HAUSDORFF DIMENSION IN STOCHASTIC DISPERSION.
D. DOLGOPYAT, V. KALOSHIN AND L. KORALOV

ABSTRACT. We consider the evolution of a connected set in Euclidean space
carried by a periodic incompressible stochastic flow. While for almost every
realization of the random flow at time ¢ most of the particles are at a distance
of order v/t away from the origin [DKK1], there is an uncountable set of
measure zero of points, which escape to infinity at the linear rate [CSS1]. In
this paper we prove that this set of linear escape points has full Hausdorff
dimension.

Dedicated to our teacher Yakov Sinai on occasion of his 65th birthday.

1. INTRODUCTION.

One of the greatest achievements in mathematics of the second half of the last
century was creation of the theory of hyperbolic dynamical systems in works of
Anosov, Bowen, Ruelle, Sinai, Smale and many others. The importance of this
theory is not so much in that it allows one to get new information about a large
class of ordinary differential equations but in that it provides a paradigm for un-
derstanding irregular behavior in a large class of natural phenomena. From the
mathematical point of view it means that the theory should be useful in many
branches of mathematics beyond the study of finite-dimensional dynamical sys-
tems. The aim of this note is to illustrate this on a simple example. Namely,
we show how the theory of nonuniformly hyperbolic systems, i.e. systems with
non-zero Lyapunov exponents, can explain ballistic behavior in a problem of
passive transport in random media.

This paper concerns the long time behavior of a passive substance (say an
oil spill) carried by a stochastic flow. Various aspects of such behavior have
been a subject of a number of recent papers (see [Cm, CC, CGXM, CS, CSS1,
CSS2, DKK1, DKK2, LS, SS, ZC1, ZC2] etc.) Consider an oil spill at the initial
time concentrated in a domain ). Let €2 evolve in time along trajectories of the
stochastic flow and €2; be its image at time ¢. The papers mentioned study the
rate of stretching of the boundary 0€2;, growth of the diameter and the “shape”
of €, distribution of mass of €2;, and many other related questions. In this
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paper we model the stochastic flow by a stochastic differential equation driven
by a finite-dimensional Brownian motion {0(t) = (6,(t),...,04(t)) € R%};>

d
(1) dr, = Xo()dt + Y Xp(zy) o db(t) =€ RY

k=1

where {X;.}4_, are C*-smooth space periodic divergence free vector fields on
RY. Alternatively one can regard this system as a flow on TV = RY/Z".
Below we impose certain nondegeneracy assumptions on vector fields {X;}¢_,
from [DKKI1]. These assumptions hold on an dense open set of C'*°-smooth
divergence free vector fields on T? or satisfied generically.

An interesting feature of the flow (1) is the dichotomy between growth of the
mass and shape of the spill £2;,. On one hand, most of the points of the tracer
), move at distance of order v/ at time t. More precisely, let p be a smooth
metric on TV, naturally lifted to RY and v be a measure of a finite energy, i.e.
for some positive p we have

I =

In particular, v can be the Lebesgue probability measure supported on an open
set €2, which also supports the initial oil spill. Let v; be its image under the
flow (1) and 7; be rescaling of v, defined by as follows: for a Borel set Q C RY

put 7,(Q) = v,(V19Q).

Theorem 1. ([DKKI1]) For almost every realization of the Brownian motion
{0(t)}i>0 the measure Uy weakly converges to a Gaussian measure on RN as
t — o0.

Remark 1. Notice that this is the Central Limit Theorem with respect to ran-
domness in initial conditions, not with respect to randomness of the Brownian
motion {0(t) }+>o.

On the other hand, there are many points with linear growth. Fix a realization
of the Brownian motion {#(¢) };>0. Let Ly denote the random set of points with
a linear escape

x
ng{areRN: lim inf %>0}.

t—-4o00
The following result is a special case of [SS] (see also [CSS1]).
Theorem 2. Let S be a connected set containing at least two points. Then

for almost every realization of the Brownian motion {0(t)}1>o the set Lo [)S is
uncountable.

In fact in dimension 2 there is a limiting shape of the rescaled contaminated
area. Namely, let Q2 be a bounded open set, €, be its image under the flow (1)
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and C; = Uogsgt Q). In other words, we call a point x contaminated by the time
t if there is a trajectory from our curve which has passed through = before time
t.

The Shape Theorem. ([DKK2|) If N = 2, then there exists a convex
compact set B C R? such that for almost every realization of the Brownian
motion {0(t) }i>0 and any 6 > 0 there exists T' = T(0) such that for allt > T

(1—5)BC%C(1+5)B

Remark 2. The “shape” B C R? is independent of the initial spill . Moreover,
an open set () can be replaced by a smooth curve v for the Shape Theorem to
hold true.

In view of Theorems 1, 2, and the Shape Theorem it is interesting to see how
large is the set of points with linear growth. In this paper we first prove the
following

Theorem 3. Let v be a smooth curve on R%. Then for almost every realization
of the Brownian motion {0(t)};>0 we have HD(Lg () 7) = 1.

Then in Section 8 using this Theorem we derive the following main result of
the paper

Theorem 4. (Main Result) For almost every realization of the Brownian
motion {0(t) }+>0 we have that points of the flow (1) with linear escape to infinity
Ly form a dense set of full Hausdorff dimension HD(Ly) = N.

By Theorem 1 for most points xy = z in R” its trajectory z; is of order
V't away from the origin at time ¢. Also, the Law of Iterated Logarithm for
functionals of diffusion processes and Fubini Theorem imply that the set of
points Ly with linear escape has measure zero. This Corollary says that Ly is
the “richest” possible set of measure zero in RY, namely, is of full Hausdorff
dimension N.

2. NONDEGENERACY ASSUMPTIONS.

In this section we formulate a set of assumptions on the vector fields, which
in particular imply the Central Limit Theorem for measures, the estimates on
the behavior of the characteristic function of a measure carried by the flow
(see [DKK1]), and large deviations estimates (see [BS]|). Such estimates are
essential for the proof of our results. Recall that X, X;, ..., X are assumed to
be C*°-smooth, periodic and divergence free.

(A) (hypoellipticity for x;) For all z € RY we have

Lie(X1,..., Xq)(z) =RV,
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Denote the diagonal in TV x TV by
A={(z'2*) e RY xRY: 2! = 2? (mod 1)}.

(B) (hypoellipticity for the two—point motion) The generator of the two—point
motion {(z},2?) : ¢t > 0} is nondegenerate away from the diagonal A, mean-
ing that the Lie brackets made out of (Xi(z'), Xi(2?)),..., (Xg(z!), X4(z?))
generate RY x RV,

To formulate the next assumption we need additional notations. Let Dux; :
T,,RY — T,,RY be the linearization of z; at t. We need the hypoellipticity of
the process {(x;, Dzy) : t > 0}. Denote by T X the derivative of the vector
field X}, thought as the map on TR? and by SRY = {v € TR : |v| = 1} the
unit tangent bundle on RY. If we denote by Xj(v) the projection of TXj(v)
onto T,SRY, then the stochastic flow (1) on RY induces a stochastic flow on
the unit tangent bundle SRY, defined by the following equation:

d
diy =Y Xi(&) o doy(t) + Xo(dy)dt.
k=1

With these notations we have condition
(C) (hypoellipticity for (x;, Dx;)) For all v € SRY we have

Lie(Xy, ..., X,)(v) = T,SRY .

For measure-preserving stochastic flows with conditions (C) Lyapunov expo-
nents \q,..., Ay exist by multiplicative ergodic theorem for stochastic flows of
diffeomorphisms (see [Cv], Thm. 2.1). Moreover, the sum of Lyapunov expo-

nents Zjvzl A; should be zero (see e.g. [BS]). Under conditions (A)-(C) the
leading Lyapunov exponent is positive

(2) A\ = lim 08 1de(@)(v)]

t—00 t

>0,

where dy,(x) is the linearization matrix of the flow (1) integrated from 0 to ¢
at the point z. Indeed, Theorem 6.8 of [Bx] states that under condition (A) the
maximal Lyapunov exponent \; can be zero only if for almost every realization
of the flow (1) one of the following two conditions is satisfied

(a) there is a Riemannian metric p’ on T?, invariant with respect to the flow
(1) or

(b) there is a direction field v(x) on T invariant with respect to the flow (1).

However (a) contradicts condition (B). Indeed, (a) implies that all the Lie
brackets of {(X(z1), X(z?))}¢_, are tangent to the leaves of the foliation

{(z',2*) € TV x TV : p/(2',2?) = Const }
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and don’t form the whole tangent space. On the other hand (b) contradicts
condition (C), since (b) implies that all the Lie brackets are tangent to the
graph of v. This positivity of A; is crucial for our approach.

Remark 3. Let us mention an important difference between deterministic and
stochastic dynamics. Most of the results dealing with statistical properties of
deterministic systems assume that all Lyapunov exponents are non-zero. By
contrast we need only one positive exponent. This is because in the random
situation hypoellipticity condition (C) implies that growth rate of any deter-
ministic vector is given by the largest exponent (see equation (19). This allows
us to get our results without assuming that all the exponents are non-zero.

We further require that the flow has no deterministic drift, which is expressed
by the following condition
(E) (zero drift)

d
/ <Z Lx, Xy + X()) (x)dx =0,
T2 \ k=1

where Lx, Xi(z) is the derivative of X} along X} at the point z. Notice that
22:1 Ly, Xy + Xy is the deterministic components of the stochastic flow (1)
rewritten in Ito’s form.

The Central Limit Theorem for measures was formulated in [DKK1] under
an additional assumption

(3) Xp(z)de =0, k=1,...d.

T2
This assumption is not needed for the proof of Theorem 3 and as the result for
the proof of the Main Theorem. However, in order to simplify the proof, i.e.

use the results of [DKK1] without technical modifications, we shall assume (3)
to hold.

3. IDEA OF THE PROOF.

3.1. A Model Example. Below we define a random dynamical system on R
which models the motion of the projection of the spill €2; onto a fixed line
[ C RV,

Introduce notations: I(b;a) = [b—a/2,b+ a/2] — the segment on R centered
at b of length a; s € {0,1}%+ a semiinfinite sequence of 0’s and 1’s, s;, € {0, 1}*
a set of k numbers 0 or 1, {{0s, (t)}s,e10,1}* }rez, countable number of standard
i.i.d. Brownian motions on R indexed by binary sequences. Let 7 be positive.

The random dynamical system is defined as follows. Let I? = I(0;1). Then
0 : 1" — R stretches I° uniformly by 2 around its center and shifts it randomly
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by 0y(7). Divide 08(I?) in two equal parts I° and I'
(4) og(I") = 1°UI" = I(y(7) — 1/2;1) U I(6y(7) + 1/2; 1).

Now of acts on each {I'},—o; independently by stretching each I*’s uniformly
by 2 around its center and shifting by 0y(7) and 6 (1) respectively.

ol oof(I") = (NI u I UTIY) =
(5) L([8o() = 1/2] + [o(7) = 1/2};1) U L([8o(7) — 1/2] + [61(7) +1/2]5 1)
U L([0s(7) +1/2] + [00(7) = 1/2]; Y UL ([0p(7) +1/2] + [01(7) + 1/2]; 1),

and so on.
Let n € Z,. Then at the n-th stage “after time n7” the image of the initial
unit interval I = [~1/2,1/2] consists of 2" unit intervals. The preimage of

each of those unit intervals is an interval of length 27" uniformly contracted.
Let’s give a different definition of the random dynamical system (4)-(5).

Consider an isomorphism of the dynamical system on the unit interval I =
I +1/2 =10,1] given by ¢ : 2 — 22 (mod 1) and the one sided Bernoulli shift
on two symbols, say 0 and 1. Such an isomorphism is given by s : z +— s(z) =
{si(x)}32, € {0,1}%+, where for each k € Z,

{sk(:c):O i ¢n(x) < 1/2

sp(r) =1 otherwise.

(6)
Let n,(x) = #{k < n: sg(x) = 1}. Notice now that

(7)  ohoono--000(x) =Y 0, (7) + (s () — (n+1)/2)/2,
k=0

where 6, (7)’s are i.i.d. Brownian motions. Define n_(z) = liminf,_ . n,(z)/n.
Then for almost all points x € I we have n_(z) = lim,, o 7, (x)/n = 1/2. Let us
show however that there is full Hausdorff dimension set of points in the interval
I such that frequency of 0’s is less than frequency of 1’s, i.e. HD{z € I : n(x) >
1/2} = 1. Since Y ,_,0s,(7)/n — 0 almost surely this would imply that the set
of points in I with a nonzero drift for the random dynamical system, defined

by (4)-(5), has full Hausdorff dimension almost surely, but is of measure zero.
We shall justify the fact that HD{x € I : n(z) > 1/2} = 1.

3.2. Points with a nonzero drift. Fix an arbitrary small positive €. The
goal is to find a fractal set of points I, C I? and a probability measure 1o
supported on I, such that us-a.e. point x € I, has a nonzero drift to the
right, i.e. liminf, ., 0% o0---00d(z)/n > 0. Moreover, HD(u,) tends to 1 as €
tends to 0.

Construction of the set I, and of the measure . is inductive. I, is defined
as a countable intersection of a nested sequence of compact sets and ji, is given
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as a weak limit of Lebesgue measures supported on those sets. We describe the
base of the induction and the inductive steps.

e For n = 1 we have of(I”) is a segment of length 2 or union of two segments
I and I' of length 1 each. Cut off the bottom e-segment from each segment.
This corresponds to cutting off e-segments [—1/2,—1/2 + €] and [0, ¢] from
I?. Denote the surgery result by Iy C I? and by s the Lebesgue probability
measure supported on whole I;. Notice that

(8) polz € Iy : o (x) = 1} > po{z € Iy : 0¥(2) = 0}

creates a nonzero drift up, since frequency of 1’s exceeds frequency of 0’s.

e Suppose I, 1 and p,_; are constructed. To construct I, and u, consider
the image 0?(I,,_1). It consists of 2" segments of equal length close to 1. Cut off
the bottom e-segment from each. This corresponds to cutting off 2" segments
of length 27"¢ from I,,_; C I°. The result of the surgery is denoted by I, and
by u, we denote the Lebesgue probability measure supported on the whole 7.
Again the surgery increases probability of s,(z) being 1 over s,(x) being 0.
Thus, this creates a positive drift.

The intersection I, = N,1I, is a fractal set and the weak limit measure
loo = lim p, has Hausdorff dimension approaching 1 as ¢ tends to zero. It
follows from the construction that for p..-almost every point n_(z) = po{z €
Iy:0%(x)=1} > 1/2.

3.3. Difficulties in extending of the Model Example to the case of the
flow. Let v C RY be a smooth curve, I € RY be a line, and 7 : RY — [ be an
orthogonal projection onto [. Suppose at the initial moment of time () = I°
is the unit interval. If not, then rescale it and shift it to the origin.

The most subtle element in extending the Model Example is defining the
stopping (stretching) time 7 or deciding when to stop v, and how to cut off
some parts of v, in order to create a nonzero drift as in (8). Such a stopping
time needs to have several important features®.

1. Stretching property of the stopping time: It is not difficult to show that if
|mi(70)| = 1, then the stopping time

(9) 7y = inf{t > 0 |m(v)| = 2}

has finite expectation and exponential moments uniformly bounded over all
compact curves with projection of length 1 (see e.g. [CSS1]).

The analogy between this 7, and the model 7 is clear. However, the geometry
of ., in RY might become quite complicated (77, might spin, bend, fold, and
so on see computer simulations in [CC]) so it is not reasonable to stop all parts
of the curve ~ simultaneously and perform the surgery (cut off of “bottom”
parts as in the passage preceding (8)). For this reason at the first stage of a

n the Model Example 7 is a constant
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partition/cut off process we split v, not in two parts as in the Model Example,
but in a number (may be countable) of random parts v = U, ;; and each part
~; will have its own stopping time ;.

2. A countable Partition of ~v: We shall partition v into at most countable
number of segments v = U;je7y; (see Section 5). Each 7; has its own stopping
time 7; so that the image ., 7; under the flow (1) is not too folded (see condition
(b) of Theorem 5). Moreover, such a stopping time 7; still has finite expectation
and exponential moments (see condition (e) of Theorem 5).

Now if we have that the image .7, is “regular” it does not reflect dynamics
on ;. In order to imitate the Model Example’s cut off construction we need
to stop ¢;v; at the moment when ¢q[,, is more or less uniformly expanding on
7, forward in time or (¢;)~'|,,, is uniformly contracting on ¢;y backward in
time (see conditions (a), (c¢), and (d) of Theorem 5). For example, if there is no
backward contraction by dynamics of o Lon ¢7;7j, then if we cut off an e-part
of ¢,,v; its preimage in v; might not be small compare to length of ;. As
we explain in more details below we need this smallness to estimate Hausdorff
dimension of remaining points in 7 D «; after the surgery. The property of
uniformness of distortion of a dynamical system is usually called:

3. A bounded distortion property: In the Model Example, Section 3.1 we have
uniform backward contraction of intervals: at stage n (after time 7n) by a factor
27", So, when we cut off an e-part of an interval at stage n, it corresponds to
2~ "c-part of the initial segment 7°. This remark makes an estimate of Hausdorff
dimension of the set I, or of the measure j, supported on I, trivial, because
the sets {I,}nez, have selfsimilar structure. Certainly, this is no longer true
for the evolution of v under the flow (1). Some parts of v expanded by ¢,
expanded more than others. Condition (c) of Theorem 5 makes sure that there
is a backward contraction in time and condition (d) of the same theorem says
that rate of backward contraction Holder regularly depends on a point on a
short interval 7;. Thus, backward contraction is sufficiently uniform on ;’s.

In the theory of deterministic dynamical systems with non-zero Lyapunov ex-
ponents the set of points satisfying uniform estimates for forward and backward
expansion (as well as uniform estimates for angles between stable and unstable
manifolds) are called Pesin sets and times when an orbit visits given Pesin set
are called hyperbolic times. The existence of Pesin sets follows from abstract
ergodic theory (see [P1]). Understanding the geometry of these sets in concrete
examples is an important but often difficult task. In this paper we describe
some properties of Pesin sets for stochastic flows. This description plays a key
role in the proof of Theorem 3 and we also think it can be useful in many other
questions about stochastic flows.
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In particular let us mention that the estimates similar to ones given in Section
4 play important role in many other questions in the theory of deterministic sys-
tems such as periodic orbit estimates [K] and constructions of maximal measures
[N], etc.

Our arguments in this paper are quite similar to [D1], [KM] even though
the control of the geometry of images of curves is much more complicated in
our case. Some interesting formulas for dimensions of nontypical points can be
found in [BaSc]. We also refer the readers to the survey [Sz] and the book [P3]
for more results about dimensions of dynamically defined sets.

The rest of the paper is organized as follows. In Section 4 in Theorem 5 we
define a stopping time 7 and prove that it has finite expectation and exponential
moments. In Section 4.1 we investigate expansion properties of the flow (1) at
the stopping time 7 and complete the proof of Theorem 5. Recall that section 3.2
above was devoted to the construction of points with a nonzero drift. Namely,
we need to construct a Cantor set I, and a measure pi., supported on I, so that
llso-a.e. point has a nonzero drift. First, in Section 5 we present an algorithm
of construction of a random Cantor set I inside the initial curve +. Then, in
Section 6 we define a probability measure p supported on I with almost sure
nonzero drift. Hausdorff dimension of such a measure is estimated in Section
7. Main Result (Theorem 4) is derived from Theorem 3 in Section 8. Auxiliary
lemmas are in the Appendix at the end of the paper.

4. HYPERBOLIC MOMENTS. CONTROL OF THE SMOOTHNESS.

Introduce notations. Denote by ¢, 4, a diffeomorphism of T, obtained by
solving (1) on the time interval [t1,%5], and by ¢, the diffeomorphism g ;. The
flow (1) can also be thought as the product of independent diffeomorphisms
{Son,n—i-l : TN - TN}n€Z+-

Given positive numbers K and « we say that a curve v is (K, a)-smooth if in
the arclength parameterization the following inequality holds

d d
THs1) = T (s2)
In all the inequalities which appear below the distance p between the points
on « or its images (¢;7’s is measured in the arclength metric induced on ~ or
¢y from the ambient space. In order to do not overload notations we omit
dependence on 7 or ;v when it is clear from the context which curve we use.

The goal of this section is to show that for a sufficiently small a and a suf-
ficiently large K, starting with an arbitrary point z on a (K, «)-smooth curve
v, the part of image of this curve in a small neighborhood of the image of x is
often smooth. More precisely, we prove the following statement. Let A; be the
largest Lyapunov exponent of the flow (1) which is positive see (2).

< Kp*(sq,81) for each pair of points sq, sy € 7.
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Theorem 5. For any 0 < N} < A{ there exist sufficiently small v > 0, a €

(0,1), and sufficiently large K > 0 and ng € Z, with the following properties:
For any (K, a)-smooth v of length between 15 and 100r and each point x € ~y

there is a stopping time T = T(x), divisible by ng, such that

(a) ||dor | T (x)|| > 100 and length of the corresponding curve l(p,7y) > r;
Denote by 74, a curve inside @,y of radius r with respect to induced in @y

length centered at p.(x). Then

(b) 3 is (K, «)-smooth

and for each pair of points yy,ys € 7, the following holds

(c) for each integer 0 < k < nio we have

p(SOT,T—knoyla @T,T—knoy2) S e_)\,lknop(yb y2)7

(d) I (lde7 [T, || (y1) — In[|dez T, || (y2)] < Const p*(y1,2);

Moreover, for such a stopping time 7(x) we have
(e) ET(z) < Cy; P{r(x) > T} < Cre=%T for any T > 0,

All the above constants depend only on wvector fields {X;}d_, and i, but
independent of the curve .

Remark 4. Choosing integer ny is only for our convenience. Requirement that
7 is divisible by ng will be used for construction of partition of + in Section 5.
This is also indication of flexibility in choice of both constants. The choice of
constants 100, 1000, etc. in this paper is more or less arbitrary. Any constant
greater than 1 would suffice.

Proof. The leading idea of the proof is that with probability close to 1 for a
sufficiently large ng the diffeomorphism ¢ 1, : TV — TV gets close to its as-
ymptotic behavior. In particular, the norm of the linearization ||dg; 14n,(x)| as
the matrix is ~ exp(Ang+o(ng)) as the top Lyapunov exponent predicts. More-
over, the linearization dominates higher order terms of ¢ ;1,,(z) and, therefore,
determines local dynamics in a neighborhood of x. Thus, to some extend for
large periods of time the flow (1) behaves similarly to uniformly hyperbolic sys-
tem, for which properties of the Theorem are easy to verify. Now we start the
proof.

First we construct a stopping time 7 as a first moments satisfying a certain
number of regularity inequalities (see (11)—(15)). This inequalities would include
K, r, ng and some other parameters. Then we show that for any € > 0 these
parameters can be adjusted so that probability that the number of times each
inequality is violated up to time 7" at least €T times decay exponentially in 7.
This would guarantee condition (e). Finally, we show that these inequalities
imply conditions (a)—(d) and as the result prove the Theorem. In the Appendix
we obtain large deviation estimates necessary for the proof below.
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Our first goal is to control distortion of the unit tangent vector to images ;v
of v as time ¢ evolves. Consider a collection of subsets of v indexed by j

Brjng(2) = {y €7 p(Puoh, Pgrx) < 1e” T8 for 0 < k < 5},

where j varies from 1 to T'/ng. We would like to find an integer moment of time
7, divisible by ng, such that
(10) ingBrr (1) is (Ke ™9™ o) —smooth for all j=0,..., T,

no
The rest of this section is devoted to showing that the set of those T, divisible
by ng for which (10) holds with 7" = 7 has density close to 1 if K is sufficiently
large. Given T denote by K the a-Holder norm of ¢, Br jn,(z). We would like
to derive an inductive in j formula relating K; and Ky so that in T'/ng steps
we get a required statement. Let zq, 25 be two points on ¢;,,Br jn,(z) and r is
sufficiently small, then

1 .
P(Piino,(j4+1)mo 215 Pino,(j+1ne22) = 5 inf : A jng, i+ 1ymo [ TV P21, 22).

Ping BT,jnO x

Let d2<pjno,(j+1)no be the Hessian matrix consisting of second derivatives of the

diffeomorphism ©j,, (j+1)n,- Assuming now that for each integer j < nlo and

some R > (0 we have

(11) 12,5 1ymo || < ReT—710)

and that condition (10) holds true up for each j < j*. Then we get
p(gpjno,(j-i-l)nozlv Sojno,(j-i-l)noZ?) >

1 — (N no—2¢)(T—j5*

5 (14 im0 00 T (@) = PRI 072900 ) iy )

We would like to prove that (10) holds true for j = j* + 1. Assume also that
for each j < T'/ny we have

(12)

|d@ jno,(j+ 1m0 | TV (P jnoT)

(13) PRI Oino=20(T—ino) < | T
then we get
||d90'*n (G +1)n, |T7”(90 i*n, I)
P mo,(*+ 1m0 215 Pjno, (= +1)no 22) = —— 0. )i T p( 2, 22).

Let v, and vy be directions of the tangent vectors to ¢;-,, 7y at z; and 2z, respec-
tively, then

P, (*+1)m0 (21) V1, dPjong, (5 +1)no (22)02) <
P(d@jng, (55410 (21)V15 AP jeng (#+1)mo (21)V2)
F0(dPjeng, 5+ +1)n0 (21)V2, AP jon (* +1)no (22)V2)-
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Denote the first and the second terms by I and I respectively. If (11) holds,
then |
I < Re“T=9"0) (2, 25).

Now since vy and vy are close T'(¢j+n,7v)(x) and z; is close t0 @j+,,x we have

[ @m0, +1)m0 (21)V1 = dDjeng (-4 1) (21)V2] &2 dudpjeng, (4 1)m0 () (V1 = 2).
Let us give more precise estimates. Notice that if A is a linear map, then its
action on the projective space satisfies
[T+ Adv|| < 1Al

[Av[ T [|Av|]”
where Il(4,). is the orthogonal projection onto the direction Av and dv is an
element of T, T, M.

Therefore, we can assume that for a positive integer T'/ng and each j* < T'/ny
the following inequality is satisfied
plAvy, Ave) o [l dpseno, i+ tmo |

p(U1, U2) N ’|d90j*n07(j*+1)n0‘Tgoj*nofyH 7
for any linear map A such that || A — d g, +1)no || < rRePimo=T=i"m0) and

for any pair (v, vs) of tangent vectors such that p(vy, vy) < Ke~Minmoa=a(T=j"no),
Thus

|dA(v)ov]| =

(14)

| dep o, (j*+1)mo |l

I S 2K ;- pa(Zl, 22) .
/ ||d90j*no,(j*+l)no|T90j*n07||

Hence (11)—(14) imply that

8K [|dpjno,(j*+1)mo
||d90j*no,(j*+1)no|T<pj*n07||1+a ’|d90j*no,(j*+1)no‘Tgoj*nofyHa
If T is chosen so that

€ —i*n, —1

(15) ||d90j*n07(j*+1)no|T90j*m)7” Z (Re (T3 O)) )
then the last inequality becomes

8K lldpjeno Gevmoll o —(mo(1-a)-20)( =5 o)
1@ o, (j*+1yno [ TPgene VI H T
Let us summarize what we have learned so far.

2 Re~Nino(1—a)=e)(T'—j*no)

Ky <

(16) Kjo1 <

Lemma 1. For ng as above suppose that T is such that for every j such that
jno < T estimates (11)-(15) hold true and also the solution of

AK; | dgjng,(j+1ymo
H dg@jnov(j-ﬂ)no |T¢jn07|’ o

(17) Kj+1 - + 2R2, K(] - K

satisfies

(18) K; < KelTim)e
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then inequality (10) holds.

Now we want to show that the set of points where either (11)—(15) or (18)
fail has density less than €T except on a set of exponentially small probability.
The result for (18) follows from Proposition 8 applied to In K;. To see that the
conditions of this proposition are satisfied if « is sufficiently small it is enough
to verify that In K; has uniform drift to the left.

By Carverhill’s extension of Oseledets’ Theorem [Cv] for every point x on M
and every unit vector v in T, M

1
(19) — E In[dey, (z)v] — M
o

uniformly as ny — oo and [BS] provides exponential estimate for probabilities
of large deviations. Since

N
ldpny ()11 < D lldpny (@)
j=1

where {v;}}_, is any orthonormal frame, the above mentioned results of [BS]
imply that

1
— E In|||dpn, ()] = A1 as ng — o0
o

with exponential bound for large deviations. Thus Proposition 8 from the Ap-
pendix applies to In K ; for a large enough ny.

The fact that (11)—(15) fail rarely if ng is sufficiently large and r is sufficiently
small follows from Lemma 10.

4.1. Hyperbolic moments. Control of expansion. We now define the stop-
ping time 7 as the first moment when (10), (11), and (15) are satisfied as well
as

(20) ldeo-| T|(x) = 1000
and for each positive integer j < 7/ng and some constant 0 < A1 < A we have
(21) ldprz—jno| Tpry|| < e7?0m0.

Then the large deviations estimates of [BS] guarantee that property (20) has
density close to 1.

Lemma 2. For any € > 0 and any 0 < M < A there exists a positive in-
teger ng such that with probability exponentially approaching to 1 the fraction
of integers T, divisible by ng, with the linearization dp; —jn,| Ty contracting
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exponentially backward in time for all integer j between 0 and T/ng tends to 1.
More precisely,

P{#{S <L:V0<j<8, 7= 572) HdngJ_jno\TQOT’YH < e—Aljno} . g}

decays exponentially in L.

Proof. We first show how to prove a weaker statement with “de” instead of
“¥e” (which is enough to prove Theorem 5) and then explain briefly the changes
needed to prove the sharp result.

Let 7 be the first moment such that for each integer j < -

(22) ||d90T1,T1—jno|TQ0T7H < e M,

We claim that 71 has exponential tail. Indeed, let

~ . 0
Y = Y5(0) = (ldegnal Tl () ) vy =1,

and  Z; = ||dgpju,|T||(z) e 9™, Zy =1.

Then [BS] shows that if ng is sufficiently large and ¢, are sufficiently small,
then Y; is a submartingale. Thus the first moment j such that Z; > 10 has

exponential tail. But there is at least one maximum j of Z; between 0 and 7.
Then j satisfies (22).

Now define 75, inductively so that 7,1 > 73 is the first moment such that for
every j < LTk

no

||dSOTk+17Tk+l_jnO|T()0Tk+1’y|| S e_)\an]'
Then 741 — 7 have exponential tails, so by Lemma 9 there exists ¢ such that
P{% > C} decays exponentially in k. However all 7, satisfy (22). This proves
the result with ¢ = 1 — é To get the optimal result one should note that
P{r = ng} — 1 as ng — oo and apply the arguments of Lemma 9. We leave
the details to the reader. OJ
Now we want to verify conditions (b), (c¢), and (d) of Theorem 5 with 7,
replaced by 4 = ¢, B, ,(x). Once we prove this we get from (c) that the main
restriction on B, .(z) is for & = 7 so that 9, = 4 and then (a) will also be
true. Now (b) is true by Lemma 1. We will establish (c¢) and (d) by induction.
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Namely we suppose that (c) is true for k > kq. Then for every y € 4

[0 [|dor, (o 1o TAIN (%) = I [|depr o1y I THI (0)] <
ko
Z ‘ln HdSOT—mno,T—(m-i-l)no‘Tﬂ’(x) —In ||d§0—r—mno,r—(m+1)no‘T;V”(y” <

m=0
ko

Z ‘ln |dpr—mng,r—(mt1yne [ THI (2) —In || dor—mng,r—(m+1)no [ THl (y” +

m=0
ko

Z ‘ln ’|d907—mno,'r—(m+1)no T4][(y) —In “d(P'r—mno,T—(m-&-l)no‘T;Y” (y” :

m=0
Denote the left term by I and the right term by I respectively. Now by (10)
and (11)

ko
I S Z ReemKeempa(ng’T_mnOx’ QOT,T—mnOy) S
m=0
(23) o
Z K Re~Maemo=2m a4 o) < Const, 7.
m=0

On the other hand

ki
- ||d2907—mn0,7——(m+1)n0||
I< Z p(QOT,T—mnoxa SOT,T—mnoy) <
m=0

|| dSOT—mn , 7—(m+1)n, ||
(24> 0 0

ko
Z R2e~(amo=2em (4 ) < Const -
m=0

Hence (11) and (15)

(25) [ [|derr— o+ 1m0 TAN (@) = 10 (| drr—o1yne I T ()] < C(R)p(y1, y2)-
Thus for all y

(26) [1dpr— k1m0 Tr— i1 () > b (kg — C(R)r) > exp (Nifomo)

if \; — X, > C(R)r. (26) implies that (c) is valid for ky — 1. Thus, we obtain
(c) for all k. Now repeating the proof of (25) with = and y replaced by y; and
y2 (and using (26) instead of (21)) we obtain (d). This completes the proof of
Theorem 5. U

Remark 5. The term hyperbolic time was introduced in [A] but the notion
itself was used before, e.g. in [P1, P2, J, Y]. Considerations of this section are
similar to [ABV, D2] but the additional difficulty is that in those papers the
analogue of (10) was true by the general theory of partially hyperbolic systems
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[HPS] whereas here additional arguments in spirit of [P1, P2] were needed to
establish it.

One interesting question is how large can « be so that Theorem 5 still holds.
We note that a appears in (16) twice. So we want « to be as large as possible to
control the first part and we want « to be small to control the second term. In
general, the optimal choice of a should depend on the ratio of leading exponents.
We refer to [CL, L, PSW, JPL] for the discussion of this question.

5. CONSTRUCTION OF THE PARTITION.

We are now ready to describe a partition v = (J;cz, 7(j). It will be defined
inductively. Each of v(j)’s is a finite union of intervals. As j tends to infinity
size of intervals tends to zero and they fill up 7. To simplify the notation we
assume that Theorem 5 is true with ng = 1. This can be achieved by rescaling
the time. Fix an orientation from left to right on ~.

Suppose Y(1),7(2),...,v(m) are already defined in an F,,-measurable way.
Let

(27) Kpi={zevy: 7(x) =m+1}.

By definition K,,;; is a finite union of intervals. Let U,,11 = @mi1Kmi1. We
call an obstacle any point on the boundary of either K, 1, U;nzl ~(j) or «y. Fix
r satisfying Theorem 5. Let C' be a connected component of U,,.; and a and
b be its left and right endpoints with respect to left-right orientation induced
by ¢©mi1. If distance from b to the closest image of an obstacle to the right on
©m+1(7) is less than § and ' is this image, then put b =1b. Otherwise let b be a

point at distance 155 from b. Define a similarly. Consider the set Wp,41 = J, ab.
Divide W1 into the segments of lengths between 1z and g5 and denote this

partition by V1. Now we define partition of a subset of v\ [J; " 7(j) by
pulling back along ;! 1 the partition V4

(28) y(m+1) = 90m+1vm+1

To justify that this algorithm produces a partition which covers all of K, 41
we need to check that length of each component is at least 355. To do this we
argue by contradiction. Otherwise, there would be two obstacles x', 2" neither
of which is from K,,,; such that p(gpme’ ,Pm17") < 155 and a point from
U,i1 between them. At least one of the obstacles would have to come from
U] 17(J). Let 2" be such an obstacle. Since both points are close to U, for
each n < m + 1 we have

r =\ (m—n)

e 1 .

= 100
But in this case the interval [2/,2”] in v with endpoints 2’ and z” would be

added to our partition at a previous step of the algorithm.

p(ent’, ") <
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Denote by v = UjeZ 7, the partition which is made out of the partition
+
v=U ez, v(7) by renumerating intervals of this partition in length decreasing
order. Let us summarize the outcome.

Proposition 6. We can partition v = UjEZ+ v, i such a way that

(a) there exists a positive integer n; such that ||dpy,|Tv| > 100 and length
l(gong’y]) > {ﬁ;

(b) for each positive integer m < n; and lengths of the corresponding curves we
have l(pm;) < Wpn,ny)e 10—

() | dion, T (@") = In dion, IT7]| @")] < Const p*(,a, n,a") for cvery
pair o', " € v;;

(d) for some a > 0 and each pair z', 2" € v; we have |v(z',n;) —v(z”, n;)| <
Const p®(¢n,2’, on,2") , where v(x,n) denote the unit tangent vector to @,y at
en(T);

(e) Let j(x) be such that x € 7jz). Then E nj,) < Const and P{n ) > T} <
Cie= T for some positive Cy,Cy and any T > 0;

This Proposition is designed to allow application of Theorem 5 so that we
can use regularity and geometric properties of 7;’s at stopping times 7;’s.

6. CONSTRUCTION OF THE MEASURE WITH ALMOST SURE NONZERO DRIFT.

Now we construct a random Cantor set I C « and a probability measure
i supported on I such that p—almost all points have a nonzero drift. This
construction goes along the same line with the construction in Section 3.2 of
the Cantor set I, in the unit interval and a probability measure ji, on I such
that pe—almost all points have nonzero drift.

Choose a direction € € RY. Let 6 be a small parameter which we let to
zero in the next section. We say that a curve is é-monotone if its projection
to € is monotone. Now we describe construction of a Cantor set I C v and
a probability measure p on I by induction. This Cantor set I at k-th step of
induction consists of countable number of segments numerated by k-tuples of
positive integers.

Denote k-tuples (jq,---,jk) € Zi and (nq,---,ng) € Zi by J, and N
respectively. Let |Ny| = Z?:Nlj'

The first step of induction goes as follows. Let v;, n; be the sequence of pairs:
a curve and an integer, described in Proposition 6. Let 6 be a small positive
number. If ¢, v; is é-monotone put o(j) equal ¢,;y; without the segment
of length fr, which we cut off from the e-bottom point of ¢, ;. Otherwise
0(j) = n,;7; wWith no cut off. Let v(J;) = gp;jla(j) and Ni(J;) =n; for J; =

Suppose a collection of disjoint segments {7(Jx)} j,ezr C 7 is defined as above
and multiindices Ny, (resp. Ji) are defined as the corresponding set of hyperbolic
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times multiindexed by J; segments. Then
(29) Ik:UJkEZifY(Jk) Cly,C---ClhCr

is the k-th order of construction of the random Cantor set I (cf. with an open
set [, from Section 3.2).

The (k + 1)-st step goes as follows. Pick a segment v(.Jy) of partition (29).
Consider the partition of the curve

(30) oo, () = | Ak ki)

Jk+1€24

defined in Section 5 and let n,, j; ., be the corresponding hyperbolic times
for 5(Jy, jxs1) from Proposition 6. For brevity denote |Ny(Jy)| by n®) and
INe(Ji)| + 1y jenny by n*TDIE the curve @00 000 %(Jpjnsy) 1S E-monotone
we let o (Jk, jr+1) be 0,0 net1Y (s je,0) With cut off of the segment of length 6
starting from the e-bottom. Otherwise, o(Ji, jr+1) equal @, ,e+07(Jks Jrt1)
with no cut off. Then a segment

(31) V(Jks k1) = a0 (i 1)

with jr.1 € Z, this defines the (k+1)-st order partition {’Y(Jk+1)}Jk+1€ZIjr+1 Cry
and the k-order set [, = UJHleZTW(JkH) C 7.

We now describe a sequence of measures p;’s on I, C v with k € Z, re-
spectively. Let pg be the arclength on . Suppose py is already defined on
I,. Consider {7(‘]’““)}%“62?1' If ¢, 7(Jkr1) is not é~monotone we let

ity i) = Bkl Otherwise, |y, = Pikttkly(sig), Where pjy is
a normalizing constant.

Lemma 3. Let k be an integer. If r is sufficiently small and v C RY is (K, a)-
smooth as in Theorem 5, then if we consider partition of v up to order k + 1,
then for each multiindex Jy, € Zi the corresponding k-th order curve vy(Jy) C 7y
satisfy the property: for any positive integer jri1 the (k + 1)-st order curve
Y(Jk+1) C v(Jx) has E-monotone with positive probability, i.e.

P{@,o0Y(Jpg1) is €— monotone | F,w ,oin} > c
for some positive ¢ and c is uniform for all (K, a)-smooth curves.

Proof. Pick a point z € y(Jx41). By assumption (D) of hypoellipticity on the
unit tangent bundle SM for the flow (1) probability that the angle between €
and T, x+17(x) makes less than 1° is positive. By definition @, 1)y (Jrr1) 1S
(K, «)-smooth. Thus if r is small enough, then the tangent vectors to @, x+17y
are close to T,r+17y(x) with large probability, where x is a point on v(Jgy1).
This completes the proof. O
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Recall that 6 > 0 is a fraction of ¢,,7; we cut off from ¢, 7; on the j-th step,
provided ¢,,,7; is éemonotone. Let p = () denote the weak limit of 114’s

= fim g

Lemma 4. For almost every realization of the Brownian motion {6(t)}:>o and
u—almost every x

lim inf @, €) > 0.

t—o0

Proof. The first step is to show that for any s for almost all realizations of the
Brownian motion {6(t)}+>o

. . <xilk(2c)7 €>

Applying Proposition 6 (e) and Lemma 9 we get that there exists a constant
C > 0 such that

)
limsup — < C'
k—o0 k
almost surely. Therefore, to prove (32) it suffices to show that
(k)
T, €
(33) lim inf % > 0

However by Lemma 3 there exists ¢ such that ]E(xff(:jl)) — :cik(i) ,€) > ¢ uniformly

in k, s. (This is because E(xif(zﬁl) — xiﬁi),e) =0 and

k k
<a7,(1(2v+1)’ 6> - <:E£L(2€),6> >0

with strict inequality having positive probability by Lemma 3.) Hence (33)
follows by Lemma 9. Therefore (32) is established. O
Now we apply the following estimate.

Lemma 5. ([CSS2|, Theorem 1) Let

~ 0]
(I)s,t = Ssup |IT - xs|7 (I)st = ot

)

s<r<t max(1,t — s)

then there exists a constant C' such that for all s and t

7
E | exp = <C.
max (1, In” @)

Combining this lemma with Proposition 6 (e) we obtain that there are positive
constants o and D such that

E <exp {a sup |z (s) — xn(k>|}) < D.
n(k) <7 <nk+1)
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Using Borel-Cantelli’s lemma we derive from this that almost surely

. SUp,, (k) (k1) |[T7(S) — Ty (k)
lim sup a0 <renin [2(5) = T |
k—00 In k

< +00.

Therefore for any s and for almost all realizations of the Brownian motion
{0(t) }+>0 we have
lim inf M

T—00 T
By Fubini Theorem we have that for almost every realization of the Brownian
motion {0(t)}+>o the set

{s: liminfM > O}

T—00 T

> 0.

has full measure. O

7. HAUSDORFF DIMENSION OF /.

In this section we complete the proof of Theorem 3 by establishing the follow-
ing fact. Recall that 6 > 0 is a fraction of ¢,,;7; we cut off from ¢,,,; on the j-th
step, provided ¢,,7; is é-monotone. Consider the measure p we constructed in
the previous Section.

Proposition 7. With notations above we have that as 0 — 0 Hausdorff dimen-
sion of the measure p = () tends to 1: HD(u(0)) — 1.

Let us recall the following standard principle.

Lemma 6 (Mass distribution principle). Let S be a compact subset of a Eu-
clidean (or metric) space such that there exists a probability measure v such that
v(S) =1 and for each x we have v(B(z,r)) < Cr® for some positive C' and s.
Then HD(S) > s.

Proposition 7 is a direct consequence of the following statements.

Lemma 7. Let vy be a smooth curve in RY . Suppose there exist a nested sequence
of partitions

(34) vo> J oo J o

Jezl Jrezk
and probability measures fig, f1, - .., [, - .. Supported on 7, UJ1621+ v( 1), ..,
UJkezi Y(Jk), - .. respectively such that pg is the normalized arclength on v and

so on py is the normalized arclength on UJkezi v(Jx). Then if we have

(b) for all Jy, € ZE length of the corresponding interval y(Jy) is bounded by
1(y(Jx)) <1007
(b) for each | > k we have p(y(Jx)) = pe(v(Jx));
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(c) %(1’) < pr(x) for every point x € UJkeZi v(Jx), where pp < 1+ 0.
Let p = limy_ o pg in the sense of weak limit. Then HD(u) > d(9), where

d(0) — 1 asd — 0.

Lemma 8. For each 6 > 0 there exists 8 > 0 such that the densities of %(:c)
used to define measures 41 knowing uy satisfy condition (c) of Lemma 7.

Proof of Lemma 7. We prove that for any segment I we have pu(l) <
Const [I|'™?, where 3 — 0 as 6§ — 0. Let k(I) = 22 and ¢ and b be the

In 100
endpoints of I. Let a be the left endpoint of the k-th partition containing a and

b be the right endpoint of the k-th partition containing b. Then

(35) w(l) < p((a, b)) = pul(a,B]) < (1 +6)*pol[@ b)) < 3(1 +6)"1] < 3|1]*°

where 3 = 1r11r(111J63). Thus, # — 0 as 6 — 0. Application of the mass distribution

principle implies that HD(u) > 1 — g. O
Proof of Lemma 8. Recall the notation of Section 6. We need to show that

|§0;(1k+1)0-(‘]k+1)|

su —
Jrt+1 “Pn(lk)fY(Jk-i-l) ‘

(36) -1, 06-—0

By construction

‘<Pn<k+1>,n(k)U(Jk+1)| >1_ < 0 )
v (Jit1)] - r/100)

Hence to prove (36) it is enough to show that there is a constant C' independent
of j, k, 1 such that for any interval I C v(Jy41)

-1
Vi
|90n§k) | |I|

o (k)] — ()|

To do so it is enough to show that there is a constant C such that for every pair
Y1, Y2 € V(Jk+1)

ldee™ o 1Ty (Jies1) | (1)

<C.
ldee™ oo 1T (Jis1) [ (y2)
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But by Proposition 6 there are constants C, Cs, and C3 such that

In|d” iy [ TY(Jes) [l (1) — I lldeo 0 | Ty (Ji0) | (2) | <

k
Z ‘ln ||d90n(m)7n(7n71)| T(pn(m)

m=1

— In || dpim im0 T @rim | (L9 ) (y2))| <
Cr Y 0 (P o Y1, P i (y2)) < Co > 100 (1, y5) < Cy 17,

|(S0n(k),n(m)y1)

This completes the proof.

8. PROOF OF THEOREM 4.

Let G denote the foliation of TV by curves

(z' =22 = & N-1 _

,xt=c" .. N-1

Cc

By (35) for each § > 0 and each leaf 7, of G almost surely there exists a measure
the on 7. such that u.(I) < 3|7|'"* and u.(Ly) = 1. Let u = [ p.dc. Then by
Fubini Theorem almost surely for any cube C of side 7 we have u(C) < 3rV="
and p(Lg) = 1. The application of the mass distribution principle completes the

proof.

APPENDIX A. LARGE DEVIATIONS.

Here we collect some estimates used throughout the proof of Theorem 3.

Lemma 9. Let F; be a filtration of o-algebras and {;,} be a sequence of F;-

measurable random variables such that
(a) there exist Cy, A such that for every |s| < X\ we have E(e*%+|F;) < Cy;
(b) there exists Cy such that E(&;11|F;) < C.

Then for each € > 0 the probability

decays exponentially in N.

Proof. Consider
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Then (a) and (b) imply that ®,,(s) is a supermartingale if s is sufficiently small.
Hence E®,,(s) < E®y(s) = 1, and so

E exp { (ilﬁj —(Cy +€)n> 5} < exp <_%> ’

which proves the lemma. 0]

Lemma 10. Let F; be a filtration of o-algebras and {&;,} be a sequence of
Fj-measurable random variables such that there exists constant Cy such that

(37) E(§lF;) <C
then for every e, > 0 there is R > 0 such that
< N : & < Rec(n=3) <
P{#{n_N & < Re forall()_j<n}§1_€}

N
tends to zero exponentially fast in N.
Proof. We say that a pair (j,n) is R-bad if

Sj > RGe(n_j).

By (37)
)i C i)
(38) P{(j,n) is R-bad} < =e .
Now given k let Br(k) be the number of n > k such that (k,n) is R-bad. By
(38)
Ce™¢

— — 0
R(1 —e7) -
as R — o0o. Thus by Lemma 9 there exists R such that

P {Z Bg(k) > f—:N}

decays exponentially in N. This completes the proof of the lemma. O

E(Bgr(k+1)|Fx) <

Proposition 8. Let x; be (in general, non-homogeneous) random walk on Z.
Suppose that there exist constants C1, Cy, Cs such that
(a) there exist m such that for every x; > m we have E(xj 41 — zj|z;) < —Ch;
(b) for every z; and every ¢ < Cy we have E(e$@r+17%)|x,) < Cs.

Fiz § > 0. Let F(M) denote the set of j such that for all k < j

x, < max(z;,m) + M +0(j — k).
Then for every e > 0 there exists M > 0 such that

p{HFUDALND )
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decays exponentially in N.

Proof. Let 71 < 7--- < T < ... be the consecutive returns of z; to {z < m}.
Let

ti =71 —71;, X;= max .

7 j+l $ J 7371<l<Tj !

Lemma 11. ¢; and X; have exponential tails.

Proof. Tt suffices to prove it for ¢; and X; and the assumption that xo < m.
Clearly it suffices to condition on x; > m since otherwise t; = 1, X; < m. Then
(b) implies that for small eq, ey

1T

yj = e TRy

is a supermartingale. Thus
On the other hand
E Y > P{Tl > j} €€1m+€2j.
Hence
]P{’Tl > j} < 056_E2j
where C5 = Cye ™. Now

T1

o o0 Cre—52J
E &% < R (Z 661183‘) < ZEeafvj ZIP’{T;[ >k} < 042 % < 0
— e ¢
j=1

j=1 k=j J

This completes the proof. O
The rest of the proof of Proposition 8 is similar to the proof of Lemma 10.
We say that the pair (k, j) is bad if

x> max(z;,m) + M +0(j — k).

If (k,j) is bad then
T — M + M

5 :
Let B;(M) be the number of bad pairs (k,j) such that ,_; < k < 7. By
the previous lemma E B;(M) < oo and so by dominated convergence theorem
E B/(M) — 0 as M — oo. Hence by Lemma 9 the number of bad pairs such

that k < 7y is less than e N except on a set of exponentially small probability.
Since 7y > N the proposition follows. O

j—k<
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