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1. INTRODUCTION

1.1. Motivation. Ergodic theory was created in the beginning of the last century moti-
vated by the needs of homogenization (more specifically the quest to justify the kinetic
equations of statistical mechanics). By now ergodic theory is a flourishing subject.
Namely, ergodic theorems are established under very general conditions and ergodic
properties of a large number of smooth systems are known (see e.g. [17]). Moreover,
ergodicity turns out to be useful in the questions of averaging and homogenization (see
e.g. [16, 26, 28, 32]). However, many dynamical systems appearing in applications
preserve infinite invariant measure and ergodic theory of infinite measure preserving
systems is much less developed. In fact, most of the work in infinite ergodic theory
(see e.g. [1]) deals with local (L') observables while from physical point of view it is
more natural to consider extensive observables ([19, 31]) which admit an infinite volume
limit. One explanation for this is that while for local observables ergodic theorems can
be obtained with minimal regularity assumptions on the observable, this is not the case
for global observables as the present paper shows. The study of ergodic properties of
infinite measure transformations with respect to extensive functions started relatively
recently [21]. In particular, mixing properties of several systems with respect to global
observables were obtained in [12, 21, 22]. A natural question is thus to investigate the
law of large numbers for global observables. A first step in this direction was recently
taken in [25]. In this paper we carry out a detailed analysis in the simplest possible
setting: random walks on Z?. Our goal is to ascertain the correct spaces for the law of
large numbers in various cases.

1.2. Results. Let X, X, ... be an iid sequence of Z? valued random variables. Let
So=0and Sy = Zf:f:l X, be the corresponding random walk. We assume that

(1) (non-degeneracy) the smallest group supporting the range of X is Z¢
(2) (aperiodicity) g.c.d{n >0:P(S,=0) >0} =1

We will also assume that S,, is in the normal domain of attraction of a stable law
with some index a. That is, there is a non-degenerate d dimensional random variable
Y such that

S Sn - TLE(Xl)

—— =Y ifa e (0,1) and ~/a

o = Yifae (1,2

To avoid uninteresting minor technical difficulties, we will mostly assume that o # 1.
1
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We define several function spaces which proved to be useful in the previous studies
of global observables [12]. Without further notice, we always assume that all functions
are bounded.

Given a non-empty subset V C Z? and F € L>*(Z¢, R), we write

_ 1
Fy = v Y F().

veV
Given (aq,by,...aq4,bq) with a; < b;, for j =1,...d, let

V(ay,by,...aq,b) = {x € Z%: x; € [a;,bj] for j =1,...d}.
Let G be the space of bounded functions on Z such that the limit Fy = lim Fjg,
V—00

exists and G_ be the space of bounded functions on Z such that the limit F =
lim Fj_, 0 exists. Set G4+ = G, N G_. Define
V—00

.....

Note that in dimension 1, Gy = {F € G4 : I, = F_}. Let Gy be the space of functions
such that for each € there is L such that for all cubes V' with side larger than L we have

(1.1) |Fy — F| <e.

Let G, be the set of functions where (1.1) only holds if the center of V' is within distance
L7 of the origin. Thus Gy C G,. Also, G, C Gy if v > 1. Finally, let

Gl ={F € L*(Z*,R) : 3F Vay,by,...,aq,by IC :VL,Vz € Z% |2 < L,

Clearly, ij C G, for any § < 1. Also, let Gfo = ﬂ G,ﬁy.

>0
Our goal is to study Birkhoff sums

Ty = i F(S,).

In particular we would like to know if TWN converges to F for F in each of the spaces
G, introduced above.
Our results could be summarized as follows.

Theorem 1.1. Suppose that E(X) = 0 and that Sy is in the normal domain of attrac-
T _

tion of a stable law of some index o > 1. Then for all F' € Gy, WN = F'in law as

N — oo.

Theorem 1.2. Suppose that d =1, E(X) =0 and V(X) < co. Then for all F € G4,

T _ _
WN converges in law as N — oo. In particular, if F~ =0 and Fy =1 then the limiting

law has arcsine distribution: for z € [0,1]

T 2
lim P (WN < z) = Zarcsin v/z.

N—o0 s
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Note that Theorem 1.2 is a simple homogenization result: it says that the limit
distribution of TWN remains the same if the oscillatory function F' is replaced by a more
regular function F_1,.9 + F, 1,50 (see [24]). This confirms the usefulness of global
observables in applications.

Theorem 1.3. Suppose that Sy is in the normal domain of attraction of the stable law
of some index .. Suppose that either

(i)l <a<2 EX;)#0andy>1or

(ii)) 1l <a <2, E(X;)=0andy>1/a or

(iii) o <1 and v > 1/«

Then, for all F' € G, TWN — F almost surely.

Theorem 1.4. Suppose E(X,) =0 and E(|X1|*) < oo for allk € N. Ford € N, let

e if <9 5 Wd=1

Then for every d € N, for every f € [0,1) every ¢ > 0 and any F € Gf(d,ﬂ,g) with
F =0, we have

o =N

Tn
NraBrie — 0 almost surely as N — oo.
Corollary 1.5. Ifd=1 and F € G?  ord >2and F € Ggo then with probability 1,

2/B
for all e
: T
Nhinoo NeaB)re 0.
Remark 1.6. Let us discuss two special cases.
(A) (Random walk in random scenery) If F(z), z € Z¢ are bounded and iid with

expectation 0, then by moderate deviation estimates, for every v < oo and for every

1 _
e>0, F ¢ G%Jrg holds with F' = 0 almost surely. Now assuming that the random
walker has zero expectation and finite moments of every order, Theorem 1.4 implies

7;11 — 0 almost surely in dimension d = 1. Note that in this case, IN has a non-
NaT¢ N1

trivial weak limit by [18]. If d > 2, Theorem 1.4 gives NTLN — 0 almost surely while
2

+e

% ( \/J\ﬂVW if d = 2) has a non-trivial weak limit ([18]). We note that Theorem 1.4

is not new for F' as above (see [20, 15]) however, we would like to emphasize that our

1
space G ™ includes many more functions than just realizations of iid process, so both
1 €
the result and the proof of Theorem 1.4 are new even for G§+ .
_ d-1

(B) If F(z) is periodic, F' = 0, then F' € Go¢ . Thus, assuming that the random

walker has zero expectation and finite moments of every order, Corollary 1.5 implies
Tn

I —
Nate
almost surely for all d. Note that by the central limit theorem for finite Markov chains,
5—% has a Gaussian weak limit.

(1.2)
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In fact, our results also give (1.2) for quasi-periodic observables. That is, given d € N
and a C* function § : T¢ — R, let § : R? — R be the [0, 1]%periodic extension of .
Furthermore, given d vectors o), ... € R? and an initial phase w € [0, 1]%, let

d
F(ZL') = @’ (w + Zl’j()é(j))
j=1

where (z1,...14) are coordinates of vector z € Z?% We say that a vector o € Z? is
Diophantine, if there are constants K and o such that for each m € Z¢,

K

m|e

If ;) is Diophantine for all j = 1,...,d, then F € G2 (see e.g. [17, §2.9]) so (1.2)
holds.

Thus in both cases (A) and (B) our results give an optimal exponent for the growth
rate of Tly.

’627r<m,a> o 1| >

Remark 1.7. Periodic (and quasi-periodic) observables are special case of stationary
ergodic observables. More precisely, let €y, ... %; be commuting measurable maps of a
space §) preserving a probability measure v. Given a bounded measurable function §
on {2 and an initial condition w € 2, define

(1.3) F (k) = §(Tw),

where for k = (ki,...kq) € Z¢ we let TF = ‘Ifld ... X" _If the family T* is ergodic, then
the ergodic theorem tells us that for almost all w, F,, € Gy and F = v(F). For the
observables given by (1.3) the strong law of large numbers for almost every w follows
from ergodicity of the environment viewed by the particle process ([5]). Theorem 1.1
only gives a weak law of large numbers, (except in dimension 1 in the ballistic case, see
Theorem 1.8 below). On the other hand our result gives valuable additional information
even for stationary ergodic environments. Namely, the set of full measure where the
weak law of large numbers holds contains all environments where ergodic averages of §
exist. We also note that Theorem 1.4 provides new and non-trivial information even in
the stationary ergodic case.

Theorem 1.8. Suppose that d = 1, v = E(X1) > 0 and for all t > 1, E(|Xy| > t) <
C/t? for some C >0 and B > 1. If F € G, then TWN — F, almost surely.

The next theorem shows that in general the strong law of large numbers fails in Gy.

Theorem 1.9. Suppose that Sy is in the normal domain of attraction of the stable law
of some index a.. Moreover assume that one of the following assumptions is satisfied

(a) a>1 and E(X;) = 0; or

(b) a < 1.

Then there exists F € Gg such that, with probability 1, TWN does not converge as
N — oo.

Remark 1.10. The same conclusion holds in case (a) even if E(X;) # 0. However, in
this case G is not an appropriate space to look at since we even do not have a weak
law of large numbers in Gg.
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2. WEAK CONVERGENCE.
Here we prove Theorems 1.1 and 1.2.

2.1. Preliminaries. First, we recall two useful results.

Theorem 2.1. ([14, Section 50]) Under the assumptions of Theorem 1.1, S, satisfies
the local limit theorem, i.e. there is a continuous probability density g such that

lim sup [n¥*P(S,, = 1) — g(I/n"/*)| = 0.

n—00 lEZd
Theorem 2.2 (Local global mixing, [12]). Under the assumptions of Theorem 1.1, S,
15 local global mixing, i.e.

lim E(F(S,)) = F.

n—oo

2.2. Proof of Theorem 1.1. Replacing F' by F' — F, we can assume that F' = 0. By
E(Tv)
N

Theorem 2.2, we have lim = 0. Thus in order to prove Theorem 1.1, it suffices

N—o0

E(T%
g\ﬂ v) _ = 0. Let us fix some ¢ > 0 and prove that E(T%) < eN? for

all sufficiently large N. We have

to verify that hm

N
E(T3) =2 Y E(F(Su)F(Sw) + > E(F(S.)
0<ni<na<N n=1
Now writing €, = 50”F”2 , we have
E(Ty) < 1—0N2 + |2 > E(F(Sn,)F(Sn,))
etN<ni<ni+ei N<na<N

Choose a constant K such that P(|Sy| > KNY%/2) <
N. Thus we have

2e
E(T2) < = N2
( )—10 +

o] F”2 for all sufficiently large

2 Z E(1{5n1|,|5n2<KN1/a}F(Sn1)F(Sn2))‘ :

eitN<ni<ni+e1 N<nao<N

Observe that by the Markov property of the random walk, we have
E(F(Sn,)F(Sn,)) = B(F(Sn,)Es,, (F(Sn,-n,))).

where S, = S, + P Xy, {f( k) are iid and have the same distribution as X; and P,
is the measure defined by P,(Sy = ) = 1. Let us write

er = E(1ys,, 11Sn, <k N1/0} F (Sni ) F'(Sns)),
€2 = E(1{|Sn1|<KN1/‘1}F(Sn1)ESn1 (1{|5’n2_n1\<2KN1/Q}F(‘§712*711)))’
A={zy:|z|,|yl < KNY*Y}, B={z,y:|z| < KNY |y —z| < 2KNY}.
Note that A C B and set C = B\ \A. Then

€y — €1 = Z P(S,, = 2,5, =y)F(z)F(y)

(z,y)eC
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and we find

es — 1] < | FILP(S,, > KNY) < 16_0
Consequently,
€
< —.
le1] < lea| + 10

Recall that g is the density function of the limiting distribution of S,/n'/® as in
Theorem 2.1. Now we choose § so that the oscillation of g on any cube of side length

d/a
5/51/06 within distance 2K from the origin is less than 7 := 5 Also note that

_ 0-(2K)| FI|Z,
if '€ Gy and F' =0, then

2.1 lim su FinaNa = 0.
(2.1) N—ro0 —2K<f<2K| [Ne.N( Jﬂmdl

Now given ni,ny with e1N <n; <ny +eN <no <N x < KNV we write

(2.2) Ee(ls,, . 1<2xnt/a3 F (Sny—ni))) =
ZEﬂf(l{gnz_nleBk}F(gnQ—m))7
P

where By’s are cubes of side length 6 N/ partitioning [~ K N/, K N'/*]?. For brevity,
we write m = ny — n;. By Theorem 2.1 and the choice of §, we have

(2:3) Ee (145,80 F (Sm) = D_ (o1 + expmy)m ™" F(y),
yEBy
where pp = ¢ (ﬁ), 21, is the center of By and ey ;m, < 27 for m sufficiently large
(uniformly in x, k,y as above). Consequently,
—d/a < —d/a 2KN1/0¢ d2 < €
2 2 ek < mTRRINY 20 < gy
for sufficiently large m. Thus dropping e,y m, from the right hand side of (2.3) gives a

negligible error. The remaining term is pm =% Z F(y), which when summed over k,

yEBy
is small by (2.1). Thus the absolute value of (2.2) is smaller than /5 for N sufficiently
large, completing the proof of Theorem 1.1.

2.3. Proof of Theorem 1.2. We prove the second statement. The first one is a trivial
corollary. Indeed, given I’ € G4 with F_ = F, the convergence follows from Theorem

_ _ - F(x)—F_
1.1. On the other hand if F_ # F, then we can consider F(z) = ng)—p and note
Jr - -
N —
= = - ~ Ty —NF_
that . =0, F, =1 and Ty = Z F(S,) = g—ﬁ’ whereby one derives the limit
Jr - —

n=1

distribution of Tl.

Thus we assume F_ = 0, F; = 1. The proof is similar to that of Theorem 1.1 (with
a =2,d=1). The difference is that, as the limit distribution is now non-degenerate,
we need to verify the convergence of all moments, not just the first two. Since the
arcsine distribution is compactly supported, this implies the weak convergence.
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We start with the following lemma.

Lemma 2.3. Fiz F € Gy with F. = 0, F. = 1. Then for any continuous and
compactly supported function ¢, we have

() - [ s

Furthermore, for any compact interval I, the convergence is uniform for ¢ lying in a
compact subset of C(I,R).

Proof. The proof is a simple generalization of the computation at the end of the proof
of Theorem 1.1. Let L = max{|z| : ¢(x) # 0}. Given € > 0, we choose ¢ so that the
oscillation of ¢ on intervals of length ¢ is less than || F'||o(L+1). Let K be the smallest
positive integer so that K > L/d. Then

K—1 [(k+1)n/d]

S F@e(2) =3 > F@e(:)

x>0 k=0 z=|kn/§]+1
Next, by the choice of 9,

K—1 |(k+1)n/3)

> > F(Jr){eb(%)—cb(gﬂ <en.

k=0 z=|kn/d|+1
Since I, = 1, we have
L(k+1)n/é]

sup lqs (%) > F(x)—%d) <§) <e

z=|kn/5]+1

for n sufficiently large. Thus replacing a Riemann sum by an integral (further reducing
J if necessary), we find

< 3e.

L F@o (5) - [ ot

Note that all the above estimates are uniform over compact subsets of C(/,R). The
computation for z < 0 is similar but easier as F_ = 0. 0

Now we prove the convergence of the moments by induction. The inductive hypoth-
esis is the following:
(Hy) for every € > 0 and K < oo there exists some Ny so that for all N > N, and

for all x € [—K\/N,K\/N],
INTFE,(Ty) — B(1), %) <<

Here, 7, is the total time spent on the positive half-line by a Brownian motion
(Bi)iejo) with By = a and such that V(B;) = V(X;). Furthermore, as in Theorem 1.1,
E.(.) means that the random walk starts from = € Z (more pre(nsely, in the deﬁn1t1on
of Ty, one replaces S with S, where Sy = z and S, — Sy has the same distribution as

S,).
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Clearly, (Hp) holds. Now assume that (Hy) holds for some k. To prove (Hy1), first
observe that

E, (Tk+1) B N ~ ~
— T = (Z F(S nznjl F(Sy,) ... F(Snk,)>

k41 N al ~ ~
~ = B (Z F(Su) s > F(Sn). ..F(Snk)>
n=1 ni,..Ng=n
(1-ON  |Kiva) )
N Y PuSa=y)F(y)NEL(TY )
n=6N y=— K1)
(1-6)N o ]
S Y (1mR) X RS = nF@O )BT,
n=0N y=—[Kivn]
Here, ay 55, (N) = by 5k, (N) means that for every ¢ > 0, K < oo there exists some
6, K1, Ny so that for all N > Ny, all 2 € [~K+/N,K+v/N] we have |a,5x,(N) —
besri,(N)| < € and the factor k 4+ 1 appears in the second line since we imposed an

additional restriction that n is the smallest among n,nq, ... ng.
Now using the inductive hypothesis and the local limit theorem, we find that

. (1-86)N
o S (3 S ()

where

x
Gznn(h) = 9@ ( - %> E (Tfm) L <k,
and g is the centered Gaussian density with variance V' (X). Now Lemma 2.3 implies

that
(1-8)N

Ex(Tk—‘rl) 1 n\k K1

(2.4) e m k) > (=) [ Gewa()dy.
Vi v 2 W)

It remains to check that

(1-0)N K
1 n\k !

(2.5) E(rF, )~ (k+1)— - PN (y)dy.
VN N ;V ( N) 0

To prove (2.5), we observe that in particular (2.4) holds for the heaviside function
F(z) = H(x) = 1,0. By classical theory [13, §XII.8], Tv/N converges weakly to the
arcsine law for F'(z) = H(x). Since Ty /N is bounded, the moments also converge and
thus the left hand sides of (2.4) and (2.5) are asymptotically equivalent for F'(z) = H(x).
Since the right hand side does not depend on the specific choice of F', (2.5) follows. This
completes the proof of Theorem 1.2.
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3. SLLN IN G.,,.

Here we prove Theorem 1.3. B
Fix F' € G,. As before, we can assume w.l.o.g. that /' = 0. Since I’ € G, the proof
of Theorem 2.3 of [12] shows that, for any n € (0, 1),

k

(3.1) lim sup

k—oo \w|§k’77

=0,

where [E, denotes the expectation in the case where Sy = x.

Lemma 3.1. Suppose that 1 < vy in case (i) or 1/a < 7y in cases (ii) and (iii). Then
with probability one we have that, for large N,

max |Sg| < N7
0<k<N

Proof. In case (i) the statement follows from the Law of Large Numbers, so we only
need to consider cases (ii) and (iii). We have for any ¢ > 0 that |Sy| > N'/*¢ holds
only finitely many times almost surely by [27] in case (ii) and by [23] in case (iii). The
lemma follows. 0

Choose 71 < 7 asin Lemma 3.1 and p < 1such that 1 <~n. For j =0,1,.. ., LNlj”J,
set Tj := T := N7"T|;nn| (with the convention Ty = 0) and denote by F; := Fy,;

the o-algebra generated by {Sk}ki]\énj. Denote A; y = {|Sjnn|| < N} Fix e > 0. We
claim that there exists Ny = Ny(g) such that, for all N > Ny and j < |[N'77],

(3:2) (14, (Tr1 - T) | )
Indeed if A; 5 occurs then (3.2) holds due to (3.1), otherwise it holds since the LHS is

Z€ero.

<e.

Setting
(3.3) Y= Lay (T = 1) = D,
where
(3.4) Dj = E<1Aj,N (Tj+1 - Tg) ‘ﬁ)

defines a martingale difference, w.r.t. {F;}, with |Yj| < ||F|ls +&. Applying Azuma’s
inequality we get that, for all § > 0,

N1=1-1
62N1—77
P Y;| > 6N §26Xp(——>.
( Z J ) 2| Fll + )2

Therefore, by Borel-Cantelli,
Nl=n1_-1

Y;| <0 as.

lim sup
N—oo N1-=n

Il
=)

J
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Since ¢ is arbitrary, with probability one we have

1 Nl-n_1
]:

On the other hand, definitions (3.3)-(3.4) and Lemma 3.1 show that, with probability
one, for all large N depending on the realization of the walk,

Ni-n—1 Ni-n—1
(3.6) TN:N”< v+ ) Dj>.
j=0 j=0

In view of (3.2), (3.5), and (3.6) we have:

1 N1=7-1
. N .
lim sup ‘—‘ = lim sup = (Y; + Dj)
N—o0 N—o0 =0
N1-n1-1
= limsup —— D;| <e as.
N—00 Nl—n =0 !

T
Since ¢ is arbitrary, lim N — 0 almost surely.
N—oco N

4. SPEED OF CONVERGENCE IN Gg

Here we prove Theorem 1.4.
Note that G C G whenever 8 < f,. Since pq(f3) is constant for 3 € [0, (d—1)/d]
and is continuous at (d — 1)/d, it is sufficient to prove the theorem for
d—1

(4.1) g > —

We start with the following

Proposition 4.1. Under the conditions of Theorem 1.4, for every d € N, every [ €
((d—=1)/d,1) and every € > 0 there exists some 6 > 0 so that

(4.2) sup B, (T%) < CN2aB)+2,

z0:|wo| <N1/2+8

Note that Proposition 4.1 combined with Chebyshev’s inequality implies that

T
ng)%éomlawas]\f%oo.

Section 4 is divided into three parts. In §4.1 we derive Theorem 1.4 from Proposition
4.1. In §4.2 we prove Proposition 4.1 for d = 1. In §4.3, we extend the proof of
Proposition 4.1 to arbitrary dimension d.
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4.1. Proof of Theorem 1.4. Here, we derive the theorem from Proposition 4.1. For
simplicity we write p = pq(f3).

We will show that
(4.3) P(3n < N : |T,| > 2N*T/2) < CN /2

If (4.3) holds, then writing N, = 2* we find

P(3n = Ny_y, ..Ny, : |T,| > 2NIY%) < ON, <2
and the theorem follows from Borel Cantelli lemma. To prove (4.3), let us write
v = min{min{n : |T},| > 2N**</?} N}.
Then
P(3n < N : |T,| > 2N**e/2)
< P(|Tw| > NP*P2) 4 P(IT;, | > 2NPH2, [ Ty| < NPHEI2) = py + py

By Proposition 4.1 for z; = 0 and by Chebyshev’s inequality, we have p; < CN~¢/2,
To bound py, we distinguish two cases: S, > NY/2¥% and S, < NY/2+3_ The first case

has negligible probablity by moderate deviation bound for random walks (see formula
(4.5) below). In the second case we compute

P(ITry | > 2N7F2, |Tn| < NPFE2L |8, | < NY2H)

< sup max_ P, (|T,| > N°t</?)
xo:|wo| KN1/2+8 n=1,...,.N

which is again bounded by C'N~%/2 by Proposition 4.1 and Chebyshev’s inequality. We
have verified (4.3) and finished the proof of the theorem.

4.2. Proof of Proposition 4.1 for d = 1. We have g € (0,1) and 2p4(8) = 5 + 1.
We start by recalling some results on expansions in the LLT in case all moments are
finite (a.k.a. Edgeworth expansion).

Theorem 4.2. ([14, Section 51]) Under the assumptions of Theorem 1.4, there are
polynomials Q1,Qs, ... so that for any M € N

L
RE

where g is a Gaussian density and

(4.4) P(S, = 1) a(t/VR) L+ Y Qull/Vr)n™™?) + enin

M/2+1

lim sup sup e, ;. < 00.

n—oo  IEZ

Note that (4.4) implies the following estimate: for any 1 > 0 there exists C' < oo
such that

(4.5) P(|S,| > n/?*") < Cn~1/.

Given a function h = h(n,x) : Z, x Z — R, we write Vh for the discrete derivative
in the second coordinate, i.e.

Vh(n,x) = h(n,z) — h(n,z — 1).
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Note that
(4.6) V(gh)(n,z) = (Vg)(n,2)h(n,z) + g(n,x — 1)(Vh)(n,z).
We will also write V¥h for the kth discrete derivative.
Denote
(4.7) H(n,z) =P(S, = x).
With this notation, (4.5) can be rewritten as
(4.8) Z H(n,z) < Cyn =" for any n > 0.

z:|z|>nl/2+n

Also (4.4) implies that there is a constant ¢ so that, for every k =0, 1, 2,

(4.9) sup |VFH (n, z)| < on~T

TEZ
Observe that

(410) ]El‘o (T]%f) = Z Cnhannan ($0)

0<n1<n2<N

where ¢, n, = 1 if ny = n9 and ¢, », = 2 otherwise and
Enl,nz(xo) - ESEO(F(SM)F(SM))
= D P(Snyn, = T2 — 21)Pay(Sn, = 21)F (1) F(22)

@1,w2€7

We will show the following: for any 0 < n; < ny < N such that
(4.11) ny > N ng—ng > N where a = 1/y = 3/2
we have
(4.12) By (20)] <

C’nfT+€(n2 —ny) T 4 Cn1§+€(n2 — )Tt

Summing the estimate (4.12) for ny, ny satisfying (4.11) we obtain N#+12¢ as needed.
To complete the proof of the proposition, it remains to

(I) prove (4.12)

(IT) verify that the contribution of (n;,ns)’s that do not satisfy (4.11) is also negli-
gible;

We start with (I).

We will use the following lemma:

Lemma 4.3. There is a constant C such that for any positive integer n and any con-
stants A, B, the following holds. If g(x) : Z — R satisfies
(H1)  sup [g(z)] < A
x:|z|<nt/2+0

(H2)  sup [Vg(z)| < B

x:|z|<nl/2+0
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for some sufficiently small 9, then, fori=20,1,

(113)  sup ST VH(nz = )g(2) F(2)| < Clllgllan+An 4 BT,
24
yilyl<n~ o 12€2

Proof. For the rest of the section C' will denote a constant (independent of A and B)

whose value may change from line to line. By (4.8) and since F is bounded, the sum for

2’s with |z — y| > n'/?*% is bounded by C/||g||.n~'°. Denote I(z) = Z F(w).
w=y—2nl/2+6

Using summation by parts and (H1), we find

Z V'H(n,z —y)g(2)F(z) = O (An—IO) 4

2t [a—y|<nl/2+6

(4.14) — Z I(z—=1)V. (V'H(n,z — y)g(z)) .

2 [s—y|<n1/2+8
Using (4.6), (4.9), (H1) and (H2) we find that
(4.15) V. (V'H(n,z —y)g(z)) < C(An~% 4+ Bn~ %),
Next, using F' € G5, with F' = 0, we find

(4.16) I(2)] < Cnote
(assuming that 6 = d(e) is small enough) The last two estimates imply that the sum
in (4.14) is bounded by C(An"=—"* + Bp’z+°). O
Now we are ready to estimate E,, ,,(x¢). First, let
(4.17) 91(21) = G1np—ny (21) 1= Z H(ng —ny,xe — 1) F(x2).
To€Z

By definition, [|¢1||cc < [[F]|oo- Applying Lemma 4.3 with i =0, g = 1, n = ny — ny,
A =1, B=0 and using ny —n; > N%, we find

(4.18) sup  |gi(z1)] < Clng —ny) T =

x|z |[KN1/2+8

Using Lemma 4.3 the same way but now with ¢ = 1, we find

(4.19) sup |Vai(z1)] < Cng —ny) 2 ¢

z1:|w1 [KN1/248

Next, set
(4.20) 92(0) = ga,n, (o) Z H(ny —no,z1 — 20)g1(21) F(21)
T1EZL
Now we use Lemma 4.3 with i = 0, n = ny, g = g1, A = (ny — nl)ﬂz , B =

(ng — nl)ﬁz . Since n < N, (4.18) and (4.19) give (H1) and (H2). Also using that
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l91llee < [[F||% and ny — ny > N*, we get

(4.21) sup  [g2(zo)| <

x0:|zo|<N1/2+6

B—1

51 _ 8 _
Cny? “(ng— nl)%% +Cn2 (ng — n1)¥JrE
which gives (4.12).
It remains to verify (II), that is that the contribution of pairs (n,ns)’s that do not
satisfy (4.11) is negligible.
First, assume that ny > N® and ny — ny<N®. Then we derive as in (4.21) but using
the trivial bounds A =1+ ||F||«, B = 2(1 + || F||s) that
B-1 8
sup lg2(z0)| < Cny 2 T ronit

z0:|z0| <N1/2+6

Summing this estimate for n; = N, ..., N and multiplying by N¢ for the number of
choices of ny, we obtain

(4.22) O(N®N"2) = O(NP+2) = o( N T1),
Next, assume that ny < N* ny —ny; < N®. Using the bound |E,, ,,(z0)] < ||F|/%
we obtain
N® ni+N¢

> > B mu(m)] < ON** = CNP = o(N*TH).

n1=0 no=n1

Finally, assume that n;y < N® and ny — ny > N®. By (4.8), we can assume that
Sp, — Sp, < NY29 Then (4.18) still holds and we conclude that

(4.23) | By oy (70)] < C(n2 — my) = .

Summing for ny = n; + N, ..., N and multiplying by N®, we obtain the same error
term as in (4.22).
This completes the proof.

4.3. Proof of Proposition 4.1 for d > 2.

4.3.1. Preliminary estimates. In dimension d, we have

(4.24) sup |V;,..V;,, H(n,z)| < en~ 5

r€Z?

for any 71,...1p = 1,...,d, where V; denotes the discrete derivative with respect to x;,
the i-th component of x. We apply a similar approach as in d = 1. That is, we perform
summations by parts to estimate g; and go defined by (4.17) and (4.20). Each time we
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need d summations by parts. For example, if d = 2, then

gl,m(o) = Z Z H<m7 (Q;v y))F(l‘, y)

x|<ml/2+6 |y|<ml/2+8
Y

~ Y Y VuH(m @)y

|z|<ml/2+8 |y|<ml/2+6
~ Z Z V1V2H(m, (x,y))[(:c,y)

|a:|<n1/2+5 \y|<m1/2+5
where I1(z,y) = > /_  F(z,2) and I(z,y) = > . > o F(w, z) and a,, ~ b,, means
that the a,, — by, is superpolynomially small in m. Using that |I(z,y)| < CmPGE1) we
find

|91m(0)] < Cm=HF
(with m = ny — ny).
To simplify formulas, we will use the notation
an 5 bN if an S CbNNE.

Lemma 4.4. For any a € (0,1], if F' € Gf/a, then for all ny,ny satisfying ny > N,
nyg —ny > N we have

d . .

(4.25) Sp |Bum(w) S S 7 (mn — )
20€Z:|zo|<N1/2+0 =0

Proof. Since the proof of the lemma is similar to that of (4.12), we only mention the

main difference. That is, now j can take values 0,1,...,d and in dimension d = 1 it

could only take values 0, 1. This follows from the fact that when applying d summations

by parts to the function H(n; — ng,x1 — x¢)g1(x1), we obtain

V1. Va(Hg) = > (Vi ViyH)(V},V,9)
{i1,enir}C{1,.d}
where {jl; ...,jJ} = {]_, ceey d} \ {il, ceey ’L[}
In the proof of (4.12), we only used the definition of Gg for boxes with side length
L > N'/2%% (specifically in deriving (4.16)). In order to extend that proof to the present
setting, we only need to replace F(.) by F(. — zg). Thus assuming v > 1/a and using
the definition of Gg, we can repeat the previous proof. O

Next we show that the extreme terms in the right hand side of (4.25) provide the
main contribution.
Set my = ny, my = ny — ny. By Lemma 4.4, we have for m; > N% my > N%
|zo| < N2+ that
(B-1)d  (B—1)d

my me if ma > my
(426> ’Enl,n2 ($0)| 5 Bd  dB—2d
my® my ° if moy < my.

Note that the second bound is quite bad if ms < m,. However we can improve it by
bootstrap. Namely we have
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Lemma 4.5. If N* < my < my then
| By oy (20)| S m =04

Proof. 1f my < 2my then the result follows from (4.26). If my > 2ms, let k = my — my
and note that & > my and

B s (o) = Z H(k,y — xO)Em2,2m2 (y)-
yEZA

The sum of the terms where |y| > 2N'/2+9 decays faster than N~ for any r. The terms
where |y| < 2N+ can be estimated by (4.26) with m; = my giving the result. O

We now combine the foregoing results in different regimes in case where a = ¢. Then
ify=1/e, F € Gf we gather that

(B=1)d  (B=1)d

my 2 my ? if mg > mq > N°E,
(4.27) | Eninz (0)] S mgﬁfl)d it my > mg > N°,
1 if min(my, my) < N°©.

Summing the bounds of (4.27) for m;,ms € {1... N} we obtain Proposition 4.1.

5. SLLN IN DIMENSION 1.

5.1. Reduction to occupation times sum. Here we prove Theorem 1.8.
Let ¢,,(x) be time spent by the walker at site x before time n. Set {(x) := lim £, (x).

n—oo

Thus /() is the total time spent by the walker at site x.
Lemma 5.1. There exist C;c >0, p € (0,1), &1 such that for all x € N and m € N

(5.1) P(loo(z) > m) < Ce ™.
Furthermore
1 C C
. _Cl<= —0)—p| < —.
(5:2) B((o) — 1 < S0 () =0 - bl <

Proof. (5.2) follows from quantitative renewal theorem [30]. (5.1) holds since for k > 1,
P(lo(z) = k) = P(los () # 0) ph~(1 — po) where pg is the probability that S, returns
to the origin at some positive moment of time. 0

N
Let Ty = Z loo(x) F(z). We will show that with probability 1
=1

Ty

(5.3) =

—

< |

N
We first deduce Theorem 1.8 from (5.3) and then prove (5.3). Denote Ly = Z Uoo ().
=1
By the strong law of large numbers for Sy
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Ly R 1
N v

On the other hand for each € and for almost every w, there is some Ny = Ny(e,w) so
that for all N > Ny,

(5.4)

’TN - TNv(lfs) < ||F||oo (L_ + [LNU(1+E) - LNu(ks)]) )
0
where L™ = Z loo(x) is the total time spent on the negative halfline. In view of

(5.4), % can be made as small as we wish by taking € small. Hence Theorem
1.8 follows from (5.3).
In order to prove (5.3) we observe that by Lemma 5.1

E (T—/VV> -+ > FR(ta(s)) = ! [% >

as N — oo.
We need the following bound, which will be proved in §5.2.

Loy = Lo,

Lemma 5.2. There are constants C' and €5 such that for each ni < no

|Cov(loo(n1), boo(ne))] < C (L + ﬁ) )

€2
9

Ty C
— | <
Var<N> < Ve

P (|TN—E<TN>| . 5) . C

Lemma 5.2 implies that

and so

N - ~ 02Ne2’
Set r = 2/e5. By Borel-Cantelli Lemma

T, F
— — asn — oo
nr v

almost surely. On the other hand, (5.1) and the Borel-Cantelli Lemma imply that,
with probability 1, for all sufficiently large z, foo(x) < In® . Given N, take n such that
n” <N < (n+1)". Then

‘TN T <|IF|loe (Ly — Lyw) < CNC=D/7 n2 N,

T T
It follows that — —
N n’

+o(1), for N — oo, proving (5.3).
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5.2. Covariance of occupation times. The proof of Lemma 5.2 relies on the follow-
ing estimates.

Lemma 5.3. There are constants C' and €3 such that for all m > 1,

P(m&n(Sn) < —m) <

mes’
Lemma 5.3 (with e3 = 8 — 1) follows from Theorem 2(B) of [33].

Lemma 5.4. For each 6 > 0 there is a constant C(0) such that the following holds.
Consider a Markov chain with states {1,2,3} and transition matriz

Pr @1 "
q2 P2 T2
0 0 1
and initial distribution (7, mo, 3). Assume that
(5.5) ¢ >96, and my > 0.

Let Iy and Iy denote the occupation times of sites 1 and 2. Then

’COV([l, [2)| < 0(5) ( @ (1 — 71'1) — Ty + QQ> .

1+

In the special case where 17, = 0, m; = 1, Lemma 5.4 follows from
[7, Lemma 3.9(a)]. In this case the statement simplifies significantly since the first term
in the RHS vanishes.

The proof of Lemma 5.4 will be given in §5.3.

We apply Lemma 5.4 to the states (nj,n9,00) with n; < ng. This means that we
define a 3-state Markov chain as a function of the random walk (S}), such that the
chain starts in the state 1, if the random walk visits n; for the first time before it visits
ng; or in the state 2, if the random walk visits ny for the first time before it visits nq;
or in in the state 3 if the random walk never visits n; or ny. After that, the chain
transitions to state 1, 2 or 3, respectively, if the next return of the random walk to the
set {n1,ms} occurs at ny, ny, or never does. Clearly 3 is an absorbing state for this
chain. So

m = P(n, is visited before ny), my = P(ny is visited before ny),
73 = P(ny and ny are not visited).
Let V,, be the event that n is visited by our random walk. Note that Lemma 5.3 implies
g2 = O ((ny —ny1)~%). Hence the probability that both n; and ng are visited with ng
being the first is also O ((ny — ny)~°®) . Therefore
q1
g +m = Pnl (vm) =q, T X P(Vm) - P(an N Vn2) =q- CI2,

where g =1 —p (see (5.2)) and < means the difference between the LHS and the RHS
is

T =<q,

O (n7®*) + O ((n2 —n1)™") where &, =min(e,es3).
These estimates, combined with Lemma 5.4 imply Lemma 5.2.
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5.3. Analysis of three state chains.

Proof of Lemma 5.4. Under the assumptions of the lemma, [}, [ and [;l; are uniformly
integrable (the uniformity is over all chains satisfying (5.5)). Let [; be the time spent
at 1 before the first visit to another state. Then, by the uniform integrability,

E(L —0) =0(g), E((h—-h)k)=0(g), Ex(h)=0(g), Ei)=0

Hence

< a1
E(l,1,) = mE, (T Ey(ly) + O(go):
(12) (S 1(1)(11_1_771 2(2) (Q2)
E(l,) = mE (T) + O(gs) and E([z):(mq ‘iln +72)Ea (o) + O(ga).
1 1

Therefore
COV([l, [2) = 7T1E1<_[1)

q1 T q1
Eo(ly) — mE( (1
G +m 2(l2) = 1(1)<7T1(]1—|‘771

q1
G +m
as claimed. O

+ m2)Ea(l2) + O(q2)

= mE(H)Ey () (1 —m) —m2| +O(q)

6. COUNTEREXAMPLES TO THE STRONG LAW.

Here we prove Theorem 1.9.

Consider first the case d = 1. Assume that we are given a sequence a,, € Z, a,, /* 00
with a, — a,—1 € {0,1} (to be specified later, see Lemma 6.1). Now define by > 1,
bui1 = by + |bn/a,|. By induction, we see that
(6.1) an <N < by < bpyq <20

Consider the function F' defined by F(0) = 0,

(6.2) Flz) = {1 if bop < T < bggy for some k

0 if bopy1 < o < bogyo for some k
for z > 0 and F(z) = F(—=z) for x < 0. Since by41/b, — 1, we have ' € Go with
F=1)2.
Let us denote ¢, = (b, + by11)/2, t,, = %] and

I, = [ch — |bn/4an ], ¢y + |bn/4ay ]
We will show that almost surely, infinitely many of the events

Ay, = {Vk € [tan, 3tan] : Sk € I,}
occur, and likewise, infinitely many of the events

Ao = {Vk € [tans1, 3tans1] : Sk € Ioni1}

occur. This proves the theorem as Aj,, implies Tk, > 2t5, and Ay, implies Ty, ., <

lon+1.
To complete the proof, let us fix a sequence D,, oo such that

> P18 = Dy) < oo
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Then by the Borel-Cantelli Lemma,

P(IN :Vn > N :|S,| < D,) = 1.
Now we choose a subsequence ny € Z inductively so that

(6.3) Ngr1 = ng (mod 2)

1
nk+1 > max {eXp (Dl—ga(nk+1).|> , exXp <a2(nk+1)a) }

These bounds, combined with (6.1), give
(6.4) b

and

> exp(Dy,, ) and t, > exp(ty, ).

MNEk4+1

We want to show that for every ¢ > 0 and every K,

(6.5) P (ﬁ A;k> <e.

Since € > 0 is arbitrary, it follows that infinitely many of the events A,, happen.

Choosing ny to be even for all £ we see that almost surely infinitely many of the
events Ay, and happen. Likewise, choosing n; to be odd for all k£ we see infinitely many
of the events As, 1 happen. Thus it remains to verify (6.5).

Given € and K, choose K’ > K so that P(B) < ¢, where

B={3n>n% :|S.| > D,}.
Then we write
(6.6) P(ﬂAngp(ﬂ A;k>§s+P(ﬂ A;kﬂl’>’0>.
k=K k=K' k=K'

By construction, we have

Nk+1

k

P (AC nBe| [ A, OBC) <1-P (Ankﬂ
J=K'

(6.7) <1— min P(A

x:|:c|<D3tnk

k
M 4. n BC>

=K'

’Sgtnk = 33')

Nk+1

Next, we claim

Lemma 6.1. There is a constant Ky and a sequence a,, /* oo with a, — a,_1 € {0,1}
such that for any k > Ko,

min  P(A,,,,[S¢,, =) >

z:|z|<Dst,,

=

Clearly, Lemma 6.1 combined with (6.7) and (6.6) implies (6.5). Thus the proof of
Theorem 1.9 for the case d = 1 will be completed once we prove Lemma 6.1.
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Proof of Lemma 6.1. Recall that the invariance principle gives

Sy
N1l/a
where Y, is a stable Lévy process. In particular, Y] is a stable random variable with
parameter o and ”skewness” § € [—1, 1] (see e.g. [3], Chapter VIII). Now we distinguish

two cases.
Case 1 a > 1 or |fB] # 1. Set

(6.8) =Y,

1 1
(6.9) q= inf IP’(sup|Yt| < - V| < —’Yozy) ,
] t<1 4 16

ye[—1/16,1/16

We claim that ¢ > 0. Indeed, as a > 1 or |3] # 1, the stable process Y; cannot be a
subordinator. In particular, the density of Y; is positive everywhere for every ¢ > 0 and
Y; has the scaling property (see page 216 in [3]). Thus we have

1
liminf  inf ]P<|1gy<1—6‘m_y>_p>o.

e\0 y€e[-1/16,1/16

By Exercise 2 of Chapter VIII in [3], there is some € > 0 such that

3
P (sup|Y}| < 1—6‘1/0 = 0) >1-—p/2.

t<e

Combining the last two displayed equations, we derive

1 1
inf P Y<—,Y<—‘Y: > /2.
ye[—ll/r%6,1/16] (St;”?' t| 4 [¥el 161°° y) > p/
Applying this inequality inductively, we obtain that ¢ > (p/2)I'/¢!.
Next, we claim that there exist constants ¢ > 0, p € (0, 1) such that

(6.10) min  P(An,,,|S;, =) > — p.

z:|z|<Dyp, Qn,,

(6.10) implies the lemma since we can choose any sequence a,, /oo with a,, — a,_1 €
{0, 1} such that a,, < (—logk/logp)Y/® for a fixed p € (0,p).
To prove (6.10), we first use the local limit theorem and (6.4) to derive
b _
S3tnk = l’) > i

166Lnk+1 G,

Nk+1

<

Stnk+1 — Cnpyq

(6.11) min P (
m:\x|<D3tnk
Now using (6.8) with N = (b,,,,, /4a,, ,)* and (6.9) we obtain (6.10) with p = ¢**".
Case 2 o < 1 and || = 1. Let us assume 3 = 1 (otherwise apply the forthcoming
argument to —X;).
(6.11) still holds in case 2, however a new approach is required to estimate P(A,, ,,[S;, =
x) since now the process Y; (a.k.a. stable subordinator) is non-decreasing and thus
g = 0. Note however that in case 2, sup,, |Y;| = Y1 and thus it suffices to estimate one
random variable instead of a stochastic process. Recall that the density of Y7 is strictly
positive on R*. Thus applying (6.8) to |X;| (which is also in the standard domain of
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attraction of the totally skewed a-stable distribution) we obtain the following: for any
e > 0 there exists Ny(¢) and 6(g) > 0 such that for any N > Ny(e),

(6.12) P (; 1X,| < %Nl/a) > §(e).

Without loss of generality, we assume that Ny and ¢ are, respectively, non-decreasing
and non-increasing functions of €. Now we define the sequence a,, inductively. First,
let a; = 1. Now assume that a,, is defined. Let a,, = a,, for m =n, +1,...,npy — 1.
Next, we define a,, ,, = a,, + 1 if both of the following conditions are satisfied:

(A) NO (ﬁ) < n%_,’_l and

¢ 1 1
(B) 2an, +1 5(ank+1) Z 1
Here, ¢ is the constant from (6.11). If either (A) or (B) fails, we put an,,, = a,
Observe that by our construction, for all k, we have

(6.13) No (L) < ny;

ket

c 1 1
(6.14) S, 6(ank> >
Indeed, if ay,,, = an, + 1 then (6.13) and (6.14) follow from conditions (A) and (B)
above. If a,, , = a,, then (6.13) and (6.14) follow by induction since the LHSs of both
(6.13) and (6.14) do not change when we replace k by k + 1, while the RHS of (6.13)
increases and the RHS of (6.14) decreases.

By construction, a, " co. Let K\ be the smallest integer k so that a,, = 2. We
prove that the lemma holds with this choice of Ky and a,,. Recall that by (6.1), b,,, > ny
and so by (6.13), N := b5 > No(¢) with ¢ = 1/a,,. Applying (6.12) with this N and
e and using (6.14), we obtain

b Ap,, 2
Pl |S, —S: | < —% ¥Ym <3b> | > =2,
( ‘ tnk 8ank m — nk) E k:
and since t,, < b and k —1 > k/2, we arrive at
b a 1
6.15 P |Sm = Si, | < 2 Vm < 3ty | > ————.
(6:15) (' ] < G, TS k) ¢ k-1
Combining (6.15) with k replaced by k + 1 and (6.11), we obtain the estimate of the
lemma. 0

The above proof, with a few minor adjustments, applies to arbitrary dimension d.
Specifically, we need to consider the function F € G defined by

r if 2] < |ay| for i =2,...,d
F(%,-..,:Bd):{l(%) if |2;| < |aq] for ¢

3 otherwise,
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where F' is given by (6.2) and we need to replace I,, by
[0 — [bn/4an ], cn + [bn/4an |] X [=bn/4an ], |by/4an]]"" .

Remark 6.2. It is easy to adjust the above proof to derive the following stronger version
of Theorem 1.9: There is a function F' € G so that F only takes values {0,1}, F = 1/2
and for almost every w and for any a € [0, 1], there is a subsequence ny = ny(a,w) such
that T,,, /ni — a.

7. CONCLUSIONS.

The results proven in this paper show that for random walks the weak law of large
numbers holds in the largest possible space of global observables, namely Gy. On the
other hand, the strong law of large numbers fails, in general, except for the walks with
drift in dimension 1. In that case the path of the walk is almost deterministic and
so the ergodic theory for occupation times could be used. The good news is that the
weak law of large numbers seems to be a good setting for homogenization theory (cf
Theorem 1.2), so the space Gg could be useful for that purpose. If we have some control
on fluctuations over the mesoscopic scale as provided, for example, by the space G,
then we can ensure the strong law. If we have polynomial control on the mesoscopic
scale, as provided by the space ij then we can estimate the rate of convergence. In
particular, our results give optimal rate of convergence for two important special cases:
random walks in random scenery and quasi-periodic observables.

We note that the main ingredient in most proofs is local limit theorem and its ex-
tensions, such as the Edgeworth expansion used in Section 4. This makes it plausible
that similar results hold for other systems where the local limit theorem hold, including
the systems described in [2, 6, 8, 9, 10, 11, 12]. Another natural research direction
motivated by the present work is limit theorems for global observables. It is likely that
just assuming that I’ belongs to an appropriate G, will not be enough to derive limit
theorems. For example, the computation of variance for Ty done in Sections 2 and 4
involve the expression of the form F,(x) := F(z)F(x + 2) for a fixed z € Z%. Therefore
additional restrictions seem to be required to obtain limit theorems. Extending our
results to more general systems as well as limit theorems for global observables will be
the subject of future work.
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