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ABSTRACT. We examine the relationship between the (double) Schubert poly-
nomials of Billey-Haiman and Ikeda-Mihalcea-Naruse and the (double) theta
and eta polynomials of Buch-Kresch-Tamvakis and Wilson from the perspec-
tive of Weyl group invariants. We obtain generators for the kernel of the
natural map from the corresponding ring of Schubert polynomials to the (equi-
variant) cohomology ring of symplectic and orthogonal flag manifolds.

1. INTRODUCTION

The theory of Schubert polynomials due to Lascoux and Schiitzenberger [LS1]
provides a canonical set of polynomial representatives for the Schubert classes on
complete type A flag manifolds. The classical Schur polynomials are identified with
the Schubert polynomials representing the classes which pull back from Grassman-
nians. There are natural analogues of these objects for the symplectic and orthog-
onal groups: the Schubert polynomials of Billey and Haiman [BH], and the theta
and eta polynomials of Buch, Kresch, and the author [BKT1, BKT?2], respectively.
We also have ‘double’ versions of the aforementioned polynomials, which represent
the Schubert classes in the torus-equivariant cohomology ring, and in the setting of
degeneracy loci of vector bundles (see [L2, F1, IMN1] and [KL, L1, W, IM, TW, T6],
respectively).

The goal of this work is to study the relation between these two families of poly-
nomials from the point of view of Weyl group symmetries, following the program
set out in [LS1, LS2, M2] in Lie type A. The key observation is that the theta and
eta polynomials of a fixed level n form a basis of the Weyl group invariants in the
associated ring of Schubert polynomials (Propositions 6 and 14). In this introduc-
tion, for simplicity, we review the story in type A, and describe its analogue in type
C, in the case of ‘single’ polynomials, leaving the extensions to the ‘double’ case
and the orthogonal Lie types B and D to the main body of the paper.

Let Sy := UpSk be the group of permutations of the positive integers which
leave all but a finite number of them fixed. For any n > 1, let S (") denote the set
of those permutations w = (w1, ws,...) in Sx such that w11 < Wy < ---. If
X, = (21,...,2,) is a family of n commuting independent variables, then the single
Schubert polynomials &, of Lascoux and Schiitzenberger [LS1], as w ranges over
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S form a Z-basis of the polynomial ring Z[X,]. If M, := GL,, /B denotes the
complete type A flag manifold over C, then there is a surjective ring homomorphism
pn ¢ Z[X,] — H*(M,) which maps the polynomial &, to the cohomology class
[Xw] of a codimension ¢(w) Schubert variety X in M, if w € S, and to zero,
otherwise.

The Weyl group S,, acts on Z[X,,] by permuting the variables, and the subring
Z[X,]%" of S,-invariants is the ring A,, of symmetric polynomials in z1,...,z,.
We have A, = Zle1(Xy),...,en(Xn)], where e;(X,,) denotes the i-th elementary
symmetric polynomial. The kernel of p,, is the ideal IA,, of Z[X,,] generated by the
homogeneous elements of positive degree in A,,. We therefore have

M= P Z6s=(a(Xn), .. en(Xn))
weS (M S,
and recover the Borel presentation [Bo] of the cohomology ring
H*(GL, /B) = Z[X,]/TA,.

Any Schubert polynomial &, which lies in A,, is equal to a Schur polynomial
sx(X,) indexed by a partition A = (Aq,...,\,) associated to the Grassmannian
permutation w, and these elements form a Z-basis of A,. One knows that

(1) sa(Xp) =A@ =) [ A(z®),

where A == > o (—1)“=) is the alternating operator on Z[X,], =® denotes
it x2 for any integer vector exponent «, and 0y := (k,...,1,0) for every
k > 0. Equation (1) may be identified with the Weyl character formula for GL,,.
Alternatively, one has the (dual) Jacobi-Trudi identity

(2) 3 (Xn) = det(exj-i(Xn))i; = [J(1 = Rij) ex (Xa),
i<j
where X' is the conjugate partition of A, e, := e,,e,, -+ for any integer vector v,

and the R;; are Young’s raising operators, with R;je, := er,;, (see [M1, L.3]).

If w( denotes the longest permutation in .S,,, then the divided difference operator
Ow, gives a Ap-linear map Z[X,,] — A,,, and the equation (f, g) = Oz, (fg) defines a
scalar product on Z[X,,], with values in A,,. The Schubert polynomials {& 4 }wes,
form a basis for Z[X,,] as a A,,-module, and satisfy an orthogonality property under
this product, which corresponds to the natural duality pairing on H*(M,,).

The above narrative admits an exact analogue for the symplectic group. Let
c:= (c1,¢2,...) be a sequence of commuting variables, and set ¢o := 1 and ¢, =0
for p < 0. Consider the graded ring I which is the quotient of the polynomial ring
Z|c] modulo the ideal generated by the relations

P
(3) o+ ZZ(—I)icpﬂ»cp,i =0, forallp>1.
i=1

The ring T" is isomorphic to the ring of Schur @-functions [M1, II1.8] and to the
stable cohomology ring of the Lagrangian Grassmannian, following [P, J].

Let Wi denote the hyperoctahedral group of signed permutations on the set
{1,...,k}. For each k > 1, we embed W}, in Wy, by adjoining the fixed point
k+ 1, and set Wy, := UpWj. For any n > 0, let W) denote the set of those
elements w = (wy, wa, . ..) in Wy, such that w41 < wp42 < ---. The type C single
Schubert polynomials &, of Billey and Haiman [BH], as w ranges over W™ form a
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Z-basis of the ring T'[X,,] (Proposition 1)!. If M,, := Sp,,, /B denotes the complete
symplectic flag manifold over C, then there is a surjective ring homomorphism
7 ¢ I'[X,] — H*(M,,) which maps the polynomial &, to the class [X,] of a
codimension #(w) Schubert variety X,, in M,,, if w € W,,, and to zero, otherwise.

There is a natural action of the Weyl group W,, on I'[X,,] which extends the S,
action on Z[X,] (see Section 2.1). The subring T'[X,,]"" of W, -invariants is the
ring T(") of theta polynomials of level n (Proposition 6). The ring T(™) was defined
in [BKT1, Section 5.1] as T'(™) := Z["¢;, "¢y, . . .], where

P
"ep 1= Zcp,jej(Xn), for p > 1.
§=0

The kernel of m, is the ideal IT'(") of I'[X,,] generated by the homogeneous elements
of positive degree in T'("™), We therefore have

(4) ™=@ ze¢ =("cc,...)
weW (M)W,
and obtain (Corollary 3) a canonical isomorphism
H*(Sp,,, /B) 2= I'[X,] /1.
Following [BKT1], any Schubert polynomial &,, which lies in '™ is equal to a
theta polynomial "O) indexed by an n-strict partition A = A(w) associated to the

n-Grassmannian element w, and these polynomials form a Z-basis of I'™. The
polynomial O, was defined in [BKT1] using the raising operator formula

(5) "o =[J0-Ry) J[ Q+Riy) (o,
i<j (i,5)€C(N)
where ("c), 1= "¢y, "¢y, - -+ and C(N) denotes the set of pairs (4,7) with ¢ < j and
Ai +Aj > 2n+ j —i. This is the symplectic version of equation (2).
There is also a symplectic analogue of formula (1). Let wy denote the longest
element of W,,, define w := wwq and consider the multi-Schur Pfaffian

G 1-Rij o
(6) Do = [ 752" @esa,
i<j *
where v(@) and A(w) are certain partitions associated to @ (see (13) and Definition
2). We then have (Theorem 2)

(7) ") () = (_1)n(n+1)/2 A (u(@)QM@))/A(xaﬁsn,l)’

where A := Zwewn(fl)f(w)w is the alternating operator on I'[X,,]. In the special
case when w € S, with A = A\(w), equation (7) becomes

n@/\ _ (_1)n(n+l)/2 A (57l71Q6n+6n,1+)\’)/A (xén—i-én,l) )

The maximal divided difference operator 9,,, gives a T'(™-linear map I'[X,,] —
'™ and the equation {f,g) = Ou,(fg) defines a scalar product on T'[X,,], with
values in T'™. The Schubert polynomials {€,,}wew, form a basis for I'[X,] as a
'™ -module (Corollary 4), and satisfy an orthogonality property under this product
(Proposition 9), which corresponds to the duality pairing on H*(M,,). A similar
scalar product in the finite case was introduced and studied in [LP1].

IThe Billey-Haiman Schubert polynomials are actually power series; see Section 2.1
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As mentioned earlier, we provide analogues of most of the above facts for the
double Schubert, theta, and eta polynomials. Our main new results (Theorems 1
and 3) are the double versions of equation (4), which exhibit natural generators
for the kernel of the geometrization map of [IMN1, Section 10] from the (stable)
ring of double Schubert polynomials to the equivariant cohomology ring of the
corresponding (finite dimensional) symplectic or orthogonal flag manifold. This is
done by using an idea from [T1, Lemma 1] together with the transition equations
of [B, IMN1] to write the Schubert polynomials in this kernel as an explicit linear
combination of these generators, which is important in applications. The double
versions of formula (7) rely on the equality of the multi-Schur Pfaffian (6) — and
its orthogonal analogue — with certain double Schubert polynomials (Propositions
4 and 12). This latter fact is an extension of [IMN1, Thm. 1.2], which may be
deduced from the (even more general) Pfaffian formulas of Anderson and Fulton
[AF]. We give an independent treatment here, using the right divided difference
operators.

This paper is organized as follows. In Section 2 we recall the type C double
Schubert polynomials and the geometrization map m, from I'[X,,,Y,] to the equi-
variant cohomology ring of Sp,,, /B, and obtain canonical generators for the kernel
of m,. In Section 3 we define the statistics v(w) and A(w) of a signed permutation
w and prove the analogue of formula (7) for double theta polynomials. Section 4
examines some related facts about single type C Schubert polynomials, including
the scalar product with values in the ring ™) of W, -invariants. Sections 5, 6 and
7 study the corresponding questions in the orthogonal Lie types B and D.

I dedicate this article to the memory of Alain Lascoux, whose warm personality
and vision about symmetric functions and Schubert polynomials initially assisted,
and subsequently inspired my research, from its beginning to the present day.

2. DOUBLE SCHUBERT POLYNOMIALS OF TYPE C

2.1. Preliminaries. We recall the type C double Schubert polynomials of Ikeda,
Mihalcea, and Naruse [IMN1], employing the notational conventions of the intro-
duction, which are similar to those used in [AF]. These differ from the Schubert
polynomials found in [BH, IMN1] and our papers [T4, T5, T7], in that the ring
T is realized using the generators ¢, and relations (3) among them, instead of the
formal power series known as Schur @Q-functions, which are not required in the
present work. The connection between these power series and the Schubert poly-
nomials used here was first explained in [T2, T3] (in the case of single polynomials)
and [IMN1, T4] (for their double versions). We refer to [T5, Section 7.3] and [T7,
Section 5] for a detailed account of this history.

Let X := (x1,22,...) and Y := (y1,¥2,...) be two lists of commuting indepen-
dent variables, and set X,, := (z1,...,2,) and Y, := (y1,...,yn) for each n > 1.
The Weyl group for the root system of type C,, is the group of signed permuta-
tions on the set {1,...,n}, denoted W,,. We write the elements of W,, as n-tuples
(w1,...,wy), where w; := w(i) for 1 < i < n. The group W, = UxW}, is generated
by the simple transpositions s; = (i,i + 1) for ¢ > 1 together with the sign change
S0, which fixes all 5 > 2 and sends 1 to 1 (a bar over an integer here means a
negative sign). For w € W, we denote by £(w) the length of w, which is the least
integer ¢ such that we can write w = s;, - - - s;, for some indices i; > 0.
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There is an action of W, on I'[X, Y] by ring automorphisms, defined as follows.
The simple reflections s; for ¢ > 1 act by interchanging z; and z;4; while leaving
all the remaining variables fixed. The reflection so maps x; to —x1, fixes the z; for
j > 2 and all the y;, and satisfies

P
(8) so(cp) ==c¢p+2 ijlcp—j for all p > 1.
j=1
For each ¢ > 0, define the divided difference operator 0F on I'[X,Y] by

8gf:f_30f, 8;[']0: f_slf

for i > 1.
—2x1 Tj— Tit1
Consider the ring involution w : I'[X, Y] — I'[ X, Y] determined by

w(z;) = —y;, w(y;) = —;, w(cp) = ¢
and set 9} := wdfw for each i > 0.

The double Schubert polynomials €,, = €, (X,Y) for w € W, are the unique
family of elements of I'[X, Y] such that

Cus, 1 Lwsi) <lw), gy _ [ Cow i Usiw) < Lw),
0 otherwise, 0 otherwise,

() wg:{

for all i > 0, together with the condition that the constant term of &, is 1 if w =1,
and 0 otherwise. For any w € W, the corresponding (single) Billey-Haiman
Schubert polynomial of type C is €, (X) := &, (X,0). It is known that the €, (X)
for w € W form a Z-basis of I'[X] = I'[xy, 22, . . .], and the €, (X,Y) for w € W
form a Z[Y]-basis of I'[X,Y] = I'[z1,y1, T2, Y2, . . .]. See [IMN1] for further details,
noting that the polynomial called €, (z,¢; ) in op. cit., which is a formal power
series in the z variables, would be the polynomial denoted by €, (z,t) here.

In the sequel, for every i > 0, we set 0; := 0. For any w € W, we define a
divided difference operator 9,, := 9;, o - - -0 d;,, for any choice of indices (i1, ...,%)
such that w = s;, ---s;, and £ = f(w). According to [IMN1, Prop. 8.4], for any
u, w € Wy, we have

Copu— (X,Y) if L(wu™t) = l(w) — £(u),
0 otherwise.

(10) O@y(X,Y) = {

2.2. The set W™ and the ring I'[X,,,Y;,]. For every n > 1, let
WM = {w e Wao | Wny1 < Wnyo < --- 1.
Proposition 1. The €, (X) for w € W™ form a Z-basis of T[X,].

Proof. We have that €,(X) € I'[X,,] if and only if 9,,&,(X) = 0 for all m > n
if and only if w € W), Suppose that f € T'[X,] is a polynomial which is not in
the Z-span of the €,(X), w € W™, Then f can be written as an integer linear
combination of Schubert polynomials

(11) f(X) :Zer:w(X)

w

where there is at least one w with e, # 0 and w ¢ W), Hence for some m > n
we have 0,,&,, = €5, , and since 9, f = 0, we obtain from (11) a nontrivial linear
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dependence relation among the Schubert polynomials, which is a contradiction.
This proves that the €,,(X) for w € W™ span T'[X,,], and therefore the result. [

Proposition 2. The €, (X,Y) for w € W form a Z[Y]-basis of T'[X,,Y].

Proof. The €,(X,Y) for w € W4, are linearly independent over Z[Y]. By Propo-
sition 1 we know that the €,,(X) for w € W™ form a Z-basis of I'[X,,]. According
to [IMNT1, Cor. 8.10], we have

CW(X,Y) = D 6,1 (-Y)E,(X)
summed over all factorizations uv = w with £(u) + £(v) = (w) and u € S. Since
the term of lowest y-degree in the sum is €, (X), the proposition follows. O

Let ¢l = qu(f)(Xn,Yn) be the polynomial obtained from €, (X,Y) by setting
z; =y; =0 for all j > n.

Corollary 1. The el for w € W™ form a Z[Yy)-basis of T[X,, Yy].

2.3. The geometrization map m,. The double Schubert polynomials el (X,Y)
for w € W, represent the equivariant Schubert classes on the symplectic flag man-
ifold. Let {e1,...,ea,} denote the standard symplectic basis of £ := C?" and let
F; be the subspace spanned by the first ¢ vectors of this basis, so that Frf-_i =Fhq
for 0 < i < n. Let B denote the stabilizer of the flag F, in the symplectic group
SPa, = SPa, (C), and let T be the associated maximal torus in the Borel subgroup
B. The symplectic flag manifold given by M,, := Sp,,, /B parametrizes complete
flags F, in E with EX , = E,,4; for 0 <i < n. The T-equivariant cohomology ring
H(M.,,) is defined as the cohomology ring of the Borel mixing space ET xT M,,.
The ring H(M,,) is a Z[Y,]-algebra, where y; is identified with the equivariant
Chern class —c! (Fpy1_i/F_i), for 1 <i < n.

The Schubert varieties in M,, are the closures of the B-orbits, and are indexed
by the elements of W,,. Concretely, any w € W,, corresponds to a Schubert variety
X = X (F,) of codimension ¢(w), defined by

X :={E, € M, | dim(E, N Fy) > dy(r,s) for 1 <r <n,1<s<2n},
where d,, (r, s) is the rank function specified as follows. Consider the group monomor-
phism ¢ : W,, < So,, with image

C(Wn) = {w € Son | Wi + Wont1—i = 2n+1, for all Z},
and determined by setting, for each w = (wy,...,w,) € W, and 1 < i < n,
C(w); == n+1—wpy1—; if wyy1-; is unbarred,
E N+ Wpi1—g otherwise.
Then d,,(r,s) equals the number of ¢ < r such that ((w); > 2n —s. Since X,
is stable under the action of T, we obtain an equivariant Schubert class [X,]7 =
[ET xT X,] in H5(M,,).
Following [IMN1], there is a surjective homomorphism of graded Z[Y;,]-algebras
T D[ X0, Y] = HR (M)
such that

(Q:(n)) [XW]T if w e Wy,
Tn\Cw = .
0 ifwe W wW,.
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We let E; denote the i-th tautological vector vector bundle over M,,, for 0 < i < 2n.
The geometrization map 7, is defined by the equations

Tn(2:) = 1 (Bpy1-i/Fn_i) and ﬂn(cp)—c (E-FE,—F,)

for 1 <i<nandp>1. Here cg(E — E,, — F,,) denotes the degree p component of
the total Chern class ¢/ (E — E,, — F,,) := ¢ (E)c(E,) el (F,)~ L.

2.4. The kernel of the map 7,,. For any integer j > 0 and sequence of variables
Z = (z1,%2,...), define the elementary and complete symmetric functions e;(Z)
and h;(Z) by the generating series

ﬁ 1+ zt) Ze] tj and Hl—zl Zh
i=1

respectively. If r > 1 then we let €} (Z) := ¢;(21,. .., 2,) and h;(Z) =h;(z1,...,2)
denote the polynomials obtained from e;(Z) and h;(Z) by setting z; = 0 for all
j > . Let e9(Z) = hi(Z) = do;, where do; denotes the Kronecker delta, and for

7 <0, define h}(Z) :=e;"(Z) and €}(Z) := h;"(Z).
For any k,k’ € Z, define the polynomial kck, = kc’;/ (X,Y) by

ZZCP j—il )hk/( Y).

=0 j=0
Definition 1. Let

£ .= Z["cy, ey,
and let IT‘(n) be the ideal of I'[X,,,Y,] generated by the homogeneous elements in
'™ of positive degree.

For any p € Z, define €, € Z[X,,,Y,,] by
& = 6p(Xn/Yn) == D e Xn)hi(—Yn).
i+j=p

We then have the generating function equation

(12) i"cg = (i cptp> znjéjtj = (i cptp> ﬁ 11%2
p=0 p=0 7=0 p=0 j=1 Yi

Lemma 1. We have I?(n) c Kerm,.

Proof. 1t suffices to show that "c; € Kerm, for each p > 1. We give two proofs of
this result. A straightforward calculation using Chern roots shows that

Wn(kc];/) = cg(E —En k= Foyw)

for all p,k,k' € Z. Since E = F,,, we deduce the lemma from this and the
properties of Chern classes.

Our second proof proceeds as follows. There is a canonical isomorphism of Z[Y},]-
algebras

Hp (M) = Z[Ap, Y]/ Kn,
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where A,, := (a1,...,a,) and K, is the ideal of Z[A,,Y,] generated by the dif-
ferences e;(A2) — e;(Y,2) for 1 < i < n (see for example [F2, Section 3]). The

geometrization map m, satisfies 7, (z;) = —a; for 1 < j < n, while
Wn(cp) = Z ez’(An)hj(Yn)a p=>0.
i+j=p

A straightforward calculation using (12) gives
> "1 — a?t?
_ j
p=0 j=1 J

On the other hand, we have

n 1— a2t2 n n
it 2,2 2
Hl—y%?_H H(l—ajt)—H(l— Zh 2y
Jj=1 J Jj=1 Jj=1
=1+ <Z( 1" (er(A2) — e, (Y, t2T> Zh 242
r=0
The result follows immediately. ([l

For any three integer vectors «, 3, p € Z*, which we view as integer sequences
with finite support, define #c? := Plc'gll P2 cgg -+-. Recall that for each i < j, the
operator I;; acts on integer sequences o = (a1, 9,...) by

Rij(c) = (a1,...,o5+1,...,05 —1,...).
A raising operator R is any monomial in these R;;’s. Given any raising operator
R = HK] Rfjﬂ let RPcP = pcga. Finally, define the multi-Schur Pfaffian Q5 by
(13) Q5 = R>"c]
where the raising operator expression R*° is given by
1- Ry
=115 n R”

1<J

The name ‘multi-Schur Pfaffian’ is justified because ?Q” is equal to the Pfaffian of
the r x r skew-symmetric matrix with

{pi,pj Qﬁi,ﬁj } { — R PisP; CB“BJ }
i, o :
7 ) 1<i<i<r 14+ Ryo & 1<i<j<r

above the main diagonal, following Kazarian [K]; here r = 2|¢/2]. We adopt the
convention that when some superscript(s) are omitted, the corresponding indices
are equal to zero. Thus * cp 1= kcg, c’;/ = Ock Peq =[], "¢ a , = R Pc,,
Qo := R c,, etc.

If A= (A1 > X2 > -+ > )\y) is a strict partition of length ¢, let wy be the
corresponding increasing Weyl group element, so that the negative components of
wy, are exactly (—Aq,...,—Ap).

Lemma 2. If A is a strict partition with A1 > n, then Q:S,f;) (Xn,Y,) € ﬁ"(n).
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Proof. For p > 0, recall that ¢, :=%¢,;™ € T[Y,,], so that we have

Zc;” tr = (Z cptp> H(l —y;t).
p=0 p=0

j=1

One has the generating function equation

(14) <Z nen tp> (Z c;”(—t)p> = e (Xt
p=0 p=0

It follows from (14) that

= e e (<1 ") = ep(X)
for each p > 0. We deduce that c;” S I?(n) when p > n + 1.
According to [IMN1, Thm. 6.6], we have

(15) Cu (X, V) = Q5N = R SNV
in I'[X, Y], where 5()) is equal to the integer vector (1 — A1,...,1— Ap). It follows
that

n =B
(16) Q:EU)\ (XmYn) = A( )

where @f(k) is obtained from Qﬁ()‘) by setting y; = 0 for all j > n. The conclusion
of the lemma now follows immediately by expanding the raising operator formula

(15) for the double Schur @-polynomial @f(k) and noting that in each monomial of

the result, the first factor is equal to ¢, ™ for some p > n. O
(n) _ =)

Lemma 3. For any w € Woo N\ W, we have &, € II'" .

Proof. For any positive integers i < j we define reflections t;; € Soo and t;;,t; €

Woo by their right actions

(...,wi,...,wj,...)fij:(...,Ej,...,ﬁi,...), and
(,wl,)f“:(,ﬁz,),

and let fji = El]

Let w be an element of W,. According to [B, Lemma 2], if ¢ < j, then {(wt;;) =
f(w) + 1 if and only if (i) —w; < wj, (ii) in case ¢ < j, either w; < 0 or w; < 0,
and (iii) there is no p < ¢ such that —w; < w, < w;, and no p < j such that
—w; < wp < Wj.

The group W, acts on the polynomial ring Z[y1, yo, . . .| in the usual way, with
s; for ¢ > 1 interchanging y; and y;41 and leaving all the remaining variables fixed,
and so mapping ¥ to —y; and fixing the y; with j > 2. Let w € W be non-
increasing, let r be the last positive descent of w, let s := max(i > r | w; < w,),
and let v := wt,;. Following [IMN1, Prop. 6.12], the double Schubert polynomials
¢, = €, (X,Y) obey the transition equations

(17) &y = (zr —v(yr))& + Z Cot,, + Z €t

1<i<r i>1
(vt )=£(w) £(vE)=£(w)
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in I'[X,Y]. The recursion (17) terminates in a Z[X,Y]-linear combination of ele-
ments €, (X,Y) for strict partitions v.

For any w € Wy, let u(w) denote the strict partition whose parts are the
elements of the set {|w;| : w; < 0}. Clearly we have u(w) = p(wu) for any
u € Se. In equation (17), we therefore have u(v) = p(vt;) = p(w). Moreover,
condition (i) above shows that the parts of u(vé;) are greater than or equal to the
parts of u(w). In particular, if u(w); > n, then p(vt; )1 > n.

Assume first that w € W, 11 \W,,. If w; = —n—1 for some ¢ < n+1, we use the

transition recursion (17) to write ¢ asa Z[ X, Yy ]-linear combination of elements
(n) _ ()
w

C&,n) for strict partitions v with v; > n. Lemma 2 now implies that &, € II'" ".

Next, we consider the case when w; = n + 1 for some i < n. Let
{va, ...y un} = {wi,..., Wi,...,wy}
with vy > -+ > v,, and define
u:=(Mm+1,v,...,0,, Wnt1) € Wy
and L
ui=usog=(n+1,v2,..., 05, Wnt1)-
We have le) € IT‘(n) from the previous case, and, using (9), that 00(03(;)) = @&n).
For any integer i € [0,n— 1], it is easy to check that s;("c)) = "¢}, and therefore
that 0;("cp) = 0. It follows that 81»(IT(")) cIl

(n)

Q(ﬁn) € IAF(n), we deduce that (‘qun) eI, There exists a permutation o € .S,, such
that v = wo and £(0) = {(u) — ¢(w). Using (10), we have e = 86(657))7 and
hence conclude that d;’ ) lies in I?(n).

Finally assume w ¢ W,,; and let m be minimal such that w € W,,. Then

w € W,, ~ Wy,_1, so the above argument applies with m — 1 in place of n. The
result now follows by setting z; = y; = 0 for all j > n. ]

™ for all indices ¢ € [0,n —1]. Since

Theorem 1. Let J,, := @ ey, Z[Ya] . Then we have

(18) " == 3 zmeld =Kern,.
WEWoo \Wy,

We have a canonical isomorphism of Z[Y,]-algebras
X ~ =~ (n)
H7(Spa, /B) = T[X, Yo /T

Proof. Lemmas 1 and 3 imply that

(19) e >zl ¢ " c Kerm,.

WEWoo \W,y,

We claim that Kerm,, C J,. Indeed, if f € Kerm, then by Corollary 1 we have a
unique expression

(20) F= > fue
weW (n)
for some coefficients f,, € Z[Y,]. Applying the map 7, to (20) and using (19) gives

> fulXu]" =0

weW,
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Since the equivariant Schubert classes [X,,|T are a Z[Y,,]-basis of H}(Sps,, /B), we
deduce that f,, = 0 for all w € W,,. It follows that f € .J,. O

Remark 1. (a) It is easy to show that "cj lies in >,y Z[Yn]df) for all
n,p > 1. This follows from the fact that "¢} = "*pflcz(gner_lHl_p(Xn, Y,) is equal

to the (restricted) double Schubert polynomial ng(l), where

w(p) = SnSn+1 - Sndp—1-
In fact, €y, (X,Y) is equal to the double theta polynomial "*?~'0,,(X,Y) of level
n+p— 1, for every p > 1 (the definition of "*?=10,(X,Y) is recalled in (30)).

(b) The equality >, cy _w, Z[Yn]cfgl) = Kerm, in (18) was proved earlier in
[IMN1, Prop. 7.7] using different methods.

For any elements f,g € T'[X,,,Y,], we define the congruence f = g to mean

f—gc€ I/f‘(n). We claim that any element of I'[X,,,Y},] is equivalent under = to a
polynomial in Z[X,,,Y,]. Indeed, we have that

(21) (Z nen tp> (Z cp(—t)p> => et
p=0 Jj=0

p=0
It follows from (21) that

(22) eyt (1) e =6

for each p > 0. The relation (22) implies that ¢, = (—1)Pe,(X,,/Y,), for all p > 0,
proving the claim.
We deduce that ¢, = (—1)!*ley(X,,/Y;,) for each integer sequence «, and that

Q= Qa(0) = (-1)NON(X/Yn)
for any partition A. Here Qv,\(Xn /Y,) denotes a supersymmetric Qv-polynomial,
namely _
O\ Xn/Yn) = R ex(X,/Yn).
The reader can compare this with the remarks in [T5, Section 7.3].

2.5. Partial symplectic flag manifolds. Following [Bo, KK], there is a standard
way to generalize the presentation in Theorem 1 to partial flag manifolds Sp,,, /P,
where P is a parabolic subgroup of Sp,,,. The parabolic subgroups P containing
B correspond to sequences a : a; < --- < a, of nonnegative integers with a, < n.
The manifold Sp,,, /P parametrizes partial flags of subspaces

0OCE,C---CE,CE=C"
with dim(E;) =n — ap41—; for each j € [1,p] and E, isotropic.

A sequence a as above also parametrizes the parabolic subgroup Wp of W,,, which
is generated by the simple reflections s; for i ¢ {ai,...,a,}. Let T[X,, Y,]"? be
the subring of elements in I'[X,,,Y,,] which are fixed by the action of Wp, that is,

DX, Y "7 = {f €eT[Xp, Yol | si(f) = f, Vi¢ {ar,...,ap}, i <n}.
Since the action of W, on T'[X,,,Y,] is Z[Y,,]-linear, we see that T'[X,,Y,]"? is a
Z[Y,]-subalgebra of T[X,,,Y,]. Let W¥ C W) denote the set

]
Wt = {we W) | L(ws;) =l(w) +1, Vi¢ {ai,...,ap}, © <n}.
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Proposition 3. We have
(23) I[X,, Y,V = @ z[va)el.
weWFP
Proof. If f is any element in I'[X,,,Y,]"?, Corollary 1 implies that we have an

expansion f =Y 1) dw ¢™ for some coefficients d, in Z[Yy,). Ifu ¢ WP there
is an index ¢ < n with ¢ ¢ {a1,...,a,} and l(us;) = ¢(u) — 1. We have 0;f = 0,
and on the other hand, using (9), we see that

0if = e

summed over all u such that £(us;) = £(u) — 1. It follows that d,, = 0 for all such u,
and thus that I'[X,,, Y,,]"* is contained in the sum on the right hand side of (23).

For the reverse inclusion, is suffices to show that dj’ ) ¢ L[X,,, Y,|"? for all
w € WP, The definition of W implies that we have 8&517 ) = 0, or equivalently

s, = ¢ for all i < n with i ¢ {a1,...,ap}. The result follows. O
Corollary 2. There is a canonical isomorphism of Z[Y,]-algebras

H3(Spay, /P) = T[X,, YoV /1T

where IAI‘ES) is the ideal of T[X,, Y,])"? generated by the homogeneous elements in
T of positive degree.

Proof. Tt is well known that the canonical projection map h : G/B — G/P induces
an injection h* : H}(Spy,, /P) < H7}(Sp,y, /B) on equivariant cohomology rings,
with the image of h* equal to the Wp-invariants in H}.(Sp,,, /B) (see for example

[KK, Cor. (3.20)]). In fact, since the e for w € WPNW, represent the equivariant
Schubert classes coming from H%.(Sp,,, /P), we deduce from Proposition 3 that the
restriction of the geometrization map 7, : I'[X,,,Y,] — H}(Spy,, /B) to the Wp-
invariants induces a surjection

L[X, Yol = H7(Spay, /P).

The result follows easily from this and Theorem 1. O

3. DIVIDED DIFFERENCES AND DOUBLE THETA POLYNOMIALS

3.1. Preliminaries. For every ¢ > 0, the divided difference operator 0, = 0 on
I'[X,Y] satisfies the Leibnitz rule

(24) 0i(fg) = (0if)g + (sif)0ig-

Observe that w(*cy) = ~"¢,*, for all k,r,p € Z. By applying this, it is easy to

prove the following dual Versmns of [IM, Lemmas 5.4 and 8.2].
Lemma 4. Suppose that k,p,r € Z. For all i > 0, we have
N

P 0 otherwise.

Lemma 5. Suppose that k > 0 and r > 1. Then we have

k —r _ k+1 —r+1 1
;" =" — (w1 +ye) Fe o T
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We also require the following lemma.

Lemma 6 ([IM], Prop. 5.4). Suppose that k,r > 0 and p > k + r. Then we have

(kyeskskykg) (T =T =Thme)
Q(pl SPiPsePe) 0.
3.2. The shape of a signed permutation. We proceed to define certain statistics
of an element of W.

Definition 2. Let w € W, be a signed permutation. The strict partition u =
w(w) is the one whose parts are the absolute values of the negative entries of w,
arranged in decreasing order. The A-code of w is the sequence v = ~(w) with
vi = #{j > i | w; < w;}. We define a partition § = 6(w) whose parts are the
non-zero entries v; arranged in weakly decreasing order, and let v(w) := 6(w)’" be
the conjugate of ¢. Finally, the shape of w is the partition A(w) := p(w) + v(w).

It is easy to see that w is uniquely determined by p(w) and ~(w), and that
|M(w)| = £(w). The shape A(w) of an element w € W, is a natural generalization
of the shape of a permutation, as defined in [M2, Chp. 1].

Example 1. (a) For the signed permutation w := (3,2,7,1,5,4,6) in Wy, we
obtain u = (7,6,3,1), v = (2,3,0,1,2,1,0), 6 = (3,2,2,1,1), v = (5,3,1), and
A= (12,9,4,1).

(b) An element w € Wy, is n-Grassmannian if ¢(ws;) > ¢(w) for all i # n, while a
partition A is called n-strict if all its parts A; greater than n are distinct. Following
[BKT1, Section 6.1], these two objects are in one-to-one correspondence with each
other. If w is an n-Grassmannian element of W, then A(w) is the n-strict partition
associated to w, in the sense of op. cit.

Lemma 7. Ifi > 1, w € Wy, and v = y(w), then
Vi > Vi1 S w; > wiyr < L(ws;) = L(w) —
If any of the above conditions hold, then
Y(wsi) = (V- Vim 1 Vit 1, Vi — L Yit2s Vitss -+ )
Proof. These follow immediately from [M2, (1.23) and (1.24)]. O

Let B(w) be the sequence defined by f(w); = min(1 — u(w);,0) for each ¢ > 1.
For each n > 1, let w(()") := (1,...,m) denote the longest element in W,,.

Proposition 4. Suppose that m > n > 0 and w € Wy, is an n-Grassmannian

element. Set W := ww(()"), Then we have

Ca(X,Y) =" QYY)

in the ring T Xy, Yim—1]. In particular, if w € Sy,, then we have

S (1—=wn,..., 1—wq)
Ca(X,Y) ="""Q5 5" i nwy -

Proof. We first consider the case when w € S,,,. We have
w=(a1,...,an,d1,...,d;)
wherer=m—n,0<a; < ---<ap and 0 < dy < --- < d.. If A := A(w) then
Aj=n+j—dj=m—d;—(r—j) for1<j<r.
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Let w(™ := (I,...,m) be the longest element in W,,. Then we have w(™ =

vy - - - vy, Where Z(wém)) = {(w) + 22:1 {(vj) and
Vj = Sp4j5—1"""515051 " 'de_1, 1 < j <r.

One knows from [IMNI, Thm. 1.2] and [T7, Prop 3.2] that the equation
— 'm. 1
Q:w[()m,) (X,Y) Q[s +5

m m—1

holds in I'[X, Y]. It follows from this and (10) that

(25) Co =y, - Oy, (ngm’) = 8y, Oy, ( il 1) .
Using Lemmas 4 and 5, for any p,q € Z with p > 1, we obtain
- -1 - - 11—
(26) Bp(Pey?) =P 1ea?y =Pk — (4 ) Pl R,
Let €; denote the j-th standard basis vector in Z™. The Leibnitz rule and (26)
imply that for any integer vector o = (a1, ..., ), we have
8p (57%10;5’”71) _ 57%10;57:;1_1'6mfp _ (xp + yp) 671L7176'"L7pca 5?56;"";7" P

We deduce from this and Lemma 6 that

) 1 m—1 _ 1 m—1T€m—p
O Q5m+6m = Q5m+6m L —€m_p

_ (mfl,...,l,O)Q(l m,...,—1—p,1-p,1-p,2—p,...,—1,0)
- (2m—1,...,2p+3,2p,2p—1,2p-3,...,1) *

Iterating this calculation for p = d, — , 1 gives
_(m 1,0) .y—=dr,2—d,,3—d,,...,—1,0,0)
(01 adr*1)6w3m> = Q 2m 1. o 2dy+1,2d, —2,2d, —4,...,2,1)"
Since 9y(°c?) = ~1cd = 1, it follows that
. 1) —dy2—dyp,3=dy,...,~1,0)
(G001 adv-*l)cwg’”’ = Q 2m 1, 2d7.+1,2d,.—2,2d7.74,...,2)‘

Applying Lemma 4 alone m — 1 times now gives

6o~ (I=mye—dp,2—=dy,3—dp,=1,0) 5, 5 A(1=m,....T—dy,...,0)
Bv. (€ yom) = Qlom-2..".2d, 24, "3.....1) - Q5,10 a Im—dr”

Finally, we use (25) and repeat the above calculation  — 1 more times to get
e
Cg = 1Q§n+6n71+£’
where
p=0-m,....;1—dp,...;1—dy,...,—1,0) = (1 —wp,...,1 —w)
and
T
€= Z 1 m—d;j—(r—3) — Z 1nti—di — Z 1N — /
j=1 j=1
Next consider the general case. Let p > n and suppose that

W= (A1, Wiy yeen s Qs evey Ay =iy e ey =y, d, e dy)
wherer=m—p,0<a; <---<apand 0<dy <--- <d,. If
u:i=(a1,...,ap,d1,...,dy)
and U := uw(()p), then

(27) @ = @v
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where 11;- = 8p_j - 8i,—jr28i;—j41 for 1 < j < p—n. Now €z is known by the
previous case, and

Co=0y .+ 0u(Ca).

The proof is now completed by induction, using Lemma 7. The key observation is
the following: Suppose that

Ug=U> UL > >Ug =W

is the sequence of coverings in the right weak Bruhat order corresponding to the
factorization (27), so that u; 11 = u;s,, with ¢(u;41) = £(u;)—1 for each i € [0, d—1].
Then if v := 7(u;), we have y,, 41 = v, —1. Therefore Lemma 7 implies that y(u;4+1)
has two equal entries in positions r; and r; + 1. Moreover, y(u;) is a partition for
all j € [0,d], and hence v(u;) is the conjugate of y(u;). O

Remark 2. The work of Anderson and Fulton [AF] associates a partition A to
certain triples of ¢-tuples of integers which define a class of symplectic degeneracy
loci. The shape A(w) of an element w € W, in Definition 2 (and its even orthogonal
counterpart in Definition 5) is consistent with op. cit. In particular, Propositions
4 and 12 follow from the more general formulas for double Schubert polynomials
which are established in [AF]. We give here an alternative proof, using [IMNT1,
Thm. 1.2] and the right divided difference operators.

3.3. Double theta polynomials and alternating sums. Let n > 0 and w €
We be an n-Grassmannian element. Let A = A\(w) be the n-strict partition which
corresponds to w, define a sequence S(A\) = {B;(A\)}i>1 by

Wnai + 1 if wyay <0,
(28) Bi(A) = { i Lo
Wy if Wp4i > 0,

and a set of pairs C(\) by
(29) CN\) == {(i,j)) ENxN|1<i<j and wni +wns, <0}

(this agrees with the set C(\) given in the introduction). The double theta polyno-
mial "O(X,Y) of [TW, W] is defined by

(30) ronX,Y) =0 -Ry) [ (Q+Ry " (e)5>.
1<J (i,j)GC()\)

In the above formula, for any integer sequence a = (aq, g, .. .), we let (”c)g(A) =
Hi”cgfio‘), and the raising operators R;; act by Rij(”c)g()‘) = ("c)%(j‘zY Note
that "0,(X,Y) lies in I'[X,,,Y] for any n-strict partition A. To be precise, the
polynomial "©,(X,Y) is the image of the double theta polynomial ©(c|t) of
[TW] (with k£ = n) in the ring I'[X,,, Y.

Let A:T[X,,Y] — I'[X,, Y] be the operator given by

Alf) =D (D) ™w(f).

weWw,

Let wg = w(()") denote the longest element in W,, and set @ := wwy.
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Theorem 2. Let A\ be an n-strict partition and w be the corresponding n-Grassmannian
element of Wy. Then we have

(31) "OA(X,Y) = Dy, (V(@)Qfggi)

(32) — (_1)n(n+1)/2 A (U(@)Qfgg;)/A(xtanL(;n_l).

Proof. We deduce from (9) that the double Schubert polynomial €,,(X,Y") satisfies
(33) CW(X,Y) = O, (€a(X,Y)).

The equality (31) follows from (33), Proposition 4, and the fact, proved in [IM,
Thim. 1.2], that €,(X,Y) = "0, (X,Y) in the ring T[X,, Y].
To establish the equality (32), recall from [D, Lemma 4] and [PR, Prop. 5.5] that

we have
-1

811)0 (f) = (_1)n(n+1)/2 2nxl 27 H (1‘12 - .’I}?) ’ 'A(f)
1<i<j<n
On the other hand, it follows from [PR, Cor. 5.6(ii)] that
) (w§n+5n,1) — (_1)"L(7L+1)/2

wo

and hence that
A(x(sn“r(sn—l) — 2”111 SR 7% H (1‘22 *ZC2)

J
1<i<j<n

The proof of (32) is completed by using these two equations in (31). O

4. SINGLE SCHUBERT POLYNOMIALS OF TYPE C

In this section, we work with the single type C Schubert polynomials €,,(X).
The entire section is inspired by [LS1, LS2, M2] and [PR, LP1].

4.1. Theta polynomials as Weyl group invariants. Let y : I'[X,,] — Z be the
homomorphism defined by x(c,) = x(x;) = 0 for all p,j. In other words, x(f) is
the constant term of f, for each polynomial f € T'[X,,].

Proposition 5. For any f € I'[X,], we have f = iy X(Owf)Cuw(Xn).

Proof. By Proposition 1 and linearity, it is only necessary to verify this when f is a
Schubert polynomial €,(X,,), v € W), In this case, it follows from the properties
of Schubert polynomials in Section 2.1 that x (0, (€, (X,,))) is equal to 1 when w = v
and equal to zero, otherwise. (Il

Following [BKT1, Section 5.1], let
rm .= Z["c1,"ca,. .

be the ring of theta polynomials of level n. Notice that the elements denoted by
9-(z;y) in loc. cit. correspond to the generators "¢, here. According to [BKT1,
Thm. 2], the single theta polynomials "©, = "0, (X) for all n-strict partitions A
form a Z-basis of I'™. In the next result, the Weyl group W, acts on the ring
I'[X,] in the usual way.

Proposition 6. The ring '™ is equal to the subring T[X, V" of W,,-invariants
in T[X,].
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Proof. We have g € T'[X,,]"~ if and only if s;g = g for all i € [0,n — 1] if and only
if 9;g = 0 for 0 < i < n — 1. Suppose that f € I'[X,,]"» and employ Proposition 1
to write

(34) FX) = ) aw€u(Xn).

weW ()

Applying the divided differences 9; for ¢ € [0,n — 1] to (34) and using (9), we
deduce that a,, = 0 for all w € W such that £(ws;) < £(w) for some i € [0,n —1].
Therefore, f is in the Z-span of those €,(X,) for w € W™ with £(ws;) > £(w)
for all ¢ € [0,n — 1]. These are exactly the n-Grassmannian elements w in W.
According to [BKT1, Prop. 6.2], for any such w, we have €, (X,) = "0 (X) in
I[X,]. It follows that f is a Z-linear combination of theta polynomials of level n,
and hence that f € T(™). The converse is clear, since 9;h = 0 for all i € [0,n — 1]
and h € I, 0

Example 2. It follows from Proposition 6 that

™ N Z[X,] = Z[X]"" = Ze1 (X2),. .., en(X3)],

where X2 := (22,...,22). This can also be seen directly, using the identities

(ncp)2 +2 Z(*l)i ("epri)("ep—i) = BP(XTZL)

for all p > 0 (compare with [BKT1, Eqn. (19)]).

Let IT(™ = ("¢;,"cy,...) be the ideal of T'[X,,] generated by the homogeneous
elements in T'™ of positive degree. For any parabolic subgroup P of Spa,,, let
IFgL) be the corresponding ideal of I'[X,,]"V?, and set W := WP nW,. The
following result about the cohomology ring of Sp,,, /P is an immediate consequence
of Theorem 1, Corollary 2 and the discussion in Section 2.

Corollary 3. There is a canonical ring isomorphism
H*(Spy,, /B) = I'[X,] /1™

which maps the cohomology class of the codimension £(w) Schubert variety X, to
the class of the Schubert polynomial €,,(X), for any w € W,,. Moreover, for any
parabolic subgroup P of Sp,,,, there is a canonical ring isomorphism

H*(Spy, /P) = X, "7 /I
which maps the cohomology class of the codimension £(w) Schubert variety X, to

the class of the Schubert polynomial €, (X), for any w € W,

Example 3. The version of Lemma 2 for single polynomials states that if A is a
strict partition of length £ and p > max(n, A1), then Q(, ) € IT(™) . We can exhibit
this containment more explicitly as follows. For any integer m > n, we have

oo

Cm = z:(—l)j*1 Cm—j"Cj.
j=1
This implies that for any integer vector a = (v, ..., ay), the equality

o0

j—1 n
Clm,a) = Z(_l)J Cim—j,a) Cj
Jj=1
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holds, and therefore, by applying the Pfaffian operator R*°, that

(35) Qun = Y (=17 Qpjn"cs.

j=1
It is important to notice that the terms Q(,—; ) in (35) can be non-zero even when
p —j < 0. The ‘straightening law’ for such terms was found by Hoffman and
Humphreys. For any integer k, let n(k) := #{i | A\; > |k|}, and define the sets

Ay={re0,p—1] | r# X foralli <¢} and Bjy:={\,..., A}
It follows from [HH, Thm. 9.2] that for any integer k < p, we have

(=1)"™ Qxun it k€ Ay,
Qe = § (DM 2Q,\jyy if [k| € Ba,
0 otherwise,

where AUk and A \ |k| denote the partitions obtained by adding (resp. removing)
a part equal to k (resp. |k|) from A. Applying this in (35), we obtain

(36) Q(p,)x) — Z (_1)p—1—r+n(r) Q)\Urncpir +92 Z (_1)17—1+n(r) Q/\\rnCerr-
reAy reBy

The particular case of (36) when (p, \) = 6,41 reads
Q5n+1 = W, CnJrl + 22 QE,L\T Cn+4l4r-

4.2. The ring T'[X,] as a I'™-module. Set e, := e,(X,,) for each p € Z, and
recall that e, := [], eq, for any integer sequence c. Let P, denote the set of all
strict partitions A with A\; < n.

Proposition 7. T'[X,,] is a free T -module of rank 2"n! with basis
{ex(=Xp)z® | A EPp, 0<a; <nm—1i, i€[l,n]}.

Proof. Tt is well known (see e.g [M2, (5.1')]) that I'[X,,] is a free I'[ey, . . ., e, ]-module
with basis given by the monomials z® with 0 < a; < n —i for ¢ € [1,n]. Tt will
therefore suffice to show that T'[ey, ..., e,] is a free I'™-module with basis ex(—X,,)
for A € Pp,. Setting y; = 0 for 1 < j < n in equation (21) gives

E(Xp,t) Zeptp = (Z cptp> <i cp(t)P> .

Using this and the relatlons (3), we obtain

BE(X,, ) E(Xp, —t) = (i%,,f) (00 %,,(t)?)
p=0 p=0

and therefore that
)+2 Z Yepri(—Xn)ep_i(—X,) e 1™

for each p > 1. It follows that the monomials ey(—X,,) for A € P, generate
T'le1,...,en] as a T(™-module. Tt remains to prove that these monomials ey(—X,,)
are linearly independent over I'(").
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We claim that the Schubert polynomials €, (X,,) for w € W,, are linearly inde-
pendent over I'™) . Indeed, suppose that

Z fwew(Xn) =0

weW,

for some coefficients f,, € '™ and that v € W,, is an element of maximal length
such that f, # 0. Then, by applying (10), we have

0=0, < Z fwc:w(Xn)> = fvav(ev(Xn)) = fo,
weW,

which is a contradiction, proving the claim. We have used here the fact that the

divided differences 9; are I'"™)-linear for each i € [0,n — 1].

It follows that the Schur @Q-polynomials Q@ = Qx(c) for A € P, are linearly
independent over I'™) (since these are exactly the Schubert polynomials €, (X,,)
which lie in T', with w = wy € W,,). But the elements {Q»} and {c\} for A € P,
are related by an unitriangular change of basis matrix, and so are the elements
{ea} and {ex(—=X,)}. It follows that the @, for A € P, generate I'[e1,...,e,] as a
I'™-module, and hence that the three aforementioned sets each form a basis. [0

Following [PR], for any partition A, the @-polynomial is defined by
(37) Qx(X,) = R® ex(X,,).

Corollary 4. The ring T'[X,,] is a free T[X,]%"-module with basis {&(X)} for
@ € S,. The ring T[X,]% is a free T -module with basis {Qx(—Xn)} for
A € P,. The ring T[X,] is a free T0)-module on the basis {€,(X,)} of single
type C Schubert polynomials for w € W, and is also free on the product basis
{Ox(—X0)6(X)} for N € P, and w € S,,.

Proof. Since I'[X,,]%" = T'[eq,...,ey,], the first statement follows from Proposition
7 and [M2, (4.11)]. The assertions involving the polynomials Qx(—X,,) are justified
using Proposition 7 and equation (37), and the fact that the Schubert polynomials
{€w(X,)} for w € W, form a basis is also clear. O

4.3. A scalar product on I'[X,,]. Recall that wy = (1,...,7) denotes the element
of longest length in W,,. If f € T'[X,,], then 0;(0w, f) = 0 for all ¢ with 0 < ¢ <n—1.
Proposition 6 implies that d,,(f) € ™, for each f € T[X,,].

Definition 3. We define a scalar product ( , ) on T'[X,], with values in T by
the rule

<f7g> = 8wo(fg)a fngF[Xn]'

Proposition 8. The scalar product { , ) : T[X,] x'[X,] — T 4s T _linear. For
any f,g € T[X,] and w € W, we have

<awf7 g> = <.f7 6wflg>'

Proof. The scalar product is I'"™-linear, since the same is true for the operator Owg -
For the second statement, given f,g € I'[X,], it suffices to show that (9;f,g) =
(f,0:9) for 0 <4 <mn— 1. We have

(0if,9) = 0w, ((9if)9) = Ouwos;0i((9if)g) = Ouys; ((0i f)(ig))
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because s;(9;f) = 0;f. The expression on the right is symmetric in f and g, hence

(0if,9) = (0ig, [) = (f, 0ig),

as required.

(]
Proposition 9. Let u,v € W,, be such that £(u) + £(v) = n?. Then we have
1 if v=wpu,
<€u(Xn)a QU(XH» = .
0 otherwise.
Proof. Using (10) and Proposition 8, we obtain
<¢u(Xn)v €v()(n» = <au*1wo€wo (Xn)v Q:v(Xn» = <¢wo (Xn)’ 8wou€v(Xn)>'
Also L(wou) = L(wo) — £(u) = £(v), and we deduce that
1 ifv=
6w0u€v<Xn) = nY zfjou,
0 otherwise.
Since (€ (Xn); 1) = Owy (o (X)) = 1, the result follows. O

Although the elements of the T'™-basis {Qx(—X,)6=(X)} of T[X,] do not
represent the Schubert classes on the symplectic flag manifold, this product basis
is convenient for computational purposes. Indeed, following Lascoux and Pragacz
[LP1] (in the finite case), one can identify the dual I'"™)-basis of I'[X,,] relative to
the scalar product ( , ), by working as shown below.

Let wp = (n,n — 1,...,1) denote the permutation of longest length in S,,, and
define vy 1= wowy = wowy. We have
(38) Owe = Ovp Oy = Oy Ouy-

We define a T'[X,,]%"-valued scalar product ( , ) on I'[X,] by the rule

(f’ g) = 8wo(fg)a f)g € F[Xn]

According to [M2, (5.12)], the Schubert polynomials &,(X) for u € S,, satisfy the
orthogonality relation

(GU(X)ﬂ WOGu’wo(*X)) = (;u,u’

for any u,u’ € S,,.
Furthermore, define a T'("™)-valued scalar product { , } on T'[X,,]

{fag} = avo(fg)v fagEF[Xn]Sn
According to [PR, Thm. 5.23], for any two partitions A, u € P,,, we have
{é)\(_Xn)a één\u(_Xn)} - 5)\,;u

where §,, \ p is the strict partition whose parts complement the parts of p in the
set {n,n —1,...,1}, and 0, , denotes the Kronecker delta.
Observe that (, ) is T'[X,,]%"-linear and { , } is T'")-linear. Then (38) gives

(f:9) ={(f,9)}, forany f,g € I'[X,],

and moreover the orthogonality relation

<é)\<_Xn)6u(X)7 @5n\u(_Xn)(w06u’wo (_X)>> = 5u,u’6)\,u

Sn by the rule
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holds, for any u,u’ € S, and A\, € P,. The reader should compare this to the
discussion in [LP1, Section 1].

5. DOUBLE SCHUBERT POLYNOMIALS OF TYPES B AND D

5.1. Preliminaries. Let b := (b1,bs,...) be a sequence of commuting variables,
and set by := 1 and b, = 0 for p < 0. Consider the graded ring I'V which is the
quotient of the polynomial ring Z[b] modulo the ideal generated by the relations

p—1
b2 +2) (=1)'bpyibyi + (—1)Pby =0, forallp > 1.
=1

The ring I' is isomorphic to the ring of Schur P-functions. Following [P], the
P-functions map naturally to the Schubert classes on maximal (odd or even) or-
thogonal Grassmannians. We regard I' as a subring of IV via the injective ring
homomorphism which sends ¢, to 2b, for every p > 1.

The Weyl group for the root system of type B,, is the same group W,, as the
one for type C,,. The Ikeda-Mihalcea-Naruse type B double Schubert polynomials
B, (X,Y) for w € W, form a natural Z[Y]-basis of I'[X,Y]. For any Weyl group
element w, the polynomial %B,,(X,Y") satisfies

B,(X,Y)=2"W¢g, (X,Y),

where s(w) denotes the number of indices ¢ such that w; < 0. The algebraic theory
of these polynomials is thus nearly identical to that in type C, provided that one
uses coefficients in the ring Z[1].

If 8], = B, (X,Y) is the polynomial obtained from B,,(X,Y) by setting z; =
y; = 0 for all j > n, then the B!, for w € W™ form a Z[Y,]-basis of I'[X,,Y,].
The polynomials B/, for w € W, represent the equivariant Schubert classes on the
odd orthogonal flag manifold SOs,,41 /B, whose equivariant cohomology ring (with
Z[3]-coefficients) is isomorphic to that of Sp,,, /B. For further details, the reader
may consult the references [IMN1] and [T5, Section 6.3.1].

In the rest of this paper we discuss the corresponding theory for the even orthog-
onal group, that is, in Lie type D, and assume that n > 2. The Weyl group W,
for the root system D,, is the subgroup of W, consisting of all signed permutations
with an even number of sign changes. The group W, is an extension of .S,, by the
element sg = s¢s159, which acts on the right by

(w1, wa, ..., wy)sg = (Wa, W1, W3, ..., W,).

There is a natural embedding Wk — WkJrl of Weyl groups defined by adjoining the
fixed point k41, and we let W, := U Wy. The elements of the set N := {(J,1,...}
index the simple reflections in W,. The length ¢(w) of an element w € W, is

defined as in type C. The element of longest length wy = {E((Jn) in Wn satisfies

—
=

yee, D) if n is even,

v {(1,2,...,11) if n is odd.

We define an action of Wy, on I [X,Y] by ring automorphisms as follows. The
simple reflections s; for ¢ > 0 act by interchanging x; and z;1; and leaving all the
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remaining variables fixed. The reflection sg maps (z1,z2) to (—x2, —21), fixes the
x; for j > 3 and all the y;, and satisfies, for any p > 1,

p—1
sa(bp) := by + (z1 + 22) Z Z fal | cpo1y.
=0 \a+b=j
For each ¢ € N, define the divided difference operator 07 on I''[X, Y] by
aéf;:ﬂ’ agf;zﬂ for i > 1.
—T1 — X9 Ti — Ti41

Consider the ring involution w : I'[X,Y] — I'"[X, Y] determined by

wlz;) ==y, wly) =—25  wlby) =bp
and set 9Y := wdfw for each i € N.
The Ikeda-Mihalcea-Naruse double Schubert polynomials ©,, = ©,,(X,Y) for
w € W are the unique family of elements of I'[X, Y] satisfying the equations

5D, = {msi i fws) <)y _ {@w if £(s;w) < £(w),

(39) = : .
0 otherwise, 0 otherwise,

for all i € N, together with the condition that the constant term of ©,, is 1 if
w = 1, and 0 otherwise.

The operators 0; := 0F for i € N satisfy the same Leibnitz rule (24) as in the
type C case, and for any w € Woo, the divided difference operator J,, is defined as
before. For any u,w € Wm, we have

D1 (X, Y) if L(wu™t) = L(w) — £(u),

0 otherwise.

8. Du(X,Y) = {

5.2. The set W and the ring I'[X,,, Y,]. Tt is known that the ©,, for w € Woo
form a Z[Y]-basis of I'[ X, Y]. Let D) = C‘Dq(f)(Xn, Y,.) be the polynomial obtained
from ®,,(X,Y") by setting z; = y; = 0 for all j > n. For every n > 1, let

w = {w e Woo | Wpp1 < Wpyo < ---}
Let D, (X) := D, (X,0) denote the single Schubert polynomial.

Proposition 10. The D,(X) for w € W™ form a Z-basis of I'[X,,], and a Z[Y]-
basis of T'[X,,,Y]. The 20 forw e W™ form a Z[Y,]-basis of T'[ X, Yy].

Proof. The argument is the same as for the proofs of Propositions 1, 2, and Corol-
lary 1 in Section 2. O

5.3. The geometrization map 7,,. The double Schubert polynomials o (X,Y)
for w € /Wn represent the equivariant Schubert classes on the even orthogonal flag
manifold. Let {ej,...,e2,} denote the standard orthogonal basis of £ := C*»
and let F; be the subspace spanned by the first ¢ vectors of this basis, so that
F,f-_,t- = Fhy; for 0 < i < n. We say that two maximal isotropic subspaces L
and L' of E are in the same family if dim(L N L") = n (mod 2). The orthogonal
flag manifold M/, parametrizes complete flags F, in E with E- , = E,; for
0 <i<mn, and F, in the same family as (e, 11, ..., e2,). Equivalently, E,, is in the
same family as F},, if n is even, and in the opposite family, if n is odd. We have that
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M!, = SOy, /B for a Borel subgroup B of the orthogonal group SOz, = SOz, (C).
If T' denotes the associated maximal torus in B, then the T-equivariant cohomology
ring HY.(M)) is a Z[Y,]-algebra, where y; is identified with the equivariant Chern
class —cT(Fyy1-i/Fn_i), for 1 <i < n.

The Schubert varieties in M/, are the closures of the B-orbits, and are indexed
by the elements of Wn Concretely, any w € Wn corresponds to a Schubert variety

Xw = X (F,) of codimension £(w), which is the closure of the B-orbit
X :={E, e M, | dim(E, N Fs) =d,,(r,s) for 1 <r<n-—1,1<s<2n},

where d], (r,s) denotes the rank function defined as follows. There is a group
monomorphism ¢ : W, < Sz, defined by restricting the map ¢ of Section 2.3
to W,,. Then d,,(r,s) equals the number of i < r such that {(wowwyp); > 2n — s.
Since X, is stable under the action of T', we obtain an equivariant Schubert class
[X,|T = [ET xT X,,] in H5(M),).
Following [IMN1], there is a surjective homomorphism of graded Z[Y,,]-algebras
T [X,, Y, — Hp(M)
such that
X" i we W,
(10) w (@) = el et -
0 if we WM N W,.

We let E; denote the i-th tautological vector vector bundle over M/, for 0 < i < 2n.
The map 7, is defined by the equations

1
(41) (i) = ¢f (Bpy1-i/En—;) and T (bp) = ) C}:(E — B, —F,)

for1 <i<nandp>1.

Remark 3. The above convention on the family of F, in the definition of M/,
differs from that stated in [T5, Section 6.3.2] and [T6, §4.1], and corrects these
latter two references. This is necessary in order for the formulas (40) and (41) to
hold, which are directly analogous to the ones for the Lie types B and C.

5.4. The kernel of the map 7/,. In the following discussion, it suffices to work
with coefficients in the ring Z[$], but for ease of notation we will employ the rational
numbers Q instead. For any abelian group A, let Ag := A®zQ, and use the tensor
product to extend 7/, to a homomorphism of Q[Y,,]-algebras

T T Xn, Yalo = Hp(M;,)o-
Definition 4. Define

n—1
Fi)in = bn,jej(—Yn),
3=0
let
B™ .= Z[b,, ", "B, .. ],
and let I/E(n) be the ideal of I'[X,,,Y,,]o generated by the homogeneous elements

in B(™ of positive degree.

Lemma 8. We have I/E(n) C Kerm,.
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Proof. Let A, := (a1,...,a,) and H,, := Q[A,,,Y,]/L,, where L, is the ideal of
Q|A,,,Y,] generated by the differences e;(A2) — e;(Y,2) for 1 <i < n — 1 and the
difference e, (A,) — e,(—Y,). It is known that the equivariant cohomology ring
H7.(M!,)g is canonically isomorphic to H, as a Q[Y},]-algebra (compare with [F2,
Section 3]). The geometrization map =), : I''[X,,, Y, ]o — H,, satisfies 7/, (x;) = —a;
for 1 < j < n, while

W;L(bp) =3 Z ez(An)hJ(Yn)v p Z 1.
i+j=p
The element e,,(A,,) — e, (—Y;) is thus identified with the difference (—1)"cL(E,)—

cI'(F,). Our conventions on the families of E,, and F,, imply that the latter class

vanishes in H}.(M])g, by a result of Edidin and Graham [EG, Thm. 1].
We deduce that "¢, € Ker m), for each p > 1 as in the proof of Lemma 1, so it

suffices to check that b,, € Ker ;.. Indeed, we have

@) = eV Y ealAha(Y)
=0 otB=n—j
n n—ao n—1
= Z €a(An) Z € (=Yn)hn—a—;(Yn) + Z € (=Yn)hn—;(¥n)
a=1 §=0 j=0

(]

If A= (A > A2 > -+ > )\) is a strict partition, let wy be the corresponding
increasing element of W, so that the negative components of w) are exactly
—A1—1,...,—X; — 1 and possibly also —1, depending on the parity of £ = £()\).
Lemma 9. If \ is a strict partition with A\ > n, then @g:) (X, Y,) € I/B(n),
Proof. For each strict partition p of length ¢, let P, := ZDE;:(X”,YTL). According
to [IMN1, Thm. 6.6] and [IMN2, (2.11)], we have the Pfaffian recursion

Vi
(42) b, = Z(_l)]Pm,wPuz,».--ﬁj ,,,,, Het

Moreover, it follows from [IMN2, Prop. 2.1] that every factor P,, ,, in (42) is a
Z[Y,]-linear combination of products P.Ps with r > p;.
It is easy to show that for any integer r > 1,

p_ [ Xi0biei(=Ys) ifr <,
" Ym0 br—jej(=Yn) ifr>n.
It follows that P, = %@i_r for all » > n, while P, = En We now deduce from
equation (16) and Lemma 2 that P, € I/E(n) for every r > n. The proof is finished
by combining this fact with (42). O

Lemma 10. For any w € WOO N Wn, we have @5:') S I/B(n).
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Proof. Let w be an element of WOO and i < j. Following [B, Lemma 2], we have
l(wt;;) = ¢(w) + 1 if and only if (i) —w; < wj, and (ii) there is no p < ¢ such that
—w; < wp < wj, and no p < j such that —w; < w, < wj.

The group Woo acts on the polynomial ring Z[yi,ys,...], with s; for i > 1
interchanging y; and y;41 and leaving all the remaining variables fixed, and sp
mapping (yi1,y2) to (—y2, —y1) and fixing the y; with j > 3. Let w € Wao be non-
increasing, let r be the last positive descent of w, let s := max(i > r | w; < w,.), and
let v := wt,s. According to [IMN1, Prop. 6.12], the double Schubert polynomials
D, = D (X,Y) satisfy the transition equations

(43) Duw = (zr = v(yr)) Doy + Z Dot + Z D,

1<i<r i>1,i%r
L(vti)=£(w) £(vE; ) =£(w)

in I[X,Y]. The recursion (43) terminates in a Z[X, Y]-linear combination of ele-
ments D, (X,Y) for strict partitions v.

For any w € Wa, let pu(w) denote the strict partition whose parts are the
elements of the set {Jw;| —1 : w; < 0}. Clearly we have py(w) = p(wu) for any
u € Se. In equation (43), we therefore have pu(v) = p(vt;) = p(w). Moreover,
condition (i) above shows that the parts of p(vt;.) are greater than or equal to the
parts of p(w). In particular, if p(w); > n, then p(vt; )1 > n.

Assume first that w € WnH ~ Wn If wy = —n—1 for some i < n+1, we
use the transition recursion (43) to write 2 as a Z[X,,Y,]-linear combination

of elements CD%Z) for strict partitions v with v; > n. Lemma 9 now implies that

o e g™,

We next suppose that w; = n + 1 for some i < n. Let
{va, ..., vn} i ={wy, ..., Wi, ..., wn}
with v > -+ > v,, and define
u:= (vz,n+1,v3,...,0,, Wnt1) € Wn_i,_l
and L
u:=usg = (n+ 1,02,03,...,0n, Wpi1).
Then we have @%n) € I/B(n) from the previous case, and GD(D(;)) =2,

For any i such that 00 < i < n — 1, it is easy to verify that s;("c;) = "¢}

and s;(b,) = by, and hence that 0i("cy) = 0 (bn) = 0. We therefore obtain that

81'(1/5(”)) C I/B(n) for all ¢ € [O,n — 1]. It follows that o0 e I/B(n), and the proof

is now concluded in the same way as in Lemma 3. (]

Theorem 3. Let J), := P [Yn]QSEL). Then we have

(n)

wew i, Q
B =J= > QYo =Ker,.
we'W/m\Wn
We have a canonical isomorphism of Q[Yy]-algebras
H:.(SOsn /B, Q) = IV [X,0, Yalo/TB".

Proof. The argument is the same as the proof of Theorem 1, this time using Lemma
8, Lemma 10, and Proposition 10. O
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5.5. Partial even orthogonal flag manifolds. We can generalize the presenta-
tion in Theorem 3 to the partial flag manifolds SO, /P, where P is a parabolic
subgroup of SOs,. The parabolic subgroups P containing B correspond to se-
quences a : a; < --- < a, of elements of Ng with a, < n. The manifold SOs,, /P
parametrizes partial flags of subspaces

0OCE,C---CE,CcE=C"
with dim(E;) = n — ap41—; for each j € [1,p] and E, isotropic. If a; = 0, so that
dim(E,) = n, then we insist that the family of E, obeys the same convention as in

Section 5.3. s -
A sequence a as above parametrizes the parabolic subgroup Wp of W,, which

is generated by the simple reflections s; for ¢ ¢ {a1,...,a,}. Let I'V[X,, Yn](g/’” be
the subring of elements in I''[X,,, Y;,]o which are fixed by the action of Wp, ie.,

[ X YalU? = {f € V[X, Yalo | si(f) = £, Vi ¢ {a1,...,ap}, i < n}.
Then T"[X,, Yn]gp is a Q[Y},]-subalgebra of I'"[X,,,Y,]o. Let WP c W™ denote
the set

WP = {we W™ | f(ws;) = b(w) +1, Vi ¢ {ar,...,a,}, i <n}.
Then by arguing as in Section 2.5, we obtain the following two results.
Proposition 11. We have
(44 Mix. Vg7 = D evIof,
weW?r
Corollary 5. There is a canonical isomorphism of Q[Y,,]-algebras

H3 (3050 /P,Q) = I'[X,,, Y, J8™ 1B}

where ﬁ%;’f) is the ideal of T'[ X, Yn](g/P generated by the homogeneous elements in

B™ of positive degree.

6. DIVIDED DIFFERENCES AND DOUBLE ETA POLYNOMIALS
. . . . k _k L ¥4 —k
6.1. Preliminaries. Fix k > 0, and set "¢, = "c,(X) := >°7_;cp—ih; "(X). De-
fine ¥b, := ¢, for p < k, *b, := 3¢, for p > k, and set
Lok

1 1 ~ 1
Kby = ikck + ie’z(X) and by, = ikck - §ek(X)'
1k

Let fr be an indeterminate of degree k, which will equal kb, kgk, or 5 “cy in the
sequel. We also let fo € {0,1}. For any p,r € Z, define kE; by

har o kg (2fk — kck)eZ:Z(—Y) ifr=k-p<0,
P P 0 otherwise.

It is easy to see that w(kc;) = _"c;k for any k,r € Z, and if r < 0 < k, then

w(kgr[;) — 7T”C;k.
We now have the following even orthogonal analogues of Lemmas 4 and 5, which
are dual versions of results from [T6, Prop. 1 and Prop. 2] and [T7].
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Lemma 11. Suppose that k,p,r € Z and i > 1.
(a) We have

0 otherwise.

@mﬂ:{h%;1#k=ﬂ,

e dfi=p—k>2
ai("ey Py = q2w(fy) ifi=p—k=1,
0 otherwise.

Lemma 12. Suppose that k,p,r € Z and r < 0. We have

20| if k=1,
2(72ch_y) ifk=0
o k.r\ _— p—1 )
D00 = ot ) e, k-1,
0 if k] > 2.

For s € {0,1}, define
k
fo=fu+ chk_jhj(—Y),
j=1
set fk :=Fep, — fr, and f,j =Fep — 2f + fi-
Lemma 13. Suppose that k,p € Z with p > k. Then we have
71 ; _
o (kgkfp) _ {2W(fk) ifk—p=-1,

P 0 ifk—p< -1
Lemma 14. Suppose that k >0 and r > 1. Then we have
fo,m =T — (wg ) FETT

Let p be a composition and let @ = (a1,...,a¢) and 8 = (B, ..

integer vectors. Define
B . p1 BB .
c, = e

where, for each i > 1,

m@u:mﬁ+{“”@ﬂméﬁzkw i 5, = pi =0 <0,

0 otherwise.

27

., Be¢) be two

If R:=1]J, ; R;Lj“ is any raising operator, denote by supp(R) the set of all indices

i and j such that n;; > 0. Set v := Ra, and define
Rxrel =reh .= gl ...ogh
where for each ¢ > 1,
pighi . picﬁf if ¢ € supp(R),
Vi Pichi otherwise.
If « is a partition of length ¢, then we set

PP — 2t R 40l
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Lemma 15 ([T7], Lemma 4.9). Suppose that B; = p; — a; < 0 for every i € [1,4],
and aj = aji1 and B = Bj41 for some j € [1,€ — 1]. Then we have PS = 0.

6.2. The shape of an element of WOO. We next define certain statistics of a
signed permutation in W, analogous to the ones given in Section 3.2.

Definition 5. Let w € Woo. The strict partition p(w) is the one whose parts are the
absolute values of the negative entries of w minus one, arranged in decreasing order.
The A-code of w is the sequence v = y(w) with v; := #{j > ¢ | w; < w;}. The
parts of the partition §(w) are the non-zero entries ~; arranged in weakly decreasing
order, and v(w) := 6(w)’. The shape of w is the partition A(w) := p(w) + v(w).

Note that w is uniquely determined by p(w) and v(w), and that [A(w)| = £(w).

Example 4. (a) For the signed permutation w := (3,2,7,1,5,4,6) in Wi, we obtain
1=(6,5,2), v =(2,3,0,1,2,1,0), § = (3,2,2,1,1), v = (5,3,1), and A = (11,8, 3).
(b) Recall from [T5, Section 4.2] that an element w of Wa is n-Grassmannian
if {(ws;) > £(w) for all i # n. The type of an n-Grassmannian element w is 0
if Jlwi] = 1, and 1 (respectively, 2) if wy; > 1 (respectively, if w; < —1). Ac-
cording to [BKT1, Section 6.1], there is a type preserving bijection between the
n-Grassmannian elements of Woo and typed n-strict partitions. If w is an n-
Grassmannian element of W, of type 0 or 1, then A(w) is the (typed) n-strict
partition associated to w, in the sense of op. cit. However, this latter property
can fail if w; < —1, for example the 2-Grassmannian element v := (3,4,1,2) is
associated to the typed partition of shape (2,2), while A(v) = (3,1).

Let S(w) denote the sequence defined by S(w); = —u(w); for each ¢ > 1. Recall
that @én) denotes the longest element in W,,.

Proposition 12. Suppose that m > n > 0 and w € Wm is an n-Grassmannian

element. Set @ := w@én). Then we have

Dap(X,Y) = V(m)ﬁf((g))

in the ring T Xy, Yim—1]. In particular, if w € S,,, then we have

Do(X,Y) = By iy
Proof. We first consider the case where w € S,,,. We have
w=(a1,...,an,d1,...,dy),
wherer=m—n,0<a; <---<ap and 0 < dy < --- < d.. If A := A(w) then
Aj=n+j—dij=m—d;—(r—j) for1<j<r.
We have @™ = @v; - - v,, where £(@W\™) = 0(D) + > =1 £(v;) and
Vj 1= Spyjo1°° 8352808182 Sd;—1, 2<j <

while
— Sp -+ 8382508182 - - Sqy—1  if dp > 1,
e Sp v+ 8981 if dy = 1.
Using [IMN1, Thm. 1.2] and [T7, Prop. 4.10], it follows that

(45) D5 =0y, Oy, (Qﬁgn)) =0y, Oy, (6m,1 132_55’"’1) _

m—1
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According to Lemmas 11 and 14, for any p, ¢ € Z with p > 2, we have

o~ C1— 11— 1=
(46) op(fe,?)="? 1cqf1 =7¢, 7 —(zp+yp)? 1cq_g.
Let ¢; denote the j-th standard basis vector in Z™. The Leibnitz rule and (46)
imply that for any integer vector o = (v, ..., ), we have

Sme12=0m-1\ _ Om—1Om—1+€m_p 1—e€ ~—Om—1+€m— P
8P<m Ca " )_ " cozfem,p - (‘rp+yp> " " pca 2€m—_p

We deduce from this and Lemma 15 that
apénklﬁ;(;i:i;l — 61n71ﬁ_67”*1+6m*13

20m—1—€m— p

_ (m—1,.. 1)P(1 m,...,—1—p,1=p,1—p,2—p,...,—1)
(2m 2 2p+272p7172p7272p747.'~,2)'

Iterating this calculation for p =d,. —1,...,2 gives

. _ (mfl, 1) p(1-m,...,—dr,2—d,3—dyr,...,—1,—1)
(82 adrl)@{,;(gm) - P(2m 2,...,2d,,2d,—3,2d,—5,...,3,2)

(m—l,...,l)P(17m7~~'77d'r'727d1'737d7'y~~~771)71)
(2m-2,...,2d,,2d,,—3,2d,—5,...,3,2) *

We next compute that
2 ifp=2
ooty = ’
0%(E, ) 0 otherwise.

By arguing as in [T7, Prop. 4.10], it follows that

(m .,2) p(1-—m,...,—d,2—dr,3—dy,...,—1)
(Ono 3dr—1)©mgm> - P(2m 2,. 2dr,2dr—3,2dr—5,...,3)'

Applying Lemma 11 alone m — 2 times to the last equality gives

_ bma pA=me—dp 2=dy 3=dryi=1) 6,y D(1—m, T dr,.—1)
0u, (D om ) = P(2m 3,. 2dr—1,2dr—4,...,2) = P25m,2+1m—dr :

We now use (45) and repeat the above computation r — 1 more times to get

. — On—1 P
Da ="y, yer

where
p:(1—m,...,1/—\dr,...,1/—\dl,...,—1):(1—wn,...71—w1)

and
5 Zlm dj—(r—j) Zl)\]_ /

(Note that in the case When dy =1, the last stage of the calculation is simpler).
The general case now follows as in the proof of Proposition 4. (I

6.3. Double eta polynomials and alternating sums. Let A be a typed n-strict
partition which corresponds to the n-Grassmannian element w € W, and define a
sequence S(A) and a set C(\) using the same formulas (28) and (29) as in Lie type
C. The double eta polynomial "Hx(X,Y) of [T6] is defined by

"HAX,Y) =27 T~ Ry) T (1 +Ry) (oY,
1<J (¢,7)€C(N)

where ¢,,()\) denotes the number of parts A; which are greater than n (see op. cit.
for the precise definitions of typed n-strict partitions and x).
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Let A’ : T'[X,,,Y] — I"[X,, Y] be the operator defined by
A(f) = Y (=) w(f).
weWn
Let wy denote the longest element in Wn and set W := wwy.

Theorem 4. Let A be a typed n-strict partition and w be the corresponding n-
Grassmannian element of W,. Then we have

(41 HAXY) =05, (" PLD)

(48) _ (_1)n(n—1)/2 Jon=1 g/ (V(a)ﬁf((g)))/A/ (mzan,l) .

Proof. We deduce from (39) that the double Schubert polynomial ®,,(X,Y") satis-
fies

(49) Du(X,Y) =05, @s(X,Y)).

The equality (47) follows from (49), Proposition 12, and the fact, proved in [T6],
that ©,,(X,Y) ="H\(X,Y) in the ring I[X,,,Y].
For the second equality, recall from [D, Lemma 4] and [PR] that we have

Oy (F) = (=)™ T (af =)™ A,
1<i<j<n
On the other hand, it follows from [PR, Lemma 5.16(ii)] that
81; (x26n_1) — (_l)n(n—l)/Q .gn—1

and hence that
APy =2t [ (@ -2

1<i<j<n
The proof of (48) is completed by using these two equations in (47). O

7. SINGLE SCHUBERT POLYNOMIALS OF TYPE D

7.1. Eta polynomials as Weyl group invariants. In this section, we work with
the single type D Schubert polynomials ©,,(X). Let x’' : I'[X,] — Z be the
homomorphism defined by x’(b,) = x’(z;) = 0 for all p, j.

Proposition 13. For any f € I"[X,], we have f =3 ) X' (0w f)Dw(Xn).
Proof. The argument is the same as for the proof of Proposition 5. O

We next define a ring B, following [BKT2, Section 5.2]. For each integer
p>1, let

"y ep(Xn) + 2302  bp_je;(Xn) if p<n,
Z?:o bp—je;(Xn) ifp>n
and
n—1
A ST
§=0
Observe that the elements denoted by n,(x;y) and 7 (z;y) in loc. cit. correspond
to the elements "b, and b}, here. Let

B™ .= Z["by, ..., b1, by, b byt ]
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be the ring of eta polynomials of level n. We have

b, if p<n,
"cp = "by, + "0, if p=n,
2-"by, ifp>n

and thus I'™ is a subring of B("™).

According to [BKT2, Thm. 4], the single eta polynomials " H) for all typed n-
strict partitions A form a Z-basis of B("™). In the next result, the Weyl group Wn
acts on the ring I'[X,,] in the manner described in §5.1.

Proposition 14. The ring B™ is equal to the subring I [XH]W" of W, -invariants
in TV'[X,].
Proof. The proof is identical to that of Proposition 6, using [BKT2, Prop. 6.3] for

the fact that the Schubert polynomials ©,,(X,) for those w € W, with |w;| <
wy < -+ < wy and Wy < Wpio < -+ coincide with the (single) eta polynomials
of level n > 2. O

Example 5. It follows from Proposition 14 that we have
B™ N Z[X,] = Z[X, )" = Z[er (X2), ..., en_1(X2), en(X)]-

This can also be shown as in Example 2, using the fact that ™b, — "], = e, (X,,).

For any parabolic subgroup P of SOg,, let WP := WF rlf/[v/n Let IB™) (re-
spectively IBI(DTL)) be the ideal of I'"[X,,]g (respectively IV [Xn](g/l’) generated by the

homogeneous elements in B of positive degree. We then have the following im-
mediate consequence of Theorem 3 and the discussion in §5.3.

Corollary 6. There is a canonical ring isomorphism
H*(SO2, /B,Q) = I"[X,]o/IB™

which maps the cohomology class of the codimension {(w) Schubert variety X,, to

the class of the Schubert polynomial ©,,(X), for any w € W,,. Moreover, for any
parabolic subgroup P of SOq,,, there is a canonical ring isomorphism

H*(SO3, /P, Q) = I'[X,,| " /1BYY

which maps the cohomology class of the codimension £(w) Schubert variety X, to
the class of the Schubert polynomial ®,,(X), for any w € WE.

7.2. The ring I''[X,]p as a B(gl)-module. Let e, := e,(X,,) for each p € Z, and
recall that P,, denotes the set of strict partitions A with A\; < n.

Proposition 15. The Q-algebra I'[X,]q is a free Bg)-module of rank 2"~ 'n! with
basis
{e,\(—Xn)xa | ANEPr1, 0<a;<n—1, 1€ [1,77,]}.

Proof. We have that I'"[X,,] is a free I'[eq, ..., e,]-module with basis given by the
monomials % with 0 < a; < n —i for i € [1,n]. It will therefore suffice to show
that IV[e1, ..., e,]g is a free B(E;)—module with basis ex(—X,,) for A € P,_1.

As in the proof of Proposition 7, we see that the monomials ey (—X,,) for A € P,
generate I'[eq, ..., e,]g as a Bg)—module. Furthermore, since e,, = "b,, — "}, it
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follows that the monomials ey (—X,,) for A € P,_; also generate this module. The
rest of the argument is the same as in type C. d

For any strict partition A, define the IS—polynomial of [PR] by
PA(Xy) =27V Qa(Xa).
Corollary 7. The ring I'[X,] is a free T'[X,]°" -module with basis {S(X)} for
w € S,. The Q-algebra F’[Xn]g" is a free Bgl)—module with basis {Px(—X,)} for
X € Py_1. The Q-algebra I'[X,]q is a free B&n)-module on the basis {D,(Xn)}
of single type D Schubert polynomials for w € Wn, and is also free on the product
basis {Py(—X,)6x(X)} for A € Pp_1 and w € S,,.

7.3. A scalar product on I''[X,,]. Let wy be the element of longest length in W,
If f e I'[X,], then 9;(0g,f) = 0 for all ¢ with 0 <4 < n — 1. Hence Proposition
14 implies that dg,(f) € B™), for each f € TV[X,,].

Definition 6. We define a scalar product ( , ) on I''[X,,], with values in B, by
the rule

<fvg> = a@o(fg)’ fvgeFI[Xn]'

Proposition 16. (a) The scalar product { , ) : I'[X,] x T[X,] — B™ is B("-
linear. For any f,g € T'[X,] and w € W,,, we have

<awf7 g> = <f, a’w—lg>'
(b) Let u,v € W, be such that {(u) +£(v) = n? —n. Then we have

1 if v =wgu,
0 otherwise.

<©u(Xn)a QU(XH» = {

Proof. The argument is identical to the proofs of Propositions 8 and 9. g

Let wg denote the longest permutation in S,,, and define vy := wywog. We define
a IT'[X,,]%"-valued scalar product ( , ) on I''[X,] by the rule

(f,9) == 0wy (f9), frgel'[X,],
and a B(™-valued scalar product { , } on I''[X,,]°" by the rule
{fag} = 650(fg)7 fageF/[Xn]Sn'
Following [PR, Thm. 5.23], for any two partitions A, u € P,,_1, we have
{PA=X0). s, (= X) | = b

where §,,_1 \ p is the strict partition whose parts complement the parts of p in the
set {n—1,n—2,...,1}

Observe that the scalar product ( , ) is I'[X,]%"-linear and { , } is B()-linear.
Since 0g, = 03,0,, we deduce that

(f.9) ={(f,9)}, forany f,geT'[Xy].
Furthermore, according to [LP2, (2.20)], the orthogonality relation

<ﬁ/\(_Xn)6u(X)a f)tsnfl\u(_Xn)(WOGU’WO(_X>)> = 5u,u’(5)\,u,
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holds, for any u,u’ € S, and A\, u € P,—1. We have therefore identified the dual
B(gl)—basis of the product basis {Px\(—X,,)6,(X)} of I'[X,]qg, relative to the scalar
product ( , ).

Acknowledgement. 1 thank Sara Billey, Tom Haines, and Andrew Kresch for their
helpful comments, and the anonymous referee for a careful reading of the paper
and suggestions with helped to clarify the exposition.
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