] — 2maxh < > (W ()] < Y (W (™)) < [Bn(w)] + 2maxh,
i=1 i=0
and since both sides are ¢[B,(w)][1 + O(n%))] = \""n[l + O(n%))]v we have
n n(1 +o(1))(1+ O(L — Lto(l) e (@)1
[ NSO ()
0 2y/logy -1 n 2ro?
n n(1+4o0(1))(1+ O(x= 1 e (e i)’
[ st s WEDUAOGD iy 1 ()
0 2y/log,—1 n V2mo?

We now remember that ng is a free parameter, and can be chosen arbitrarily
large. The asymptotic expansion of the theorem follows in the case G = 1.

The case G € C,(S) is treated by decomposing G = G* — G~ with G* € C.(9)
non-negative, and approximating G* from above and below by linear combinations
of indicators of symbolic cylinders. O

Proof of Theorem 3.1. It is enough to prove the asymptotic statement in case
Gz, k) = v(@)lrxior(z, k) with v € C(T), [~(t)dt > 0. The case G(x,k) =
V(@) 11y {ko} (2, k) for ko # 0 is similar, and the general case G € C,(T x Z) follows
by linear combinations.

The infinite staircase can be decomposed into an infinite collection of horizontal
2 x 1 rectangles. Fix one of them, calling it “rectangle zero”, and identify it with
[0,2] x [0, 1]. Define G on rectangle zero by

G(2',y') = meos - y(i(2' —y' tanh)) - sin(my'),

then 01/ COS‘Q(C:' o ph)(w(x))dt = G(x,0). The upper limit 1/cos@ is the time it
takes ¢h(w(x)) to reach the upper side of [0,2] x [0, 1].

Extend G to the rest of the infinite staircase surface by setting it equal to zero
outside rectangle zero. Since G(2/+2,y') = G(2/,y') and G(x,0) = G(,1) = 0, this
is a continuous function. A calculation shows that f Gdm = 2cos 0 fo , Gdmryz,
where m is the non-normalized area measure on St.

The orbit {¢h(w(z)) : 0 < t < n/cosf} can be split into segments of length
1/ cos § which go across horizontal rectangles. The j—th segment enters the bottom
side of rectangle Z;& f(z+ia) at distance 22+ 2ja mod 2 from the left endpoint.
Ounly the segments s.t. Zz;é f(z + ia) = 0 contribute to On/ cos? é[goé(w(ac))]dt.
The contribution is G(x + ja,0) = (G o T?)(z,0).
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It follows that [ G(ph(w(x)dt = Y770 Gz + jou SIZ) f(a + ia)) =
Z?;J(G o T7)(z,0). The theorem now follows from Theorem 3.2. O

4. STOCHASTIC PROPERTIES OF BIRKHOFF SUMS

Theorem 3.1 expresses the Birkhoff sums of the cylinder map T, asymptotically
in terms of ﬁ(Ek(x)) where Z(x) := £[1*(w(x))], ¥ is a renormalizing automor-
phism of o with zero drift, ¢ is its associated Z—coordinate, and w : T — St is the
map which associates to z € T the point on the top side of a (fixed) horizontal
rectangle at distance 2z from its left endpoint.

Thus the stochastic behavior of the Birkhoff sums of the cylinder map is deter-
mined by the stochastic process {Zx(z)}x>1, when z is chosen uniformly in [0, 1].
In this section we prove the following.

Theorem 4.1. Choose z € [0,1] uniformly, then
(1) Ex/k —— 0 a.e.
k— o0
(2) Ve >0 3(e) > 0 s.t. P[|E/k| > ] = O(e™F ) (k — o0).
(3) Zx/VEk kdi> N(0,02). Moreover, there is a probability space (Q, .7, i) equipped
— 00

. . . . = = dist
with two continuous time stochastic processes E¢, By : @ — R s.t. {E,}n>1 =

{Entn>1, {ét}tzo 4t tandard Brownian motion, and for some 0 < § < %,
1=, _f§t| =o(t%) a.s. ast — oco.

(4) If f,f € LY(R), then nlgnéoﬁzzzl +f(Ex/VE) = E[f(N)] almost surely,
where N is the standard gaussian, and f is the Fourier transform of f.

Lemma 4.2. There are a stationary mizing Markov chain {X;}$2, with finite set
of states S, g : S xS — R st Elg(Xo,X1)] = 0, and a uniformly bounded

sequence of random wvariables € s.t. Zj dist 9(Xo, X1) + -+ 9(Xp—1, Xk) + €k

(equality of stochastic processes). There is no Borel function H s.t. g(xg,z1) =
H — H oo + const.

Proof. Define & : Sty — Z as follows: given p € Stg,
&x(p) == E[WF(D)] — £(p) for some (all) 5 € 71 (p).

This can be easily seen to be independent of the choice of p.

Next define = : Sty — [0, 1] as follows: given p € Sto, lift p to a point p € St in
rectangle #0, and project p to the top side of this rectangle in the stable direction.
The result has the form w(z) for some unique = = z(p) € [0, 1].

CrLaM. Ifp is chosen uniformly in Sto, then x(p) is distributed uniformly in [0, 1],
and ei(p) := & (p) — E[W*(w(z(p)))] are uniformly bounded on Sty.

The first statement is because rectangle zero is congruent to the parallelogram with
a horizontal side of length 2 and a side in the stable direction. The second statement
is because p — w(x) o w where w is in the stable direction of the derivative of 1),

so dist(y*(p), Y¥w(z)]) < AFV1 +tan?0 < 1/ cos 6.

It follows that &[yF(w(w))] L ¢+ ep, where lex] < 1/cosf and & is the
stochastic process

&x(p) == €[Y*(p)], where p is distributed uniformly in Sto.
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We will use the Adler—Weiss Theorem to represent &, as a random walk driven by
a Markov chain.

Let B denote the Adler—Weiss Markov partition, and ¢ the dynamical graph
of P, see §2. Let mg : X(¥) — Sto denote the symbolic coding of the projected
automorphism g, given by Theorem 2.8, then my = mgomy ! where My is a mixing
shift invariant Markov measure. So X : 3(¢) — B, Xi[{Pi}iez] = P with the
joint distribution induced by My is a finite state mixing stationary Markov chain.

By the definition of the Frobenius function,

&e(p) = [1/)’“(13)] — ¢(p) for some (all) ;56 7 (p)
k—
Y () - € )] = 25 ()] - €l75), where 7; € 7 [ (o).
j=0

k—
So &k(p) = 350 (Fy 0 1) (p)-
Recall that F' := Fy, o my can be expressed in the form g(Xo, X1) or g(X_1, Xo)
for some function g : ¢ x P — Z. Since g o 7, ' = my,

k—

k—1
ZFw O’(/}J dist ZFOJJ — Zg(Xjanfl) or Zg<Xj71’Xj).
§=0

=0

—

<.

Since {X,},ez is stationary, &k (p) dist 9(Xo, X1) + -+ + g(Xk—1, X) as required.
Elg(Xo,X1)] = [ Fpdmo = 0, because ¢ has zero drift. There is no function
H P - Rs.t. g(Xo, X1) = H(Xo) — H(X1) + const, because of Lemma 2.9. [

Proof of Theorem 4.1. Let Sig := g(Xo, X1) + -+ + 9(Xg—1, Xi)-

(1) By the ergodic theorem, Sig/k == Elg(Xo,X1)] =0 a.s.

(2) By the Girtner-Ellis Theorem, P[|Sig/k| > ¢] = O(e ")) as k — oo
where I(-) is the Legendre transform of nli_}n;%logE[exp(uSng)] = p(u) =
topological pressure of uF. Since g # H(Xy) — H(X1) + const, p(t) is ana-

lytic and strictly convex. So I(e) is strictly convex. Since p’(0) = E(g) = 0,
I(g) > 0 for all € > 0. See §6 for a calculation of p(u) in a special case.

(3) By the central limit theorem for finite state Markov chains, TSkg —
N(0,03) for o := Jim. LVar[S,g]. Since g # H(Xo) — H(X1) + const, og # 0

(Leonov’s Theorem). By Philipp & Stout’s Almost Sure Invariance Principle
([PS], chapter 4), there is a probability space (Q,.%#,u) equipped with two
continuous time stochastic processes Et, B, Q= Rs.t. {Hn}n>1 dist {Sng +
Entn>1, {Et}tzo st standard Brownian motion, such that for some 0 < 6 < 5
|2 — 00B;| = o(t?) a.s. as t — oo.

By Theorem 4.13 in [PP], 03 = p”(0). It follows that o9 = o where o is the
constant appearing in Theorems 3.1 and 3.2.

(4) If f,f € L*(R), then hm =S 2 f(Skg/VE) = E[f(N)] almost surely,

where N is the standard gaussian, and f is the Fourier transform of f. This
follows from (3) as in Lemma 2 in [LS1] (see also [Fil]).

The theorem follows, since {Zx }r>1 dist {Skg + er}tr>1 with e, = O(1). O
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Application to the Cylinder map. Theorems 3.1 and 4.1 combine to give the
following statement. Let x be a standard gaussian random variable.

Theorem 4.3. Suppose « is a quadratic irrational. There are 0? > 0 and0 < A < 1

st if a, = Ll:;‘zl (\/17:]7), then for every G € LY(T x Z) s.t. demquz =1:
n—1 .
(1) 23 GoTr -4 Zexp(—1x2).

N n
(2) ]\/lgnoo lnliN nX::Q nliln (é k:Xz:l Go T(ic) =1a.e
n—1
(3) If in addition G € Co(T x Z), then [ (Z G OTi)mexZ =[14 o(1)]an.
Tx{0} 7=0
Part 2 of the theorem is a “higher order ergodic theorem” in the sense of A. Fisher
[Fil],[Fi2],[ADF].

Proof. (1) and (2) are immediate.
For (3) let As(n) := {(z,0) : |Z,(x)/n| <}, Bs(n) := {(z,0) : |Z,(x)/n| > 6}
We break the integral into the main part [ Ay(ny and the remainder / Ba(n)- The

remainder is O(ne~"(®)) = o(a,,), because of Theorem 4.1(2) and the boundedness
of GG. The main term is sandwiched between two bounds of the form

(1+&(8))an - V2E[exp(— 522 (Zjtog n)/[log” n])?]
(1—¢(8))an - \/iE[eXp(— 142'2(25) (Zftog n]/[log* n])Q}

with £(9) o 0 (this is a consequence of the uniformity in z in Theorem 3.1).
—0

Since =4 /Vk ;i) N(0,02), these bounds converge to (1 = e(5))v/2E[e~ 3 x"]
—00
asn — 0o. Since E[e‘l%(é) X2] ﬁ E(e_%xz) = 2—%7 the main term is [14o0(1)]ay.
—
Part (3) follows. O

Application to the deterministic random walk.

Theorem 4.4. Suppose « is a quadratic irrational, and N, is the number of visits
of the DRW to zero up to time n — 1, then

(1) E(No) = [1+o(1)]an, where a, = \/ 24 (A=),
dist
2

(2) iN” - V2exp(—1x?), where x is a standard gaussian.
(3) lim b S0, s (2 Na) =1 as.
(4)

N—0c0 an
4) X is an eigenvalue of the renormalizing automorphism 1, and o is the asymp-

. . . _ dist
totic variance in =, ——— N(0,0?).
vk k—o0

This follows from the previous theorem and the identity N,, = Zz;é Irx oy © Tk

Stochastic interpretation of twists. Theorem 4.1 and Lemma 4.2 extend triv-
ially to automorphisms v with non-zero drift. One just needs to replace = by
Er — kd(vp) where 6(¢) is the drift of ¢. The Markov chain and the function g
Lemma 4.2 are defined as before, except that now E(g) = d(¢) # 0.

We can use this simple observation to calculate twists. Suppose 1 is a hyperbolic
homogeneous automorphism with positive eigenvalues, and let w be an eigenvector
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of its derivative. Recall from Lemma 2.12 that there is a unique homogeneous
automorphism ¢ with the same derivative as v, and which fixes the rays L;(p, w).
The drift of ¢ equals minus 7, (p, w). Consequently,

Corollary 4.5. Let Z;, := £[¢%(2)], where z is distributed uniformly in horizon-
tal rectangle zero, then %én — —Ty(p,w) a.s., and ﬁ(én + n7¢(p7g)) dist

n—oo
N(0,02%).

5. APPLICATION TO A RESULT OF J. BECK

In this section we explain how to use the machinery developed in sections 2 and
4 to prove the following theorem of J. Beck [B1, B2]. Fix an irrational o and let

Z5(n) = #{1 <k <n: {ka} €0, %)} - %n - _% S f({ka}).
k=1

Z*(n) appears in the theory of uniform distribution, see [RS] and references therein.

Theorem 5.1 (Beck). If a is a quadratic irrational, then there are (explicit) con-
stants C1,Co depending on « s.t. for all a < b real

Z%(n)—CiInN

1 1 b 2
—#{1<n<N:-=2 a, b} —— — e " 2 du.
N#{ - CovIn N S N—o0 \/27T/a

This is Theorem 1.1 in [B1] in the special case of the interval [0, 1). The constants
are calculated in [B2] using algebraic number theory and harmonic analysis. We
will give a different proof, which sheds additional light on Cy, Cs.

First we explain how to translate Beck’s theorem into a statement on linear flows
on the infinite staircase.

In what follows £ denotes a Z—coordinate induced by the natural partition of the
infinite staircase into horizontal rectangles, and py denotes the singularity at the
bottom left corner of rectangle zero.

We wish to define ¢}(po) for ¢ > 0 for an irrational direction §. There is an
element of choice here, because pg is a singularity, and there are infinitely many
rays in direction # emanating from pg, one for each horizontal cylinder C such that

the vector (zg;(;) based in p points inside R.

We define ¢} (po) to be the movement at unit speed along the ray Lo (po, (z;r;z))
emanating from pg in direction 6 which begins at rectangle zero.

Lemma 5.2. Let 0 = tan™!(2a — 1) and ¢ :== V1 + tan® 0, then
1
Zx(n) = if(gofg(po)) forallen <t <c(n+1), (5.1)

Proof. The constant c is exactly the time it takes @y to cross a horizontal cylinder
in the vertical direction, so ¢§"(po) lies on the bottom horizontal side of a unique
horizontal rectangle R,,, and &[@j(po)] = const for en < t < c(n +1).

Let &, denote the Z—coordinate of R,,, and let x,, denote the distance of g" (po)
from the bottom left corner of R,,. We show by induction that z,, = 2na mod 2
and &[ph(po)] = 2Z(n) for en < t < ¢(n+1).

At time zero, the flow is at pg, so zop = 0, and by the definition of ¢}(po),
Elph(po)] =0=2Z%(0) for all 0 < t < c.
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Suppose by induction that z,, = 2na mod 2 and &[4 (p)] = 2Z%(n) for cn <
t < ¢(n+1). By the definition of St,

o if x,, +tanf € [0,1) +2Z, then &,+1 =&, — 1 and zp,41 =z, +tanf+ 1 mod 2,
o if z, +tanf € [1,2) +27Z, then &, 11 =&, +1 and 41 = 2, +tanfd —1 mod 2.

We see that x,,41 =z, +2a mod 2 =2(n+ 1)a mod 2, and

§nv1 = &n + 112y 12z (2n +tan ) — 1jo 1) 4oz (s + tand)
=&n + 1p0,1)42z(Tn + 20) — 11 2) 40z (2n + 200)
=2Z,(n) +1p H({(n +1a}) = 111 1)({(n+ 1)a})

_ z(z;;(n) 1.3 {(n+ a}) - ;) — 27" (n+1). 0

Proof of Beck’s Theorem. Let 1) denote a hyperbolic homogeneous automor-
phism which renormalizes «, has zero drift, and with the property that the eigen-
values of diy are positive. Let 0 < A < 1 denote the contracting eigenvalue, and let
w denote a contracted eigenvector in direction § = tan~!(2a — 1). Let

Ch = Tu(Po, &) and Cy := — 7 (5.2)

2| In Al 21/In )|

where 7 (po,w) is the twist (Definition 2.10), and o? is the asymptotic variance
mentioned in the previous sections. We will show that

Z*(n)—Ci1InN 1 / w22
e _ w2 du.
CovIn N la. b]} N—oo 2w J, ¢ “

Let I'y := {¢}(po) : ¢ <t < ¢(N+1)}, and fr (-) denote the length (Lebesgue)
measure on I'y. By (5.1),

Dy(a,b) := —#{1 <n<N:

1 &(g) —2C In N “
Dy (a,b) = m@{q eln: YW~y € [a,b]} (5.3)

Let N* := [logy—1 N|, and vy := ¢V (T'y). Since 1 o 0} = ppt 01, vy is a linear
segment with bounded length in direction 6.

By the definition of the twist, ¥ (Ty) C DF¥*[Lo(po,w)], where ky- =
N*7y(po,w)+0(1) =2C; In N+0(1 ) So éf( ) CyIn N+O(1) uniformly on yy.
By (5.3) and the identity KFN = A" 09N |p, where £, =Lebesgue measure

on vy, Dn(a,b) = m 7N{w ):qe Ty, @2 nN o 1)yt From

( 2C2vIn N
now on we set £ := £, and z = ¢y~ N’ ( ), then
_ 1 , §(¢_N*(2)) —&x)+0d)
E(IYN)E{ZEWN. VN1 O) € [a,b]}
_ ! STV () —E)

N P i )
_E(’YN)EPYN{ € YN - O_m

where Ay 1= D7F¥* (yy), and {5, is the Lebesgue measure on 7.

€la+0(4=

=).0+O0(7&=)1
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The advantage in passing to 7y, apart from canceling £(z) up to bounded error,
is that the family {7n}n>1 is precompact. This is because the beginning point
of A is at distance A~ from py on Lo(po,w), and £(Jx) is bounded away
from zero and infinity. It follows that every sequence has a subsequence N T oo
along which 7y, m 5, where 7 is a bounded linear segment in direction 6,

emanating from pg, and beginning in rectangle zero. It is enough to prove that
Dy, (a,b) — \/%7 f: e~ 2dy along such sequences.

Suppose Nj, T oo and 7y, — 7 as above. Let ¢y :=length of 4. Fix € much smaller
than cg, so small that ﬁg—fz € [e7¢,ef]. Let 7~ and 4+ denote two linear segments
in rectangle zero, in direction @, emanating from pg, and with lengths ¢o(1 —¢) and
co(1 + ¢€) respectively. Then 7~ C ¥ C 4T, and Dy, (a,b) is sandwiched between
D;{,k (a,b), Dy, (a,b), where

D) = gtz €7 S oo b ok
AANRRICE g ko

7

Dy (a,b) = %Z{z €y W € [a+O0(oh).b+O(A=)),

The linear segments 4+ are in the unstable (expanding) direction of ¢»~'. Let
Q7 denote a thickening of these segments in the stable direction (the inside of a
parallelogram with one side equal to 3% and the other side a segment in the stable
(contracting) direction of ©~1). For the same reasons explained in the proof of
Lemma 4.2,

e® N (2
Df(at) = itz € @ Sl e OG0+ O + of1)
Dy (a,b) := ¢ m{zGQf'Me[a—FO(1)b—|—0(1)]}—|—0(1)
b= o VN we): b+ Ol ’

where m is the area measure.

We saw in the previous section that if z is chosen uniformly in rectangle number
€N (2)) _ dist

oVN* N*—00
finite state mixing Markov chains. The same is true for obvious reasons when z is
sampled uniformly in a finite union of such rectangles. In Dﬁk we are sampling z
from a finite union of rectangles with respect to an absolutely continuous measure
(Lebesgue times the density function %1Qi). By Eagleson’s Theorem [E],

zero, then N(0,1), because of the central limit theorem for

.. . + ete b —u?/2
the central limit theorem still holds, whence D7 (a,b) oo Vv [ e du. It

b _y2
follows that DN(CL, b) m \/% fa e /Qdu U
The proof shows that C; and Cy in Beck’s theorem are given by (5.2). For
example, if & = v/2 then the calculations done in the next section give for a suitable
automorphism A = 17 — 12v/2 = (1 + v/2) ™, 7(po,w) = 1, and 02 = 2v/2. Thus
L. .
Cy = m and Cp = %(m)a in agreement with [B1],[B2].

6. CALCULATION OF CONSTANTS

The purpose of this section is to prove:
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Theorem 6.1. If o is a quadratic irrational with renormalizing automorphism 1,
then 0% € Q[a] and the twists of eigenvectors at singularities are in %Z.

Theorem 6.2. In the special case when o = /2 and ) is a renormalizing auto-

morphism with derivative ( oy ) and zero drift, 0% = %\/ﬁ

Theorem 6.3. Let ¢ be the automorphism in the previous theorem. If pg is one
of the singularities in the bottom left corner of a horizontal rectangle, and w is the
contracted eigenvector, then Ty (po, w) = 1.

To prove these results we recall that at the end of section 4 we showed the
existence of a stationary mixing finite Markov chain {X;};cz and a function g s.t.

—1
> 9(Xs, Xig1) + kg (po, w)

k
E[g(Xo, X1)] = =74 (po, w) , o

dist 2
N . 1
= S N(0,0%). (61)
We will calculate { Xj } xez and g explicitly, and then find E[g(Xo, X1)] and o2 using
the theory of Markov chains.
Along the way we will prove (2.4), as promised in §2.

In what follows v is a hyperbolic homogeneous automorphism with zero drift
which renormalizes a. We assume without loss of generality that ¢ has positive
eigenvalues and that 1) fixes the singularities of St (otherwise we pass to 12, and
note that o?(¢?) = 202(¢)) and 72 (po, w) = 272 (po, w)).

Next we assume that ¢ is the unique hyperbolic homogeneous automorphism
with the same derivative as ¢ and which fixes the rays L;(pg, w), see Lemma 2.12.
The drift of ¢ equals —7y(po, w).

Both @ and ¢ project to the same toral automorphism, which we denote by
’(/)0 : St() — Sto.

The Markov chain {Xj}recz. Let P denote the Adler—Weiss Markov partition of
19, with dynamical graph ¢. As always, A is the derivative of 1, A is the eigenvalue
of Ain (0,1), and w, v are eigenvectors of A, \~1.

Recall that { X }rez is the Markov chain with the set of states 3, allowed transi-
tions P — @ iff 1o (int(P)) Nint(Q) # &, and the transition matrix and stationary
probability vector which generates of the measure of maximal entropy on 3(¥).
We calculate this data in terms of the fundamental polygon of .

We begin with the cardinality of 3. Recall that

where 1p(Q;) = U;V=1 Qij. Qi; are ordered so that the top s-—side of Q; j41 is

identified with the bottom s—side of @; j+1. Since P is a refinement of {Q1,Q2},
some of the @);; are contained in ¢); and some are contained in (2. Let

Nt :=#{1 <j < N; : Qi; C Qu},
then N; = N;; + N2 and |[B| = Z” N;j. The following lemma determines N;;:

Lemma 6.4. Let (“(Q;) denote the length of the unstable fibres in Q;, i = 1,2,
then (N;j)ax2 is the unique solution in Z to

Nip0*(Q1) + Ni20“(Q2) = X1 (Q1)

., . i (6.2)
Nop0"(Q1) + Nool"(Q2) = A~ "(Q2)
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Proof. If W* is a u-fibre in @;, then ¢o(W*) can be partitioned into N;; u—fibres
in @1 and Nj u-fibres in Q2 (one for each @;;). The sum of the lengths of these
u—fibres must equal £[1)o(W¥)] = A\"H(W¥) = A~10%(Q;), so N;; solve (6.2).

The existence of a solution of (6.2) in Z implies that £*(Q1), £*(Q2) are linearly
independent over Q: Otherwise A~! is rational, which is never the case for an
eigenvalue of a hyperbolic matrix in SL(2,7Z). It follows that (V;;) is the unique
solution of (6.2) in integers. O

Next we calculate incidence matriz of 4, T = (tpq)ypxg, where

0 otherwise

th:{l P=Q, (P,Q € ).

Lemma 6.5 (Adler & Weiss). tq,;q., = 1 © Qij C Qr. Thus, rank(T) = 2 and
every P-element in Q; connects to Ny, P-elements in Q.

Proof. Suppose Q;; € PB. Since P refines {Q1,Q2}, Qij C Qp for k =1 or 2. By
construction, ¢o(Qr) = U Qre, so if Q;; — @ then int(Q) C |J Qre, which means
that int(Q) intersects int(Qx¢) for some ¢. Since {int(Qp¢)} are pairwise disjoint,
Q@ = Qg¢, which proves the (=) direction.

The (<) direction is also true, otherwise 9 (int(Q%)) intersects 9“Qy,;. This is
false, because 9“Qre C ¥o(9"Qr) C Yo(int(Qr))°. So tq,;qu, = 1 & Qij C Q.

We see that the incidence matrix T has two types of rows: those of 3—elements
P C @1, and those of P—elements P C Q2. These rows are different, because

— if PP, P C Qy, then #{Q € P : Q C Qy,tpg = 1} = Nuy,
— if P€P, P C Q2, then #{Q € P : Q C Qx,tpg = 1} = Noy,

— (%E) + (%i;), otherwise by Lemma 6.4 £*(Q1) = £*(Q2) and X is rational.

Since different rows of zeroes and ones are linearly independent, rank(7) =2. O

Next we determine the transition matriz of the Markov chain {Xj}rez: the
matrix (pPQ)P,QE‘IS s.t. ppg = P(X; = Q|X0 = P).

Lemma 6.6 (Adler & Weiss). (ppq)p,gep = AM YT M where M is the diagonal
matriz with diagonal entries Mpp = (“(P).

Proof. By the Adler-Weiss Theorem, mo = P o 7, 1 where myq is the normalized
area measure on Sto and P := my is the joint distribution measure given by

P(E) :=P[(Xk)rez € E], (F C X(¥) Borel).

Therefore, if P = Q;;,Q = Qge, then pp g = mg[P N Yo Q)] /mo(P).

P, Q, and PNy 1(Q) are parallelograms with sides in the stable and unstable
directions. Let £%(-),¢°(-) denote the lengths of these sides, then ¢°(P) = A*(Q;),
PN Q) = ¢(P) = A°(Qi), and ([P N4y (Q)] = A™(Q). Denoting
the angle between the stable and unstable directions by 3, we see that ppg =
tra ity = A (P) M trql(Q). 0
Proof of (2.4) and calculation of g. Let & denote the associate Z—coordinate
of 1. The definition of g is based on (2.4), which says that the Frobenius function
Fy, of € is either (a) PV ¢y (P)-measurable or (b) PV 1o (R)-measurable. In case
(a), g(P,Q) is the value of Fy on int(P) Ny ! [int(Q)]. In case (b), g(P,Q) is the
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value of Fy on v [int(P)] Nint(Q). In this section we prove (2.4), and give an
explicit formula for g.

Recall from §2 that + or ¢~ ! has a fundamental polygon of the form R = 6y(Ry),
where 6, : Stog — Stg is a toral automorphism which fixes the punctures of St and
Ry is one of the shapes in figure 2.

We will limit ourselves to the case when 1 has such a fundamental polygon. The
case of ! can be handled by the identity F,—1 = —Fy o).

Suppose W* is a u—fibre in R. The Z—displacement of W* is defined by

Pp(W™) := £(endpoint of /V[7“) — ¢(beginning point of W“)

for some (any) lift W* of W* to Sto. ¢(W*) is independent of the lift, and can
be easily determined from the endpoint of W* as follows. Looking at figure 2,
divide the top side of the fundamental domain into three pieces: The top side of
Q1 (“left”), the part of the top side of Q2 to the left of H := (2,1) (“middle”), and
the part of the top side of Q2 to the right of H (“right”). Then

e the Z-displacement of u—fibres terminating at 6o(“left”) is (-1);
o the Z—displacement of u—fibres terminating at 0y (“middle”) is (+1);
e the Z-displacement of u—fibres terminating at 6y (“right”) is (-1).

The unique JP-element which has a u—fibre terminating at H = (2, 1) is called
critical. The non-critical elements of 3 have the virtue that all their u—fibres have
the same Z-displacement. Let

#(Qij;) := the value of the Z-displacement of u—fibres in @Q;; (Q;; non-critical).
Lemma 6.7. The critical element is Qan, -

Proof. Call the critical element Qgp.

H lies on the top s—side of Q2, ¥o(H) = H, and 1)o(0°Q2) C 9°Q2, therefore
H € int[0%¢y(Q2)]. Tt follows that kK = 2 and 1 < £ < Ny. Let W* be the u-fibre
in Q¢ whose closure contains H. If £ < Ny then H = v, '(H) € ¢y ' [W"] C
int(Q2)Ubottom s—side of Q2. This is false, so £ = N. O

Let go denote one of the singularities in the middle of the horizontal side of
one of the horizontal rectangles. Since, by assumption, ¢ fixes qo and has positive
eigenvalues, there is a constant 7 s.t. ¥[L;(go, w)] = Li++(Go,w) (7 = Ty (o, w)).
A continuity argument shows that ¥[L;(qo, —w)] = Li++(qo, —w)

Lemma 6.8. If 1 has a fundamental domain of the form 0(Ry) with Ry as in figure
2, then Fy is PV g - (P)-measurable, and g(Qij, Qre) = 7 + Zi: d(Qrs)-

(The last expression makes sense because Qs is non-critical when s < ¢ — 1.)

Proof. Let P := Q;j, @ = Q, and suppose p € int(P) N wo_l[int(Q)]. By
the definition of the Frobenius function, Fy(p) = &(¢(p)) — &(p) for some (any)
p € m (p). We choose the p s.t. £(p) = 0, then Fy(p) = £(¢(D)).

To calculate this we construct a path « in Stg from the fixed point go = (1,0) to
p and analyze the lift of 4[] to the infinite staircase. Let ¢ denote the intersection
of W*(p) and W*(qp) (the v and s fibres of p and gg). The path v we use is the
concatenation of [qg,q] C W*(po) and [gq,p] C W*(p).

The curve v begins with a piece of a ray emanating from ¢qg in direction w. Let
7 denote its unique lift to St which begins with a segment in Lo (gp,w). Since ~y
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does not cross dR, all points in 7, in particular its end point, have Z-coordinate
equal to zero. It follows that & ends at p.

Let ¢ := 9[3]. This curve ends at 1 (p), so &[end of (] = £[v()].

As for its beginning, since 1[Lo(Go,w)] C L.(qGo, w), ¢ = ¥[¥] begins with a
segment in L, (go, w). It follows that ¢[beginning of (] = 7.

The curve ¢ projects to 1o[y]. To calculate 1], we first recall that Q;; — Qpe,
and therefore P C Q = Uivzkl wo_l(ka). {Qks N’“l are ordered so that [¢,p] =

s=

Uﬁ;i[qsa QS-H} U [qi,pL where [QS, QS+1] = Wu(p) m/fo_l(ka) and [QE,p] .,C«_ 7/)0_1(ka).
So 1g[v] is a concatenation of

e [0, %(q)] (a subsegment of W*(qy)), followed by
a u—fibre in Qx1 (Yolq1, g2]), followed by
a u—fibre in Qk2 (Yolge, ¢3]), etc

and so one until we reach
a u—fibre in Qke—1 (Yo[ge—1,qe]), followed by
the beginning of a u—fibre in Qy¢, which terminates at ¥ (p).
It follows that &[end of (] — &[beginning of (] = Zﬁ;i ?(Qrs). Substituting the
values of ¢ at the endpoint of ¢, we find that Fy(p) =7 + Zﬁ: A(Qks)- O

Proof of Theorem 6.1. That the twists always belong to %Z was proved in
Lemma 2.11, so we focus on the value of o2. There is no loss of generality in
assuming that i has zero drift.

Let g be the function found in Lemma 6.8, and define a family of P x 8 matrices
®(0) by

®pq(0) :=prqexplfg(P, Q)] (P,Q€%R).

These are a positive matrices, and the mixing of o : X(¥) — X(¥) (Adler—Weiss
Theorem) guarantees that they are primitive. By the Perron-Frobenius Theorem,
®(0) has a simple positive eigenvalue A(6) such that A(6) is larger than the modulus
of all other eigenvalues. When 6 = 0, ® is stochastic, and A(0) = 1.

Since ®(#) depends analytically on 6, A(6) is analytic on some interval (—¢,¢).
It is known that

d 2
A0) =1, al, . In A(8) = E[g(Xy, X1)] and a7 |,
See Doeblin [D], Nagaev [Ngv], or chapter 4 in [PP].

We use this formula to show that 02 € Q[a], where « is the angle normalized by
1. Let A denote the derivative of ¢ and let A denote the eigenvalue of A in (0,1).
Since ¢ renormalizes o, &« = § + % tanf(mod 1) where A(mi1 o) = )\(t;1 p)- Since A
is a matrix of integers, A € Q[tan §] = Q[a]. We'll show that 02 € Q[A], and deduce
that o2 € Q[a].

We need the following claim. Let o7 denote the collection of functions of the form
(0) =Y r__ axe*® with arbitrary n € N and a, € NU{0}, and set u(6) := A(6) /.

InA(0) = o2 (6.3)

CLAM. There are B;;(0) € o s.t. u(0) is the largest eigenvalue of ( g;gzg g;igg; ),
for all 6 € (—¢,¢).

Proof of the claim. Let ¥(#) denote the P x P matrix (tpg exp[fg(P, Q)]) p,oeyp-
By lemma 6.6, ¥ = A\"'M®M ! so pu(f) is the leading eigenvalue of ¥(6).
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As our formulas for tq,; q,, and g(Qij;, Qre) show, if P,Q € *B are both included
in the same @y, then the P-row of ¥(0) is equal to the Q-row of ¥(0), and if
P, Q are not included in the same @ then the P-row and the Q—row are linearly
independent. In particular, rank[¥(6)] = 2.

We think of ¥(6) as of the linear transformation u — u¥(#) on R¥. Let Vp :=
Im[¥(#)]. Then dim Vy = 2 and

Ve = Span{ep¥(0),eq ¥ (0)}

when P,Q € B, P C Q1, Q C Q2, and ep, e, are the row vectors (ep)r = dpr,
(eg)r = dqgr where Jpq is the Kronecker symbol.

U () preserves Vy, and since Vy contains all the (left) eigenvectors of ¥(6), u(6)
is the leading eigenvalue of ¥U(0)|y, : Vo — Vp. We represent U(0)|y, : Vg — Vp in
the basis {epW¥(0),eq¥(0)}. For every S € B,

(ep®)W)s = (ep¥%)s = (T)ps = Y, Upr¥ns+ > Upplpg
ReP,RCQ1 ReP,RCQ2
= Z VUpr¥ps + Z Upr¥q,s
ReP,RCQ1 ReP,RCQ2

= ( > ‘I/P,R) (ep¥)s + ( > ‘I’P,R) (eq¥)s
REP,RCQ: REP,RCQ2

_ ( Z tPReeg(P,R)> (epW)g + ( Z tPBG@g(P,R)) (QQ‘I’)S~
ReP,RCQ1 ReEB,RCQ2

The terms in the brackets belong to «/. A similar formula holds for (eq¥)¥. So
U(0) : Vy — Vp is represented by a 2 X 2-matrix with entries in &, and u(9) is the
leading eigenvalue of that matrix, as claimed.

Call the matrix in the claim By, and let fp(t) = t? — a()t — b(6), be the charac-
teristic polynomial of By, then a(f) = tr(By) € o and b(f) = —det(By) € & — .
It follows that a*)(0),b*)(0) € Z for all k > 0.

The eigenvalues of By are zeroes of fy, therefore fy(u(6)) = 0. We differentiate
this identity twice with respect to § and then substitute 6 = 0, noting that p'(0) =
N (0) = E(g) = drift of ¢y = 0. Rearranging terms, we obtain

" 0 0 b// O
(o) — 2 O0) + V(0
214(0) — a(0)
Similarly, (In\)"(0) = (Inp)”(0) = 4, s0 0? = (InX)"(0) = § L.
Since ©(0)2 — a(0)u(0) — b(0) = 0, we obtain
1 i
o _ a"(0)u(0) +"(0)
= € 0)].
a0)u(0) +20(0) < WO
It remains to recall that A\(0) = 1, therefore u(0) = 1/), so Q[u(0)] C Q|a]. O

Proof of Theorem 6.2. We now specialize to the case of o = V2.

Let ¢ denote the homogeneous automorphism ¢ with derivative ( T ), and
which fixes Lg[po, w] (po =singularity in the bottom left/right corner of horizontal
rectangle zero, w =contracted eigenvector). We will find the function g which drives
the random walk of ¢, and then use (6.1) to calculate o2 and the drift of ¢. There
are four steps:
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H D

P C

B G

FIGURE 4. Fundamental domain for the renormalizing automor-
phism of /2

(1) Finding the fundamental polygon of ¢

(2) Calculating the Markov partition and the transition matrix (tpg)pxp

(3) Calculating g and ¥(6)

(4) Finding a closed form for the leading eigenvalue u(6) of ¥(6), and using the
identity (Inp)”(0) = o2.

All the calculations can be done in closed form, but B is too large to do this reliably

by hand (¥(0) is a 58 x 58 matrix). We will supply alternative formulas for ¢ pg and

g(P, Q) which can be easily implemented on a computer (with absolute precision).

Step 1. The fundamental polygon. The derivative matrix is ( P ) The
eigenvalues are A = 17 — 12\/5, Al =17+ 12\/5, and the eigenvectors are v =
(2% and = (4277) )

This places us outside of the cases covered in figure 2. Instead of looking for a
reduction to one these cases by means of Lemma 2.7, we find a fundamental polygon

. .. . . 4+v2 1 12—/2 1

directly. It is given in figure 4. The vertices are A(=3 7m)7 B(=5 ,—m),
C(2+ 77\/57 4—8\/5)’ D(mgﬁ? 8+8\/§)7 E(4—8\/§’ 8—8\/5)7 F(%, 4_T\/§)'

Step 2. The Markov partition and the incidence matrix

PB={OQ11,.-..,Q1n,; Q21,--.,Q2n,}. We can find N; and N» using Lemma 6.4.
The first step is find £%(Q1) = |AB| and £*(Q2) = |CD|. A direct calculation with
the coordinates found in step 1 leads to nested roots, but this can be avoided by
first expressing the coordinates of A, B,C, D in the form “puncture + tv.” This
leads to the presentation

Q) =Ll e(@n = 222

which makes the equations in Lemma 6.4 easy to solve.

The solution is N11 = 5,N12 = 12, N21 = 12,N22 = 29. Thus N1 = N11+N12 =
17 and No = No; + Noo = 41. As a result, P contains 58 elements, of which
Ni1 + Nop = 17 are in @1 and Nys 4+ Nog = 41 are in Q2. Every P—element in @y
connects to 5 elements in @ and 12 elements in Q)2; and every PB-element in Qs
connects to 12 elements in ()7 and 29 elements in Q.

2],

1Here we deviate from our convention to choose the eigenvectors in the form (1)
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So far so good. But to find the incidence matrix we also needs to know which of
the Q;; fall in @, and which fall in Q2. A calculation by hand or “by inspection” is
possible in principle, but not very reliable due to the size of the problem. We look
for a method for calculating the position of @);; using a computer.

Let ¢°(Q;) denote the lengths of the stable sides of Q;, then side BC' of our
fundamental polygon has length £5(R) := £5(Q1) + £5(Q2), and this side contains
po = (2,0) (figure 2).

We parameterize this side by L*® := [0, 1], representing a point by its normalized
distance from the left endpoint. The puncture pg, for example, is parameterized

by po := % (nested roots can be avoided as above); the s—sides of @1 and Q2 are

. s 05 s Pr
parameterized by Lj := [0, es((%l))) =[0,1- ?) and L3 := [55(821)),1) =[1- @, 1).

The key observation is that with this parametrization, a u—fibre which begins at
7€ [0,1], ends at 7 — eés((%l)) mod 1 =71+ @mod 1. We can use this to keep track
of the position of Q;;, by following the image of a u—fibre in the interior of ;.

Suppose first that ¢ = 1. @ contains the u-fibre W{* which starts at C@Q)

: 20°(R)
Since 1y contracts L® towards pg by a factor A, it maps ge(?ég to g1 = pog —
A (]30 — gé?}%) = 2_547‘/§m0d 1, so ¥ (W7") can be broken to u—fibres starting at

o~ (@)
;=0 —({—1) “(R) mod 1 6

2
:7+(j—1)§m0d1 (j=1,...,17).

Q1; is the parallelogram which contains the u—fibre which starts at ;. Similarly,
Q)2 contains the u—fibre W3' which starts at the fixed point pg, so Q2; is the paral-
lelogram which contains the u—fibre which starts at

myi=fo— (- 1) ) mod

:g_;_(j_l)? (j=1,...,41).

It follows that Q;; C Qy iff L{ > 7;;, and therefore, by Lemma 6.5 we have the
following explicit formula for the incidence matrix:
tQiijl = 1L2 (Tij)' (6'6)

This can be calculated easily on a computer, provided the precision of the calculation
is smaller than the distance between ;; and the endpoints of Lj.

(6.5)

S

We estimate the precision we need. The endpoints of L}, are a € {0,1,1 — g}
Since dist(7;j,a + Z) > min{} dist(47;;,4a + Z), §}, we have the (generous) lower
bound dist(7;;,{0,1 — ?, 1} + Z) > min{dist(kv/2,Z) : k = 1,...,100}. The last
quantity is bounded below by 2 - 107%, as can be seen from the sixth principal

239

convergent of v/2, 155+ So the precision we need for the calculation is just 1074,

which is easily available on a standard machine.
Step 3. Calculating g(Qij, Qre)-

We use Lemma 6.8. Note that by choice of ¢, 7 = 0, and the calculation of g
boils down to finding the Z—-displacement of suitable u—fibres.
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The Z-displacement of a u—fibre can be determined from the location of its
endpoint, see figure 4. This in turn can be determined from the location of the
beginning point as follows. Suppose a u—fibre starts at 7 € L® = [0, 1].

o If 7 €0, e;((QRl))) =10,1— g), then the endpoint is in AF and the Z—displacement
is 0

e Ifr e [EZS((%)), Z;s((%l)) + gz(?g) =[1- g, 1- %), then the endpoint is between

E and (1,1) and the Z-displacement is (—1)
o If 7€ [e;((%l)) + ’;e(?g ) =[1- %, 1), then the endpoint is between (1,1) and
D and the Z—displacement is (41)

In summary, a u—fibre which starts at 7 € L® has Z—displacement

7(7_) - 1[1,§71)(7—) - 1[1,§’1,%)(7—)'

It follows that g(Qij, Qre) = an_:ll ¥(Tim ), and by step 2,

-1
\IjQijane (0) = 1LZ (Tij) eXp (0 2[1[1,%,1)(71'771) - 1[1\25’1\{15)(7_1'?71)]) )
where 7;;,t;, are given by (6.4) and (6.5), L; = (0,1 — g), and L§ =[1— @, 1).

As in the case of the incidence matrix, this can be calculated with complete
precision on a standard computer.

Step 4. Calculation of 0. We implemented the formulas in the previous step on
Mathematica, and found ¥(6).

As predicted by the general theory, rank[¥(0)] = 2, so the characteristic poly-
nomial of W(#) takes the form ¢/*1=2[t? + b()t + ¢(6)]. The largest eigenvalue can
therefore be found in closed form. We did this using Mathematica and got

1
1(0) = 56—29 (9 +16e? + 9¢2? + 3\/(1 +¢€9)2(9 + 14ef + 9620)> . (6.7)
It follows that o2 = (log )" (0) = 2+/2. O

Proof of Theorem 6.3. The calculations in the previous proof were done for the
renormalizing automorphism ¢ which fixes the rays Lo(po,w). By Lemma 2.12,
Ty (po,w) = —0(4). The drift of ¢ is E(g), and by (6.3) E(g) = (logu)’'(0). It
follows that 7y (po, w) = —(log 1)’ (0). By (6.7), 7y (po,w) = 1.

Here is another proof that 7, (pg, w) = 1. The first step is to express the deriva-
tive of 9 through generators of I'(2):

(% m)=(% ) ) 1) )

Let v; denote the unique homogeneous automorphism with zero drift and derivative
(o 1)@=1),(s 1)@=2),(, 7)@E=3),and( 5 _j)(i=4). By
the uniqueness of homogeneous automorphisms with zero drift and given derivative,
Y =1Pg 01301y 0y.

The automorphisms v; are known explicitly (see appendix). To describe them,
note that St has two canonical cylinder decompositions of St, one into horizontal
cylinders and the other into vertical cylinders (Figure 5).
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(1) 1 acts on every horizontal cylinder by (7) — (ijm::io‘f %), where (z,y) are
measured from the bottom left corner of the corresponding horizontal rectan-
gle. So ¢1[Lo(p,w)] = Lo(p, (_34'12‘/5))7 where p’ :=bottom right corner of

horizontal rectangle #0 (p’ is congruent to p)

(2) 19 acts on every vertical cylinder by (z) — (y fﬁxm‘;’joé ,), where (z,y) are mea-
sured from the bottom left corner of the corresponding vertical rectangle. So
—3+2V/2 3-2v2 3+2v2 34+2v2

wQ[LO<p/7< +1 f))] :Lo(p/7_(17_12ﬁ)) :Lo(pla_( +1 )) :Ll(q7_( +1 ))’
where ¢ is the singularity at middle of the top side of horizontal rectangle #1 (¢
is congruent to p and p’). We had to move one horizontal rectangle up, because

(3+2f) based at p’ points outside of horizontal rectangle #0.

(3) 3 acts every horizontal cylinder by (y) — (w yQymgéof 2), where (z,y) are mea-
sured from the bottom left corner of the corresponding horizontal rectangle. So
YL (g, — (**2Y2)] = Li(q, —w).

(4) ¥4 = D71 o ¢?, where ¢ maps horizontal cylinders into vertical cylinders by
rotating the horizontal rectangles 90° counterclockwise around the midpoint of
the top side of the corresponding horizontal rectangle. Now

(i) ¢[L1(q,—w)] = Li(q, (_(1+12\/§)));
(ll) QS[Ll(qa (_(1_;'_12\/5)))] = Ll(Qaw) = LZ(Q7M) = LQ(DQ(p)7M) (We moved
up, because w based at ¢, points outside of rectangle #1);
(iif) D=Lz (D?(p), w)] = Ll(D( ), w).
Consequently, ¥4[L1(q, —w)] = L1(D(p), w).
In summary, ¥[Lo(p, w)] = L1(D(p),w) = D[Lo(p,w)]. So 7y(p,w) = 1. O

7. CHARACTERIZATION OF GENERIC POINTS

In this section we leave the study of the deterministic random walk, and turn to
a different problem: The description of the generic points of the cylinder map.

The cylinder map 7, is ergodic and conservative with respect to the infinite
invariant measure mryyz for every « irrational ([C],[CK],[Sch],|/AK]). By Hopf’s
ratio ergodic theorem, for every F,G € L(T x Z) s.t. demTXz >0,

SIS (FoTi)@k) [ Pdmpe
S (G o Td)(w k) oo [ Gdmryy

(7.1)

for mryz-almost every (z,k) € T x Z.

But (7.1) does not hold for every (z,k) € T x Z. This is because T, admits
other ergodic conservative locally finite measures [Nkd]. If p is one of the other
measures, then the limit in (7.1) is [ Fdu/ [ Gdp p—almost everywhere, and not
demez/demez.

This raises the question what exactly is the domain of validity of (7.1). To state
the problem in a meaningful way, we need the following definition.

Definition 7.1. A point (x,k) is called generic (for T, and mryxz), if it satisfies
(7.1) for every F,G € C.(T x Z) s.t. [ Gdmrxz > 0.

By the discussion above almost every point is generic, but some points are not
generic. It was asked in [Sa] what are the generic points of Ty,.

In this section we give the answer in the special case when « is a quadratic
irrational. Let w : T — St be as in Theorem 3.1.
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Theorem 7.2. Suppose « is a quadratic irrational, with renormalizing automor-
phism 1, then (x, k) is generic for T, and mrxz iff %f[w"(w(x))] — 0.
v n—oo
Let (Zg;g) denote the stable direction of 1, and gy the linear flow in direction 6 on
the infinite staircase. A point w € St is called generic for g and the area measure
m, if foT Floh(w))dt/ fOT Gleh(w)]dt - [ Fdm/ [ Ggm for every F,G € C.(St)
— 00
s.t. [[Gdm > 0. We will obtain Theorem 7.2 from the following result.

Theorem 7.3. w € St is generic for @y and m iff +&£[Y*(w)] == 0.
ades]

Theorem 7.2 follows from Theorem 7.3 in the same way Theorem 3.1 follows from
Theorem 3.2.

Proof of Theorem 7.3. If the theorem holds for one choice of a Z-coordinate,
then it works for all choices of Z—coordinates, therefore we are free to use the
Z—coordinate of our choice. We choose the Z—coordinate associated to 1.

Suppose &[W* (wo)]/k P 0, then wy is generic because of Theorem 3.2 : the
— 00

fluctuating exponential term cancels out upon division.

The remainder of the proof deals with the implication “genericity=-zero drift.”
We use the strategy of [SS].

Fix a generic point wy € St, let A := {¢}(wo) : 0 <t < T}, and define Ar to be
the normalized length measure on Ay N [ = 0]. Since wy is generic, A converges
weak star to the normalized Lebesgue measure on [§ = 0].

Construction: Fix some N > 1 to be chosen later, and define for every k > 0
(k+1)N—1
XN = gopBHIN g o N < 3 Fwoz/%) o.
j=kN
We think of X}V as of bounded random variables on (A7, Z(Ar), Ar). The bound
is | X{| < Nmax |Fy|.

Let log" := log,-1, where X is the eigenvalue of the derivative of 4 in (0,1).

Since £ = 0 Ap—a.e. and Fy, is uniformly bounded,
* [log* T]—2 #[log* T]—1

Yo XM=Y XY HOWN) =coupls T ¢ L O(N)
k=0 k=0

= ¢ oplee” TI L O(N) uniformly on supp(Ar).

The right hand side is nearly constant Ap—a.s., because 12" 71 contracts the sup-

port of Ar (a subset of A7) to a set of diameter less than A~!, and the Z-coordinates
of points in such a set must be uniformly bounded away from one another. It follows
that for A\r—a.e. w € Arp,
*[log* T]—2
Z XN (w) = €[ypl°e" TN w)] + O(N) uniformly in 7.
k=0

Taking expectations with respect to Ap and dividing by [log* T, we obtain

I ) 1

log"T] 7\ [log" 1]

* [log* T]—2
> XY | 4o(1), asT =00 (72)
k=0
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The expectation of Tog= 7] T] Zk [log™ 7] -2 X} with respect to the normalized Lebes-
gue’s measure on [§ = 0] is zero (because ¥ is an automorphism with zero drift).

We will use the genericity (in the form Ap —>Normahzed Lebesgue[e—g)) to

show that something close happens to the Ap— expectatlon More precisely:

CLAIM. If wqg is generic then for every € there exists N s.t. for all T large enough
max{|Ex, (X)) : 0< k < £[log" T] — 2} <e. (7.3)

Together with (7.2), this implies that %ék (wo) m 0 and finishes the proof.

We begin the proof of (7.3). Fix wy generic and € > 0, and let C,dy, Ng be
some parameters that will be calibrated at the end of the proof. Let A$ denote the
length measure on Az N [|¢| < O], normalized so that A$[¢€ = 0] = 1 (this is not a
probability measure).

Step 1. Choosing N > Ny and 7 s.t. A\§ H%Xé\q > 50] <dg forall T > 7.

Proof. Fix 0 < § < dg. Since %f ok kﬁ—é 0 almost everywhere with respect to
— 00

Lebesgue’s measure, we can use Egoroff’s theorem to find N = N(§,C) > Ny s.t.
Ao :={w € St: [{(w)| < C,|%X{| > do} satisfies m(Ag) < &, where m is the area
measure on St.

Since wy is generic, A% converges w* to the Lebesgue measure on [|¢| < C]. The
indicator functions of Ag and [§ = 0] are discontinuous, but all discontinuities lie
on the boundaries of the parallelograms of the Markov partition, and their images
under 1 ~N. N is fixed, therefore the closure of the singular set has measure zero.
Using a standard approximation argument, it is easy to show that A% (Ag) =

m(Ag) < 6. Tt follows that there exists 7 = 7(5,C) s.t. for all T > 7(4,C),
A% (Ao) < 6, proving step 1.

Step 1 allows us to bound E, . (4 X{") as follows. Choose &y < £/(1+max |Fy|),
then for all T' > 7,

|]EAT(%X(JJV)| < do +max\%XéV| . /\T[|%Xév| > 50] < §o(1+ max |Fy|) <e.

It is tempting to try to bound E,\T(%X,iv) for k # 0 in the same way. Unfortu-
nately the methods of step 1 can only be used for bounded k, whereas (7.3) calls
for a uniform bound for 0 < k < [log™ T, as T — oo.

We will take an indirect approach. Imagine we were able to construct self maps
O : Ar — Ap (0 < k < +[log" T] — 2) with the following properties:

o XY = X}V o 0+error, uniformly bounded by Ep,
e 0 is Borel, one-to-one, and 0,(Ar N[ =0]) C Ar N [|¢| < C,
o C71 < % < C, where d¢ is the (Lebesgue) length measure and C. is a global

constant, independent of N, T, k, and .

Then it would follow that Ap < Cr/\g 0 O lig=0), and if Ey/No < dp then
Arll % X | > 2680] < Cr(AF 0 0k) ([ XX | > 260] N [€ = 0))
< CAEFXY 00,1 > 6] < CAZ[ L X > 60] < Crrbo.

This, and the fact that sup|X ,i\' | are uniformly bounded, is sufficient to bound
Exr (| % X}|) uniformly and prove (7.3).
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In reality we do not know how to construct such 6, because of edge effects at
the endpoints of Ap. Luckily these edge effects can be controlled well enough to
push this argument through with minor modifications. The details follow.

Step 2. Breaking Ar into the “interior” and “edge” s—fibres.

We use the Adler—Weiss coding of Theorem 2.8 and Lemma 3.3. Recall that an s—
fibre is a set of the form W*(z, k) :=lift to [{ = k] of W*(z) := {mo(y) : y5° = 25°},
where z5° := (20, 21,...). This is a stable linear segment, with length h(z).

We define an ng—stable block to be the lift to [ = k] of a set of the form
{mo(y) : ¥=5,, = =5, }- These are closed stable linear segments, and their length is
AOh(x_py) X A0 ——— 0. (A, < B, means C~! < A,,/B,, < C for all n large.)

no—0o0
Different ng—stable blocks are disjoint, or they meet at one or two endpoints. Every

point belongs to at most two ng—stable blocks.
Br = 18" TI(Az) is a stable linear segment with length in [1, A=']. The ng—
stable blocks which intersect the relative interior of By fall into two groups:

e two or less “edge” ng—stable blocks which cover the endpoints of Br;
e (1 —4X " maxh)/(A™ minh) or more “interior” ng—stable blocks which lie com-
pletely inside Brp.

Since the number of interior ng—blocks tends to infinity as ng — oo, it is possible
to fix once and for all ng in such a way that there is at least one interior block.
This choice is independent of Ny, therefore it is possible to assume without loss
of generality that Ny > ng.
If [log* T] > ng, then the decomposition of By = 18" T1( A7) into interior and
boundary ng—blocks induces a decomposition of A7 into interior and edge s—fibres.
Here and throughout:

e An edge s fibre of Ap is an s-fibre in ¢~ [°8" Tl(edge ng-block of Br).
e An interior s—fibre of Ar is a stable fibre in ¢~1°8" Tl (interior ng-block of Br).

Let #;n, #ona be the collection of interior and edge stable fibres in Ap. The interior
of Ar is Ar(int) :=|J #int, and the boundary of Ay is Ar(bnd) :=J #bnd-

Step 3. Defining ), on Arp(int) (0 <k < &[log" T] — 2).

Recall that ¢ is the dynamical graph of the Markov partition . An admissible
word is a finite word wyg - - - w,, € P" s.t. wg — - -+ — w,, is a path on ¥.

Since Y (¥) is topologically mixing, there exists a constant M, such that for
every pair of a,b € P there is a path w,;, on ¢ of length My, s.t. aw,,b is admissible.
Fix for such a,b a word w,;, and call it the bridge from a to b. In what follows

abr

(a, bridge, b) := (a, W, _ by, + 0)-

We define 6, : Ap(int) — Ar as follows. Suppose w € Ar(int). Fix a stable fibre
W#(x,n) C Ap(int). All but countably many points in W#(z,n) can be uniquely
represented in the form (y,7) where

yE€X(Y),yy =g, {(w) =n, and m(w) = mo(y).
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Write y = (y=X|By, By, .., By, Y%y ), where B; are words of length of N, and the
zeroth coordinate is to the immediate right of |. We let 0 (y,7n) := (2,7") where

2 = oMo

y~L |bridge, By, bridge, By, ..., B, _;, bridge, B, bridge, YOet1)N)
[log* T]—1

n=n+ Z F(07z), where F := Fy omy.

What we have done here is to exchange block zero with block k, plug-in bridge words
to ensure admissibility, and at the end apply the shift and modify 7 to ensure that
we remain inside Ar (see below). Here are some properties of 6.

(i) X 00, = XN +bounded error: ), exchanges the zeroth block with the k-th
block, and therefore | X o 0, — X}¥| < 6Mj, max |Fy|. Here we are using (2.4).

(ii) Ox[Ar(int)] C Ap(int) for all0 < k < +[log* T] —2: We abuse notation and
identify a point in St with its symbohc codlng in ¥(¥) x Z. Suppose (y,n) belongs
to an interior ng-block and 0 < k < +-[log* T] — 2, then

(ollog” Tlgyoo, = gllog” T]( )%y, because of the o in the definition of z, and
[log” T]-1

Yrogt iz, ) = (ol Mz) '+ )
=0

[log™ T]—1
= (o[log* (z),n+ Z F(c’y)), by the definition of 7'.

Since N > ng, ¥[8 Tl(z,7/) belongs to the same ng-block which contains
ypllog”™ T (y,m). This is an interior ng-block of Br = Ylog" TI(Ar). So (2,71 € Ar.

(iii) Ox[supp(Ap)] C supp(AS) for C' := 100[My, + 1] max |Fy|: It is enough
to check that |n' —n| = ‘ZES{ = F(oiz) — Z[log’ = F(o jg)‘ < C’. To check
this we recall that F' is constant on symbolic 2—cylinders, therefore the difference
between the two sums can only come from the following sources:

— the effect of the shift by o* bounded by 2 - 4M, max |Fy|
— the sum over the bridge words, bounded by 4M,, max |Fy|
— the value of F(07z) for the j at the end of By, By_;, and B, with a total
effect bounded by 3 max | Fy|
This gives the bound above with C' much smaller than claimed.

(iv) O is one-to-one on Ar(int): To reconstruct y from z one just needs to erase
the bridge words (whose position is always the same), and then exchange the k—th
block with the zeroth block of what remains. Once y is known, 1 can be easily
calculated from 7’ and z. a

(v) d€ofy/dl is uniformly bounded away from 0,00, where £ is the length measure
on Ar: For every a € ¥(¥), the length of the stable linear segment

[a%,] :={w e Ar(int) N [{ = 0] : m(w) = mo(y),y; = a; (j > -—n)}

is A"h(a—y), because ¥ "[a>,] = W?(oc "a), {(W*(c "a)] = h(a_,), and "
expands linear stable segments by a factor of A™". With this formula at hand, it is

easy to see that —d%’f’“ € [)\4M’”(—rrr‘1‘;‘(2) )\4MbT($‘1‘r’f}'L’)]
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Step 4. Defining 6 on A(bnd).

Fix once and for all an interior stable fibre W*(x, n) of Ar. We will define 6; on
an edge stable fibre by first mapping it into W*(z,7), and then applying x| (int)
as defined in step 3.

The resulting transformation is 6y, : (y,n) — (z,7') where

z = o"Mer(y~1 |bridge, By, bridge, B, ..., B,_,, bridge, B, bridge,

log* T]—1 .. 0o
y,[j\,g ] , bridge, 2, 71)

[log™ T
m=n+ Y Fyloly) — Fylo’z)
7=0
The following properties can be verified as in the previous step:

(i) X 06, = X} +bounded error. The error is bounded by 8M,, max |Fy|.
(i) Ox[A(bnd)] C Ap(int) and 0x[A(bnd)|N[E = 0]) C Ap(bnd)N[|§] < C'] with
C’ as above.
(iii) 0% is one-to-one on each boundary stable fibre, and its Radon-Nikodym

derivative takes values in [ASMor (ZURR) \SMy, (maxh )]

Step 5. Proof of (7.3).
We estimate Ey, (%X} ) for 0 < k < +-[logy—1 T]—2. Since | X}Y| < N max|F,|,
|Ear (% X0)| < 200 + max |[Fy| - Ar(Ag), (7.4)

where Ay, := {w € S : £(w) =0, |HX| > 260}. We will bound Az (Ay).
We now choose the constants C, Ny, dp: C = C' = 100(Mp, + 1) max|Fyl,
8o := /(2 + 3ATPMor (maxh) yax |Fy|), and Ny so large that %{w < dp.

By construction, | X} — X{¥ o 0| < 8My, max |Fy|, so if |+ X} (w)| > 20y then
|+ X (O (w))| > 200 — %?XI%I > do. We see that

Or(Ar) C{w € Ar : [¢€(w)| < C, |%Xév| > o}

Applying 9,;1 to both sides and recalling that 6j is piecewise invertible, at worst
three-to-one (edge effects), and dgoek > ABMyr (IRl ) we find that

Ar(Ay) < 3ATHMor (maxi)AC L XN > 6] -

min h

By step 1, Ap(Ay) < 3AT5Mer (maxh) 5, SQubstituting this at (7.4) we find that

min h

[Exs (5 XN)| < 60(2 4 3A™2Mor (X)) max |Fy|) < € as required. O

min h

APPENDIX A. PROOFS OF PROPOSITION 2.3, LEMMA 2.7, AND LEMMA 2.9

Classification of homogeneous automorphisms. We prove Proposition 2.3:

(1) If A€ SL(2,Z), A= (o !} )mod2 and &y € Z, then there is a unique homo-
geneous automorphism with derivative A and drift dg.

(2) If A € SL(2,Z), A = ( 00 )mon and dg € % + Z, then there is a unique
homogeneous automorphism with derivative A and drift dg.

(3) No other homogeneous automorphisms exist.
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Step 1. Existence of homogeneous automorphisms as in parts 1 and 2.
Proof. LetI'(2) ;= {A € SL(2,Z): A= (5 ¢ )mod2},I:=T2)u( _{ ;)T(2).
I'(2) is generated by (o 1), (5 1 ),and ( 75 _7 ). We will construct
1) and drift +1;
1) and drift 0;
9 ) and drift 0;
9 ) and drift 0;

e A homogeneous automorphism with derivative ( B ) and drift %

e A homogeneous automorphism with derivative

| MR O~ OR

e A homogeneous automorphism with derivative (
e A homogeneous automorphism with derivative (

e A homogeneous automorphism with derivative

The automorphisms in part (1) can be constructed from the first three automor-
phisms. The automorphisms in part (2) require an additional composition with the
fourth automorphism.

A homogeneous automorphism with derivative ( o Y ) and drift 1: D.

A homogeneous automorphism with derivative ( o 3 ) and drift 0: Divide St into
horizontal cylinders, as indicated by the dashed lines in figure 5(a). Act on each
cylinder by the map (z,y) — (x + 2y mod 2,y) up to identifications, where (z,y)
are measured relative to the bottom left corner. These maps equal the identity on
the boundary of the cylinder (the horizontal sides of the rectangle), therefore they
glue to an automorphism . The derivative of v is ( o2 ), 1) commutes with D,
and 1) fixes the singularities of St. It has zero drift, because the Frobenius function
with respect to the horizontal rectangles vanishes.

A homogeneous automorphism with derivative ( 30 ) and drift 0: The same con-
struction, but using the decomposition of St into vertical cylinders (figure 5(a)).

A homogeneous automorphism with derivative ( S ) and drift % Decompose

St into hotizontal rectangles. Rotate every rectangle 90 degrees counterclockwise
around the midpoint of its top side, turning it into a vertical rectangle. These maps
glue continuously to an automorphism of St (figure 5(b)). Using the Z—coordinate
defined by the horizontal rectangles, one sees that the average drift is %

A homogeneous automorphism with derivative ( o ) and drift 0: Suppose P

is the automorphism with drift % and derivative ( . ) constructed above, then

-1
¢ := D1 04? has zero drift and derivative ( o )

Step 2. A homogeneous automorphism with derivative ( o ) is equal to D for
some k € Z. Two homogeneous automorphisms with the same derivative and drift
are equal.

Proof. Let 1 be a homogeneous automorphism with derivative ( o ) Fix a
horizontal rectangle R and let py denote the singularity at its lower right corner.
Given p € int(R), let 7, C R denote the linear segment from py to p. Since 9 fixes
the D-orbit of pg, ¥[v,)] is a linear segment from py or D(py) to ¥ (p). Since the
derivative of 1 is ( o ), ¥[vp] has the same slope, length, and direction as ,.
There are infinitely many such segments, one for every horizontal rectangle
D*(R), k € Z. By reasons of continuity there is some fixed k& € 7Z such that
Y[y,] € D¥(R) for all p € int(R). It follows that ¢ = D¥ on R. Since 1) commutes

with D, ¢ = D* on St. This proves the first part of step 2.
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W
[

FIGURE 5. (a) decomposition of St into horizontal and vertical
cylinders; (b) a homogeneous automorphism with drift 3

For the second part, suppose 1,12 have the same derivative and drift, then
Y1 01y " has derivative ( 5 { ) and drift zero (Lemma 2.2). So ¢y o ¢p; ' = D*
with k = drift = 0.

Step 3. For every homogeneous automorphism, either the derivative is ( oY )mod 2
and the drift is in Z, or the derivative is ( _{ ; )mod?2 and the drift is in  + Z.

Proof. Suppose 1 is a homogeneous automorphism, and let 1y : Sty — Stg be the
projection of 1 to Stg.

Sto = R?/G where G is generated by the translations by (}) and (711)7 see

figure 1(c). The change of coordinates 6(5) = %( . _1 ) gives the identification
St ~ R?/4/27Z2. In these coordinates, the punctures are v/27Z? and % G) +/272,
and v is represented by 120 =0 o01y00.

Let B denote the derivative of 9. The linear segments in R? from () to

\/i(é), \/?((1)) project to closid curves 71,2 on R?/\/272. 150 fixes /272 (a singu-
larity), therefore if we apply 1o to 1, V2, and lift the result to R? at (8), then we get
linear segments from (8) to B (‘?) and B(\/Oi) These segments project to the closed
curves tho[v1], ¥o[y2] on R2/v/2Z2, so necessarily B(?),B(\%) = (7)modv2Z2. Tt
follows that B € GL(2,2Z).
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Actually, B € SL(2,Z): |det B| = 1 because ¥ is an orientation preserving
self-bijection of a surface of finite area, and det B > 0 because )y is orientation
preserving.

Next we use the fact that @0 fixes % (}) ++/272. Using the linear segment from
E B

(8) to %(}) as above, we see that B {5) € (\{5) ++/27Z2. Multiplying by v/2 and
vz V2

-+

considering the result modulo 2 we see that thfrows of B have entries of different
parity. So B(mod2) = (o 1 ),( -7 o ),(1 o),0r (o ;) (mod2). Since
det B is odd, B = ( oY ) or ( 9l )mod2‘

Returning to ¥y = © o 120 0 O, we see by direct calculation that the derivative
of 1 also has entries with different parity at every row. As before, this means that

the derivative of 1 is ( oY ) or ( 9 )mod 2.
1 0

Suppose the derivative of v is ( 0 1 )mod 2. We saw in step one that there
exists a homogeneous automorphism ¢ with the same derivative and with drift
zero. By step two, ¢ o ¢! = D* for some k € Z. It follows that §(v)) = k € Z.

If the derivative of ¢ is ( 9l )mod 2, then there is a homogeneous automor-

phism ¢ with the same derivative and with drift % By step two, ¥ o ¢~ = DF for

=]

some k € Z, and 5(w):k+%. O
Proof of Lemma 2.7. Suppose £, € R\ Q and £ # 1. We are asked to produce
a matrix ( ¢ ) € I'(2) such that s; := fgi{g and sy := Z;’Idb satisfy one of the

following: One of s1,s2 is in (—1,0) and the other is in (1,00) (“case 1”); Or one
of $1,82 is in (0,1) and the other is in (1,00) (“case 2”).

Let H := {# € C : Im(z) > 0}, then I'(2) acts on the upper half plane by
( s Z ) sz = ?j_‘tdb It is well known that the hyperbolic polygon F' with vertices
—1,0,1, 00 is a fundamental domain for this action [Fo]. So {g(F):g € T'(2)} is a
tesselation of H. Notice that the vertices of g(F') belong to QU {oo}.

Label the sides of F' on the inside by {a,a,b,b} as in figure 6. Notice that a is
mapped to @ by ( o 3 ), and b is mapped to b by ( 3 ) Extend the labeling
to g(F) (g € T(2)) in the natural way. Now every side in the tesselation has two
labels z, T, one internal and the other external (which is which depends on the tile
we use as reference).

Let v denote the (open) upper half of the circle with diameter [£,7] or [n,£].
We think of v as of a geodesic in the upper half plane, from £ to . Let x =
(--+,x_1,20,21, ) denote the ordered sequence of internal labels of the sides of
the tiles v enters. The position of the zeroth coordinate is not important. The
following facts follow from the geometric structure of the tessellation:

(1) z is a doubly infinite (otherwise £ or ) is a vertex of g(F') for some g € I'(2),
in contradiction to the irrationality of &, 7).

(2) For all i, x; # T;j11 and T; # xiy1.

(3) z does not begin or terminate with a constant ray (otherwise £ or 7 is a
vertex of g(F) for some g € I'(2), in contradiction to their irrationality).

Suppose first that x contains the symbol @. Then it must contain @b or @b
(otherwise it terminates with the constant sequence a@---). If z does not contain
@, then it must contain b or b (otherwise it equals - --aaa - --). If z contains b but
not @, then x contains ba (otherwise it terminates with bbb---). If 2 contains b but
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FIGURE 6. Fundamental domain of I'(2)

not @ then z contains ba (otherwise it terminates with bbb---). In summary, z
must contain at least one of the words @b, ba, ab, ba.

Notice that if the cutting sequence of the geodesic from £ to 7 is (z;);cz, then the
cutting sequence of the geodesic from 7 to £ is (Z_;)iez. Therefore we may assume
without loss of generality that z contains @b or @b, otherwise exchange & « 1.

Suppose first that z contains the word @b, then v enters some tile F* through
side @ and leaves it through side b (entering an adjacent tile with side b). There is
P € T'(2) which maps F* onto F'. Since P-+ enters F' through side @, P-£ € (1, c0).
Since P -~y leaves I through side b (entering the adjacent tile through side b),
P-ne(0,1). This is case 1.

Next suppose 2 contains the word @b, then v enters some tile F'* through side @
and leaves it through side b (entering an adjacent tile with side b). There is P € I'(2)
which maps F* onto F. Since P - enters F through side @, P - £ € (1,00). Since
P - v leaves F through side b, P -n € (—1,0). This is case 2. O

Proof of Lemma 2.9 (Aperiodicity Lemma). Let F' := Fy;, o mg. We have to
show that if e = Ah/hoo for some t € R, A € S, and h : X(¢) — S continuous,
then t € 2n7Z, A = 1 and h = const.

Proof. We first consider the special case when 1 fixes all the singularities of St.
The idea is to construct z,y € X(¥) and n € N st. o"(z) = z,0"(y) =
y, and F,(z) — F,(y) = £1 where F,, = 1o Foa™
Given such points the lemma can be proved as follows: Suppose e*f' = Ah/hoao,
then eitF» = A"h/hoco", whence eFn(2) = \" and ¥ = A" Dividing, we find
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that e = 1, whence t € 277Z. But if t € 277 then Ah/h oo = e'f" = 1, whence h
is a continuous eigenfunction of o. Since o : £(¥) — X(¥) is topologically mixing,
A =1 and h = const.

We will now construct such z,y. It is enough to do this in the case when 3 has
a fundamental polygon of the form R = 6y(Rg), where 6y : Sty — Stg is a toral
automorphism which fixes the punctures of St, and Ry is as in figure 2.

CASE (A). The slope of the unstable direction is bigger than one, and the slope of
the stable direction belongs to (—1,0).

Let 9°Q;, 0"Q; denote the stable and unstable boundaries of Q;. In case (a),
0°Q2 3 (1,0) =: po and 9“Q2 > (2,0) =: go. These are fixed points of 1pg. Their
lifts to St are fixed points of ¢ (by assumption).

Recall that ¢9(Q2) is the union of parallelograms Q2., kK = 1,..., Na, where the
bottom stable side of ()21 is part of the bottom stable side of ()2, and the bottom
stable side of ()2 11 is the top stable side of Q2 , k=1,..., Ny — 1.

In what follows we write P — P’ if P, P’ € P and int(P) N ¢y '[int(P')] # o,
and g(P, P') :=value of F;, on int(P) Ny [int(P’)].

Using the fixed point py and the relation 1y(9°Q2) C @2, it is easy to see that
Q21 C Q2, Q21 — Q2,1, and g(Q2,1,Q2,1) =0. Soz = (- ,Q2,1,Q21,Q2,1, )
is a well defined point in X(¥), 0" (z) = z, and F,(z) = 0 for all n. [Caution: for
other k, Q2 is not necessarily in Qs.]

Using the fixed point go we find @; ; C Q2 which contains g in its right u—
boundary. We claim that i =2 and 1 < j < Na:

e g0 =y (q) C vy t(0"Qiy) C 0“Q;. In case (a), this forces i = 2.

e The u-side of Q2 N1y (Q2) which contains g equals 1 ' [W"(go)], where
W*(qo) is the u—fibre of go. Since 1 is expanding on W"(qp), the u—side of
Qa.; N1y ' (Q27) does not meet the endpoints of W*(gp). So 1 < j < Na.

Since Q2,1 C Qa2 QQ,l — QQJ’. Since qq is a fixed point, g(QQJ, Qz,j) =0.

Since Q2,41 follows Q2 4, and Q)2 ; is the rightmost P-element in Qo, figure 2
tells us that Q21 — Q254+1, Q2,541 C Q2, and g(Q2,1,Q254+1) = —1.

Since Q2,11 C Q2, and Q2.1 3 po, Q2,j+1 — Q2,1 and g(Q2,j+1,Q2,1) = 0.

We now define y := (-, Q2,1,Q2,j41; @21, Q2,541 - - ), then y € X(¥), 02(y> =
y and Fy(y) = —1. Using z,y and n = 2, we get the aperiodicity of F in case 1.

CASE (B). The slope of the unstable direction is bigger than one, and the slope of
the stable direction is in (0,1).

Just like in case (a), the P-element in Q2 which contains pg in its bottom s—side
is Q2,1, and Qz,l — Q2,1 with Q(Q2,1,Q2,1) =0. Soz = ( e 7Q2,1,Q2,1,Q2,17 : )
belongs to ¥, o(z) = z, and F(z) = 0.

To construct y, we separate cases according to whether Q2 2 C Q1 or Q2,2 C Q2.

Suppose first that Q2,2 C Q2. Looking at figure 2 and noting that py € 0°Qa,
we see that Q21 C @2, and that every P—element P in ()3 satisfies P — @)2,; and
g(P,Q2,1) = 0. In particular Q22 — Q2,1 and g(Q2,2,Q2,1) = 0. Since Q21 C Qo,
Q2,1 — Q2,2. Using the assumption that the slope of the unstable direction is
bigger than one, it is not difficult to see that g(Q2,1,Q22) = 1. We now set

y=(-3;Q21,Q22,Q21,Q22; ).

This is a point in (%), 0*(y) = y, and F5(y) = 1. Using z and y and n = 2, we
get the aperiodicity of F', assuming that Q22 C Q2.
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Now suppose that Q22 C Q1. The following observations follow from figure 2

and the fact that pg € 9°Q2:

o As before, Q21 — Q2,2, Q2.2 C Q1 and g(Q2,1,Q22) = 1.

e Q1.1 C @2, and every P-element P in @)y satisfies P — Q1,1, g(P,Q1,1) =0. In
particular, Q22 — Q1,1, and g(Q2,2,Q1.1) = 0.

o All P-elements P in Q9 satisfy P — Q21 with ¢g(P,Q2,1) = 0. In particular,
Q1,1 — Q2,1 and g(Q1,1,Q2,1) = 0.

We now let y := (- ;Q2,1,Q2,2, Q1,15 Q2,1,Q2,2, Q1,15+ - - ). This is a point in ¥(¥)

st. 0®(y) =y and F3(y) = 1. Using z,y and n = 3, we see that F' is aperiodic.

This proves the lemma in case 9 fixes the singularities of St. The general case
can be reduced to this case as follows.

Suppose 7 is a homogeneous automorphism, and assume that F' := Fy o mg
satisfies e®f" = Ah/h oo for some t € R, A € St and h : £(¥4) — S! continuous.

Let G := F+ Foo and g := h(ho o), then e?“ = X\2g/g o o. Observe that
G = Fy» o mg, and that ¥? fixes the singularities of St (this holds for any ho-
mogeneous automorphism, by virtue of the fact that it preserves the D—orbits of
the singularities of St). By the first part of the proof, ¢ € 27Z. It follows that
Ah/h oo = et = 1, whence h is a continuous eigenfunction of o. Since o is
topologically mixing, h = const and A = 1. [
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