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Abstract—This paper discusses the connec-
tion between the phase retrieval problem
and permutation invariant embeddings. We
show that the real phase retrieval problem for
R?/O(1) is equivalent to Euclidean embeddings
of the quotient space RQXd/SQ performed by the
sorting encoder introduced in an earlier work.
In addition, this relationship provides us with
inversion algorithms of the orbits induced by
the group of permutation matrices.

I. INTRODUCTION

The phase retrieval problem has a long and
illustrious history involving several Nobel prizes
along the way. The issue of reconstruction from
magnitude of frame coefficients is related to a
significant number of problems that appear in
separate areas of science and engineering. Here is
an incomplete list of some of these applications
and reference papers: crystallography [1], [2],
[3]; ptychography [4], [5]; source separation and
inverse problems [6], [7]; optical data processing
[8]; mutually unbiased bases [9], [10], quantum
state tomography [11], [12]; low-rank matrix
completion problem [13], [14]; tensor algebra and
systems of multivariate polynomial equations
[15], [16], [17]; signal generating models [18], [19],
bandlimited functions [20], [21], radar ambiguity
problem [22], [23], learning and scattering net-
works [24], [25], [26].

In [27], this problem was shown to be a special
form of the following setup. Let H denote a real
or complex vector space and let A = {a;}ier
be a frame for H. The phase retrieval problem
asks whether the map H > z — aa(z) =
{{x,a;)|}ier € 12(I) determines x uniquely up
to a unimodular scalar.

In this paper we focus on the finite dimen-
sional real case of this problem (see also [28]),
namely when H = R%. In this case, a frame
A = {a1,...,ap} C R? is simply a spanning
set. The group O(1) = {—1,+1} acts on H by
scalar multiplication. Let A = H/O(1) denote
the quotient space induced by this action, where
the equivalence classes (orbits) are

[z] = {x,—z} , forx #0 , [z] ={0} , forz =0.
The analysis operator for this frame is

Ta:H—RP | Ta@)=((z,a))ily (1)

The relevant nonlinear map a4 is given by taking
the absolute value of entries of T'4:

aq:H =R aa(@) = (@ ar))il-

(2)

Notice a4 produces a well-defined map on H,
which, with a slight abuse, but for simplicity
of notation, will be denoted also by a4. Thus
aa([z]) = aa(z).

Another customary notation that is often em-
ployed: a frame is given either as an indexed
set of vectors, A = {ay,...,ap}, or through the
columns of a d x D matrix A. The matrix notation
is not canonical, but this is not an issue here. We
always identify H = R? with its columns vector
representation in its canonical basis.

Definition 1. We say that (the columns of a
matriz) A € R>P form/is a phase retrievable
frame, if aq : RT = RP, aa(z) = (|(z,ar )|)E,

is an injective map (on the quotient space).

In a different line of works [29], [30], [31], [32] it
was recognized that the phase retrieval problem



is a special case of Euclidean representations of
metric spaces of orbits defined by certain unitary
group actions on Hilbert spaces. Specifically, the
setup is as follows. Let V' denote a Hilbert space,
and let G be a group acting unitarily on V. Let
V = V/G denote the metric space of orbits, where
the quotient space is induced by the equivalence
relation z,y € V, © ~ y iff y = g.x, for some
g € G. Here g.x represents the action of the
group element g € G on vector x. For the
purposes of this paper we specialize to the finite
dimensional real case, V =R"*% and G = 3, is
the group of n xn permutation matrices acting on
V by left multiplication. Other cases are discussed
in aforementioned papers. In particular, in [30]
the authors have shown a deep connection to
graph deep learning problems. In [31], the authors
linked this framework to certain graph matching
problems and more. The bi-Lipschitz Euclidean
embedding problem for the finite dimensional case
is as follows. Given V = V/G, construct a map
B :V — R™ so that, (i) 8(g.x) = B(x) for all
g€ G, x eV, and (ii) for some 0 < A < B < o0,
and for all z,y € V,

Ad([z], [y]) < [|B(x) = B(y)ll < B d([z], [y])
(3)

where d([z], [y]) = 122 |z — g.y|l\ is the natural
9

metric on the quotient space V.

In [30] the following embedding was introduced.

Let A € R™P be a fixed matrix (termed as key)
whose columns are denoted by ai,...,ap. The
induced encoder 4 : V — R™ P is defined by

Ba(X) =l (XA) =] ILXa lpXap |
(4)
where II; € S, is the permutation matrix that
sorts in decreasing order the vector Xaj. It
was shown in [30] that, for D large enough, 54
provides a bi-Lipschitz Euclidean embedding of

V. This motivates the following definition.

Definition 2. We say that A/E\]RdXD is a
universal key for R™*? if 4 : Rnxd — R™*D,
Ba(X) =} (XA) is an injective map (on the
quotient space).

The purpose of this paper is to show the
equivalence between the real phase retrieval
problem, specifically the embedding a4, and
the permutation invariant embedding 54 defined

above, in the special case n = 2.

II. MAIN RESULTS

Recall the Hilbert spaces H = R? and V =
R?*? For A € R¥*P recall also the encoders vy :
H — RP and B4 : V — R**P given respectively
by aa(z) = ({2, o Y)ke(p), and Ba(X) =L (X A).
Our main result reads as follows.

Theorem 3. In the case n = 2, the following are
equivalent.

1) a4 is injective, hence the columns of A form
a phase retrievable frame;

2) Ba is injective, hence A is a universal key.

Remark 4. Perhaps it is not surprising that, if
an equivalence between the phase retrieval prob-
lem and permutation invariant representations is
possible, then this should occur for n = 2. This
statement is suggested by the observation that
O(1) is isomorphic with Sa, the group of the 2 x 2
permutation matrices. What is surprising that, in
fact, the two embeddings are intimately related,
as the proof and corollaries show.

Proof of Theorem 3. Let X € V = R?*¢, Denote
by x1,z2 € R? its two rows transposed, that is

X = [ x; } .
T2
Notice that, for each k € [D], the k" column of
Ba(X) is given by
mazx({z1,ar ), (x2,a
Lo = [Tt ) o))
min({xy,ay ), {x2,ar))

The key observations are the following relation-
ships between min, max, and the absolute value

lu—wv] = mazx(u,v) —min(u,v)
u+v = mazx(u,v)+ min(u,v)
1
max(u,v) = §(u+v—|—|u—v\)
1
min(u,v) = §(u+v—|u—v\)
Hul = Jol| = min(lu— vl lu+wv])



In particular, these show that:

L me=]) -
_ P(ml—xg,al l, ,|<x1—x2,ap>|}
(@1 —z2,ap)

Where, T4 was introduced in equation (1).

(1) = (2) : Suppose that a4 is injective. Let

;: ;)[%Lind "t B;; ] such that fa(X) =
[ e
— [t o] - [ o)

But now, aa(r1 — 22) = aa(yr —y2)) = =1 —
Tg =Y1 — Y2 O Ty — T2 = Yo — Y1 and

Ta(w1+x2) = Ta(yi+ye)t = 21+22 = Y1+

Y2 }
Y1

<:>XY01"X[O I}Y

Thus we have that

T
€2

Either case means

1 0

So, B4 is injective.
(2) — (1) : Suppose that B4 is injective.
Let z,y € RY such that a4 (z) aaly), ie.
T

K%%H=K%%%VkEWLMtX=[x4

y' :
and Y = [ T]. Then,

E _11] Ba(X) = {O‘A(Qx)

T4(0)T

T] , [aA(gz)T}

and
-] 5

Thus Ba(X) = Ba(Y). Since B4 is assumed

[t

0
injective, it follows that X =Y or X = [1 0

So, © =y or x = —y. We conclude that [z] = [y],
SO vy is injective.

1} Y,

Corollary 5. If B4 is injective, then D > 2d — 1.

Corollary 6. If D = 2d — 1, then B4 is injective
if and only if A is a full spark frame.

Both results follow necessary and sufficient
conditions established in, e.g. [27]. Recall that
a frame in RY is said full spark if any subset of d
vectors is linearly independent (hence basis).

Remark 7. Assume D 2d — 1. Note the
embedding dimension for V = R2xd js m =
22d —1) =4d — 2 =2dim(V) — 2. In particular
this shows the minimal dimension of bi-Lipschitz
FEuclidean embeddings may be smaller than twice
the intrinsic dimension of the Hilbert space where
the group acts on. Both papers [30] and [31]
present (bi)Lipschitz embeddings into R? dim(V) |

Remark 8. As was derived in the proof, aa, Ba
and Ty are intimately related:
Ta(z1 + 22)"

111
iR

(5)
In particular, any algorithm for solving the phase
retrieval problem solves also the inversion problem
for Ba. Let wa RP — R4 /&ienote a left
inverse of a4 on the metric space R, This means
walaa(z)) ~z in RY/O(1). Denote by TL a left
inverse of the analysis operator (e.g., the synthesis

operator associated to the canonical dual frame).
Thus TLTA = I4. Then an inverse for B4 is:

] (6)

Remark 9. Equations (6) suggest a lower dimen-

aa(xy —x2)

1
2

T (yo) +waly1)

P ¥) Tl(y2) —wa(y1)

yT
where Y = { lT ]
Y2

sional embedding than Ba. Specifically, first we
compute the average y; = 5(331 + z3) which is of

size Rd, and then encode the difference r1 — z2

using aa, yo = aa(xy — x3). We obtain the
following modified encoder, B4 : R?*% — RITD:
~ 1
Ba(z) = 5(171 +22)" aalzr —x2)" | (7)

With the wa left inverse of aa, the inverse of Ba

]



s given by:
it 5walwe)
- 1+ swal(y2
Bat(Y)= 1 (8)
Y1 — §WA(Z/2)

whereyy; =Y (1:d) andys =Y (d+1:d+ D). In
the case when D = D,,;, = 2d — 1, the minimal
embedding dimension is m = d+ D = 3d — 1
(instead of 4d — 2 or 4d = 2dim(V')).

Reference [30] shows that an upper Lipschitz
bound for embedding 4 is o1(A), where o;(A)
is the largest singular value of A. Same reference
shows that if 54 is injective then there is also a
strictly positive lower Lipschitz bound without
providing a formula. Using Equation (5) we
provide explicit estimates of these bounds.

Theorem 10. Assume A € ]IﬁX\D s a universal
key for R**? (ie., By : R2xd — RZXD g
injective), or, equivalently (according to Theorem
3), the columns of A form a phase retrievable
frame in RY (ie., ay : RT — RP is injective).
Then both acp and B4 are bi-Lipschitz with same
Lipschitz constants, where distances are given by
der (2], [y)) = min(la — y|, = + y]) on ., and
d([X],[Y]) = Igéiélz | X — PY|| on V, respectively.
The optimal lower and upper Lipschitz constants
are given by:

VoA +G3(A[T)) |, Bo = 1(4)
(9)

where o1(A) is the largest singular value of A
(equals the square-root of upper frame bound) and
oa(A[J]) is the d™ singular value of submatriz of
A indexed by J. Furthermore, these bounds are
achieved by the following vectors. Let Iy denote
a optimal partition in (9) and let uy, uy denote
the normalized left singular vectors of A[lp] and
A[I§], respectively, each associated to the d'™
singular value. Let u be the normalized principal
left singular vector associated to A. (i.e., associated
to the largest singular value). Then:

Ag = min
IC[D]

1) The upper Lipschitz constant By is achieved
as follows: (i) for map aa by vectors Tmax =
u and Ymax = 0; (it) for map Ba by vectors

T

Xmax = 0 and Ymax =0.

2) The lower Lipschitz constant Ag is achieved
as follows: (i) for map aa by vectors xpin =
uy + ug and Ymin = u1 — ug; (i) for map

Ba by vectors Xpin = {

T
Yipin = | 1
min — T .

Uy

(ul 'BUQ)T :| and

Remark 11. The optimal Lipschitz constants for
the map aq were obtained in [33], [34], including
the optimizers. However, for reader’s convenience,
we prefer to give direct proofs of these results.

Proof. 1) Upper Lipschitz constants.
(i) Let z,y € R% Then

laa(@)—aa@2=D""  [{aiz)|—{a:y)]|*=
=S"F min(|{as,z—y) % aiaty) ?)<
<min(37 Wane—y) 237 Haie+y)?)
<oi(A)der([z],[y])*.

So 01(A) is an upper Lipschitz bound for the

map a4. Now for max = U, Ymax = 0 notice
that

D

le(@max) —a(ymax) 7= .| [(asu)*=

=07 (A)||lul*=07(A) dpr ([Tmax];[Ymax]) -
Thus, the upper Lipschitz constant o1 (A) is
in fact optimal (tight).
(ii) Map Ba. Let X, Y € R**P and Py € S,
be a permutation that achieves the dis-

tance between X and Y, ie. [|[X — BY || =
d([X],[Y]). Note that

1840 ~BaM)P=3""_ (X ~ZY)ax[*=

D —_ 2
=3 IEF X =Y )ax |

for some II;, = € Sy that align the vectors.
From rearrangement lemma we have that

(1, X —ErY)ar || <[[(X = PoY)akl|l, VkE[D]
S0,

S IEIx-VaP< AP X - PY ||

=i (A) d([X],[¥]*.

Therefore, we conclude that o1(A4) is an
upper Lipschitz constant for map 54. We still
need to show that this bound is achieved (i.e.,
it is optimal). For X,,ax and Yiax defined in
part 1) of theorem 10,

D
.

and d(Xmax, Ymax) = 1. Thus By is the
optimal Lipschitz constant both for a4 and

184 (Xmasx)—BaYinax) 1* =184 (Xmax) 12 =)

u,ag )2=02(A).



for 4.
Lower Lipschitz constants.
(i) Let ,y € R? and define the auxiliary set

S=S(z,y):={j€[D] :| (z—y,a;)|<[{(z+y,a;)[}

Then

la(@)—a@)P=3"" 11(asz ) ~[(aiy)|P=
=3, e Hane—y) P43, .. Kanaty)*2
o3 (A[S])+03(A[S°]) dpr ([2].[y])* > A3 dpr ([2].[4]).

So Ag is a lower Lipschitz bound for a4, but
we still need to show that it is optimal.

Let Iy be the optimal partition, and let wuq,
uo be normalized left singular vectors as in
the statement of Theorem 10. Then:

llaa(uituz)—oa(ur—uz)||?=

=300, @i tuz )| = (i us—us )=

=y, min(|(as,2u2) % (i, 2u)?) <

< (Bcy, Mo 3, aca) )
=4(o3(Allo])+0 3 (AUI§))=AF dpr([u1 +uz],[ur —uz])?,
where we used again that ||a] — |b]| =
min(Ja—0b|, |a+b|) for any two real numbers
a,b € R, and, for the inequality, at every
i € [D] we made a choice between the two
terms. Since the reverse inequality is also
true, it follows that xnj;, = ui1 + us and

Ymin = U1 — ug achieve the lower bound Ay
for aq.

(ii) Consider now the map 4. Let XY €
R2*? and define the auxiliary set

S=S5(X,Y):={j€[D] :| (x1—z2—y1+y2,a;)|<
<Hz1—z2ty1—y2,a; )|}
Then, using Equation (5) we have that
184(X)=Ba(Y)II*=

1 2 2\
3 (laa(@r—22)—aa(yi—y2) I*+Ta(z1+e2—y1—y2) | *) =
3 ngs [(z1—22—y1+y2,a; ) 2 +H]|(@1+T2—y1 —y2,a; )| >+
1 2 2__
+3 ngsc [{(z1—z2+y1—y2,a; ) |*+|[{z1+22—y1—Y2,0; )|*=

=D es @—v.a;) P +(22—y2.05) P+

D ese (o1=v2,05) P+ (22 —y1,0; ) |*>

>0 (A[S]) (llz1 =y > +llwz—y21*)+

+o(AISD (llz1—ye2l*+llez—y1[1*)>
> A3 d([X],[Y])?*.

Therefore Ay is a lower Lipschitz constant
for 4.

It remained to prove that this bound is tight,
i.e., it is achieved. Let X i, and Y, be as
in the statement of Theorem 10. Then

”ﬁA (Xmin)_ﬂA (}/min) ”2:

L(lloca (urtua)—aa (w1 —u2) [P+ Ta (w1 +uz —u1 —u2)||* )=

L(lleca(ur+uz)—aa (ur—u2)[|*)=A3 d([Xmin],[Ynin])?

where the last equality follows from the fact
that the lower Lipschitz constant of a4 is
achieved by ui + us and uy — ug, and the
fact that d([Xmin], [Yinin])? = 2.
So Ay is indeed the optimal lower Lipschitz
constant for £4.

O

III. CONCLUSION

In this paper we analyzed two representation
problems, one arising in the phase retrieval
problem and the other one in the context of per-
mutation invariant representations. We showed
that the real phase retrieval problem in a finite
dimensional vector space H is entirely equivalent
to the permutation invariant representations for
the space V = R?*¥™H) Our analysis proved
that phase retrievability is equivalent to the
universal key property in the case of encoding
2 x d matrices. This result is derived based on the
lattice space structure (R, +, min, maz). It is still
an open problem to understand the relationship
between a4 and 34 in the case n > 2. A related
problem is the implementation of the sorting
operator using a neural network that has ReLU
as activation function (or, even the absolute value
|- |). Efficient implementations of such operator
may yield novel relationships between a4 and 84,
in the case n > 3.
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