OPTIMAL ¢/ RANK ONE MATRIX DECOMPOSITION
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ABSTRACT. In this paper we consider the decomposition of positive semidefinite matrices
as a sum of rank one matrices. We introduce and investigate the properties of various
measures of optimality of such decompositions. For some classes of positive semidefinite
matrices we give explicitly these optimal decompositions. These classes include diagonally
dominant matrices and certain of their generalizations, 2 X 2, and a class of 3 X 3 matrices.

1. INTRODUCTION

The finite dimensional matrix factorization problem that we shall investigate was partially
motivated by a related infinite dimensional problem, which we briefly recall.

Suppose that H is an infinite-dimensional separable Hilbert space, with norm || - || and
inner product (-,-). Let Z; C B(H) be the subspace of trace-class operators. For a detailed
study on trace-class operators see [5, 9]. Consider an orthonormal basis {wy, },>1 for H, and

let

H = {f € H: |Ifll:= Y i, wa)l < oo}.

n=1

For a sequence ¢ = (Cpmn )y ne1 € ¢* we consider the operator T, : H — H given by

ch = Z Zcmn<f7 wn>wm

m=1n=1

We say that T, is of Type A with respect to the orthonormal basis {wy,},>1 if, for an
orthogonal set of eigenvectors {g, }>1 of T.. such that T, = >"7 | g, ® gy, with convergence

in the strong operator topology, we have that

[eS)
2

> lllgnll* < oo

n=1

Similarly, we say that the operator T, is of Type B with respect to the orthonormal basis

o0

{wn}n>1 if there is some sequence of vectors {vy,}n>1 in H such that T, = >°" | v, ® Ty,

with convergence in the strong operator topology and we have that

o0

2
> llonll* < oo
n=1
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It is easy to see that if T, is of Type A then it is of Type B. However, there exist finite
rank positive trace class operators which are neither of Type A nor of Type B. We refer
to [7] for more details. In [1] we proved that there exist positive trace class operators T, of
Type B which are not of Type A. Furthermore, this answers negatively a problem posed by
Feichtinger [6].

Our main interest is in a finite dimensional version of the above problem. Before stating
it, we set the notations that will be used through this chapter.

For n > 2 we denote the set of all complex hermitian n x n matrices as S™ := S™(C), pos-
itive semidefinite matrices as ST := S%(C), and positive definite matrices ST := ST (C).
It is clear that S7 is a closed convex cone. Note that S™ = S — S is the (real) vector
space of hermitian matrices. We will also use the notation U(n) for the set of n x n unitary
matrices.

For A € S™, we let [[All11 = 3oy =y [Akel, and we let [|Allz, = Y70_; [Ak| where Ay <
A2 < ... < )\, are the eigenvalues of A. We recall that the operator norm of A € S™ is given

by ||Allop = max{|Ax| ;A1 < A2 < ... < A} where {Ag}7_, is the set of eigenvalues of A.

In addition, the Frobenius norm of A is given by ||A|m = VirAA* = /> 11 >, [Ake]®
One important fact that will be used implicitly throughout the paper is that all the norms
defined on S™ are equivalent and thus give rise to the same topological structure on S™.

Similarly, for a vector z = (z3)7_; € C", and p € (0,00) we let |[z|b = >7,_, |z|? define
the usual /P norm, p > 1, with the usual modification when p = 0o, and p = 0. As pointed
out above all these norms are equivalent on C™ and give rise to the same topology.

The goal of this chapter is to investigate optimal decompositions of a matrix A € S7(C)
as a sum of rank one matrices. In Section 2 we introduce some measures of optimality of the
kinds of decompositions we seek, and investigate the relationship between these measures.
However, before doing so, we give an exact statement of the problems we shall address and
review some results about the convex cone S (C). In Section 3 we restrict our attention
to some classes of matrices in S (C), including diagonally dominant matrices. Finally, in
Section 4 we report on some numerical experiments designed to find some of these optimal

decompositions.
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2. PRELIMINARIES AND MEASURES OF OPTIMALITY

In the first part of this section, we collect some foundational facts on convex subsets of S™.
The second part will be devoted to introducing some quantities that will serve as measures

of optimality of the decomposition results we seek.

2.1. Preliminaries. We denote the convex hull of a set S by coS. For the compact set
X ={za* : x € C"and ||z||; = 1}, we let I' = coX and Q2 = co (X U{0}). Observe that

Q C ST(C). In fact, the following result holds.

Definition 2.1. An extreme point is a point such that it is not a convex combination of

other points.

Lemma 2.2. Q is closed and compact convex subset of ST (C) with int Q # 0. Furthermore,

the set of extreme points of 2 is X U {0}.

The proof is based on one of the versions of the Minkowski-Carathéodory Theorem, which,

for completeness we recall. We refer to [3, 4, 8] for more details and background.

Theorem 2.3. [3, Proposition 3.1|[8, Lemma 4.1] (Minkowski-Carathéodory Theorem) Let
A be a compact convex subset of a normed vector space X of finite dimension n. Then any
point in A is a convexr combination of at most n+ 1 extreme points. Furthermore, we can fix
one of these extreme points resulting in expressing any point in A is a convex combination

of at most n extreme points in addition to the one we fized.

Proof of Lemma 2.2. ) can be written as:

m m
Q = {Zwkxkxz :m > 1, an integer, wy, .., Wy, > O,Z:w;€ <Lkl =1,1<k < m}
k=1 k=1
m m
= U {Zwkwkxz SWY, ey Wepy > O,Zwk <L|zxlh=1,1<k< m}
m>1 k=1 k=1
= U Qma
m>1
m m
where Q,, = { WETET) @ Wi,y Wy, > 0, > wp < 1 flaglh = 1,1 < k < m}. Notice
k=1 k=1

that Q; C Qo C .. C Q,, C .. C Q. By Minkowski-Carathéodory Theorem if T' € 2, then
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T € Qim s»(c)+1- Therefore

QO = Jm=0U. UQpi =4
m>1
n2+1 n2+1
= { Ztkiﬂkw;: Ztk:Ltk207||$k||1:l,Vk71§k§n2+1}
k=1 k=1

We recall that the dimension of S™(C) as a real vector space over is n?. As such, and since
X is compact, we conclude that 2 as a convex hull of a compact set is compact.

To show that int Q # ), take ﬁ[ € Q. We prove that for 0 < r < # we have the ball
1 1 ] "
B, I :{ﬁI+T.T:T,\\T||Op<r}CQ.

2n2

Let T'= ) Agopvg, |lvkll2 =1, and [Ag| < || T]|op < r. Now
k=1
1 1 n n
WI"‘T = szﬂvkvk +I;Ak’1]kvk

- 1 Vg Vi, *
)it () (o)
- (g =) 1l (i) (o

- >

k
Also

n

n n
lowlle =D longl < [ Do lowsl® | - [ Do1] = valull = v
Jj=1 j=1 j=1
Hence
1 (1 ) 1 1 )
HWIJFT”M < ; (2n2 +)‘k> velly <n <2n2 +r) n= 3 +rn® <1
In addition, because r < ﬁ we conclude that
((gz] + D) x) = al* (55 — 1) 2 0

for all x € C™. Consequently, #I + T > 0. We conclude that B, (#1) C Q where we use

the norm ||A||;,1 for convenience. O
By a similar argument, I' is also compact convex subset of S (C).

2.2. Measures of optimality. We next introduce and study the properties of some quan-
tities defined on S™ and which will serve as measures of optimality of the rank one decom-

positions of matrices in S'.

Definition 2.4. For A € ST let

2.1 A):=  inf nll?.
(2.1) =, 3 ol
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If A e S™ we let

2.2 A) = inf nll | nll1s
(2.2 AA) = it 3 gl

nfn
n>1 n>1

and
2.3) y0(A):= inf B)+74(C)) = inf nllf + D 1Akl
23 )= gl (e B 4O = 2_Nlgnlli+ el

B,CESQ n>1 k>1

We collect some of the properties of these functionals.

Proposition 2.5. The functionals given in Definition 2.4 are sub-additive. In particular,

the following statements hold.
(a) Given A,B € S% we have v4+(A+ B) < v4+(A) +v4+(B)
(b) Given A, B € S™ we have y(A+ B) < v(4) +~(B)
(¢) Given A, B € S™ we have (A + B) < 40(A) + 70 (B)

In addition, if a > 0, we have vy (aA) = ayy(A) when A € ST, and

{ v(ad) = laly(4)
Yo(ad) = la|yo(A)

for A e S™ and a € R.

Proof. Let € > 0 and choose {gx }x>1 C C™ and {hy}r>1 C C" such that

{Z;m lgellf < 74+(A) +¢/2
Yt lhellf < 74(B) +€/2

with A =37, gkg; and B =}, hyhj. It follows that

A—i—B:nggZ—i-thh};:Zféﬁ,

k>1 k>1 0>1

after reindexing. Furthermore,

Dol =D lgelld + D I1hellF < 74 (A) + 74 (B) + e

>1 k>1 E>1

The rest of the statements are proved in a similar manner, so we omit the details. O

The next result gives a comparison among the quantities defined above.

Proposition 2.6. For any A € S™ the following statements hold.

(a) 7(A) <70(4) < 2v(4A).
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b) [[Allz, < [|All1,1 < 7(A) < 2y(A). If in addition, we assume that A € S then we

have

[Allz, < 1All11 < v0(A) < 74 (A4).

Proof. (a) Let A € S™ such that A = A* = > grgi — > hihf. Then,
E>1

k>1
A) <> T lgrllF + ) Il
k>1 k>1

Consequently, v(A) < y0(A).

Fix ¢ > 0 and let {gx}M |, {hx}M | be such that A = S| gph} and

M
> gkl lhwlly < ~(A) +e
k=1
Furthermore, rescale g, and hy so that [|gx|l; = ||hll;-
Let xp = %(gk + hk) and y, = %(gk — hk) Then

M
> g - Zykyk— nghz+ thgk—

k=1

Note also [[zx[ly < llgrlly = [2xlly and [lyxlly <llgrlly = [[Pxlly Thus

lewklll +Z||yk||1 < 2Z|\gk|\1 < 29(A) + 2.

Since € > 0 was arbitrary, the second inequality follows.
(b) Since [|Allz;, = maxyey(n) Realtr(AU), let Uy € U(n) denote the unitary that

achieves the maximum and makes the trace real. Then

n

IAllz, = tr(AUs) = > > Ape(Uo)ex < (ZZ|AM|> <maxmax| (Uo) gk> SO 1Akl = | Allva

k=1+¢=1 k=1 /=1 k=1+¢=1

Suppose that A € S and let € > 0. Choose {g }x>1 C C" such that A =37, -, gkg;,

and

D llgll} <r4(A) +e

k>1
It follows that

A) <Y llgrllf < (4) + e

k>1
O

The upper bound 2v(A) is tight as we show in Proposition 2.8. We next show that | - |11

and v(-) are identical on S™.
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Lemma 2.7. For any A € 8™ we have ||Al11 = v(A). Consequently, (S™,~) is a normed

vector space.

Proof. Let A € S™ and € > 0. Choose {g;};>1,{h;};j>1 C C" such that A =} g;h} with
J

Yo llgilla - 1Rl < v(A) + e. It follows that
J

Al =D Al = 11D gihila <> llgih;
i 7 7

Thus ||A]|11 < v(A4).

L1 <D lgsll - sl < 4(A) + e
j

On the other hand, for A € S™ we can write: A = (4;;)i; = (3_(4:;))i -6, then

j
YA) <> Al 116l =D 1Aiil = | All11-

5 i
Therefore ||Alj1,1 = 7v(A). O

In fact, g defines also a norm on S™. More precisely, we have the following result.

Proposition 2.8. (S™,79) is normed vector space. Furthermore, ~o is Lipschitz with con-
stant 2 on S™:

(2.4) qip oA (B

= 2.
ABest azB  ||[A— Bl

Proof. We have already established in Proposition 2.5 that 7y, satisfies the triangle inequality
and is homogenous. Furthermore, suppose that v9(A4) = 0. It follows that A = 0.
For the last part, let A, B € S™. We have
Y0(B) =70(B — A+ A) < (B —A) +7(A)
Y0(A) = (B — B+ A) <~(B) + (=B + A)
So [10(B) = v0(A4)| <70(B - A) <29(B - A) < 2||B — Al|11.
To show the Lipschitz constant is exactly 2 (and hence the upper bound 2 is tight in

Proposition 2.6(a) ) consider the matrix

[0 1
a0,

Note ||All1,1 = 2. For any decomposition A = B — C with B,C € 53 we have
B { a b C= { a e }
b c | e ¢

with a,c > 0 and b —e = 1. Then

70(A) 2 74 (B) +74(C) 2 4(B) +7(C) = 2a+ 20b| + 2/1 — b| + 2 > 4jb| + 4|1 — b] > 4,
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thanks to ac > b2 and ac > e2. On the other hand

A=z i) =g A0

which certifies 79(A4) = 4. The proof is now complete.

O

We have now established that g, v = || - [|1,1 are equivalent norms on S™. In adition, we
proved in Proposition 2.6 that v(A) = ||Al|1,1 < v+(A) for A € ST. A natural question that
arises is whether a converse estimate holds. More precisely, the rest of the chapter will be

devoted to investigating the following questions.

Question 2.1. Fix n > 2.

(1) Does there exist a constant C' > 0, independent of n such that for all A € S, we

have
Y4 (A) < C - ||All11-

(2) For a given A € S%, give an algorithm to find {hi,hg,..,has} such that A =

SoL | hih with
M
Ay = [l
k=1

We begin by justify why the second question makes sense. In particular, we prove that

~v+(A) is achieved for a certain decomposition.

Theorem 2.9. Given T € S7%,

n2+1
()=, Inf Z||gk||1 = min Y ||glf}
=2, 959 (1 T— "ilgkg* k=1

for some {gi}p_} e e,

Proof. Let T € S7(C),

14+(T) = Z gkll3.

kg>1

Assume T # 0, then v (T) > 0. Let T = T

ol ( ) ( )
wy, - exer,
20 = 25wy o) Tault) ~ 2 o
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2
where wy, = % and ey = 2. Hence Y wy = ﬁ S llgrll? = 1 and |lex|l; = 1.
K>1

Ton T Z

Therefore v (T) = 1. It follows that T € T.

By Minkowski-Carathéodory Theorem 2.3
n2+1 n2+1
T= Z wy, - eger, wg > 0, Z wy = 1.
k=1 k=1

Therefore
n? +1

(@)= min 3 ol

> grgp k=1
k=1

O

The next question one could ask is how to find an optimal decomposition for A € S7
that achieves the value v, (A4). The following technical tool will be useful in addressing this

question, at least for small size matrices.

Theorem 2.10. Suppose that A € ST (C) and y € C*. Then A — yy* € ST (C) if and only
if there exists x € C™ such that y = Az and (Az,xz) < 1. When equality holds, then A — yy*

will have rank one less than that of A.

Proof. The case y = 0 is trivial, so we can assume without loss of generality that y # 0.
Suppose there exists a vector y such that y = Az and (Az,z) < 1. For any vector z and

observe that [(Ax, 2)|> < (Ax, z)(Az, z). Consequently,
(A —yy*)z,2) = (Az,2) — [(Az, 2)|* > (Az,2) — (Az,2)(Az, 2) = (Az, 2)(1 — (Az, x)) > 0.

When (Az,z) = 1, we (A — yy*)z,z) = (Az,z) — [(y,2)|? = (Az,x) — |(Az,2)|? = 0. Tt
follows that 2z € N (A — yy*). Combining the fact that z ¢ N'(A), we have rank(4 — yy*) <
rank(A).

For the converse, suppose that A — yy* is positive semidefinite, where y € C". Write

y = Ax + z where z € C" and Az = 0. It follows that
(A=yy*)z,2) = ~|{y, 2)]? <0
with equality only if 0 = (z,y) = (2, Az + z) = (z, z) which implies z = 0. In addition,
(A= yy")z, ) = (Az,2) — (Az,2)* > 0

implies (Az,z) < 1. a
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The following result follows from Theorem 2.10

Corollary 2.11. For any A € S%(C) we have

—_ 3 _ * 2
7+(4) = (i g VA~ AzzTA) + | Ay

<<Am11>1 Y4 (A — Axz* A) + || Az||3.

Proof. Let A € ST and 0 # x € C" such that (Az,z) < 1. Then by Theorem 2.10 and

Proposition 2.5(a), we see that

A) < ' A— Aza*A) + || Ax||?
Y ( )—<Ax,f>1£},x¢07+( vt A) + || Azl

On the other hand, let A = ZkN:1 upuy be an optimal decomposition, that is vy (A) =
Zszl [uk||3. Since A — Aza*A € S%, we can write A — Aza*A = Y}, vyv}. Hence,
A=3""_  vpvi + Aza* A and by the optimality, we see that

V(A= Awa® A) + [ Az )] < lloell} + |4z} < y1(4)

k=1
]

We recall that Q = co (X U{0}) where X = {zz* : z € C"||z|; = 1}. We now give a

characterization of {2 in terms of v that is equivalent to the one proved in Lemma 2.2.

Lemma 2.12. Using the notations of Lemma 2.2, the following result holds. = {T €

S7(C) 74 (T) < 1.

Proof. Let T € {T € ST (C) : 74 (T) < 1}. Then

+ n’+1
D ongi = ), wiXiXi,
k=1 k=1
n2+1
where wy, = ||gx||? and Xy = Tor - Therefore 74 (T) = >. wi < 1. Hence
k=1
n2+1
T=Y weXeXi+(1-7.(T)-0€Q.
k=1

Conversely, let T € Q. Then T' = > wp X3 X}, wr > 0, and > wy < 1. Hence
k k

v <Zwk 4 (Xp X)) Zwk<1
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In fact, v4 can be identified with the following gauge-like function g : ST (C) — R
defined as follows:
po(T) =inf{t > 0: T € tQ}.
Let 70 = {t > 0: T € tQ}. Then 77 is nonempty, since ﬁ elcQ=Tey(TQ=>

v+ (T) € 7p. Therefore pqo(T) < v4+(T). In fact, the following stronger result holds.
Lemma 2.13. For each T € ST we have po(T) = v4(T)

Proof. We need to prove v4(T) < ¢q(T). If t € 7p, then % €,

T il n?+1
7= Z WKL KTy W1,y ooy Wy211 > 0, Z wi < 1, ||zkll1 = 1, Vk.
k=1 k=1
n?+1 n?+1
T= ) tweriry = Y grghs
k=1 k=1
n241 n241
where g = Viwgzg. Now v (T) < > twp =1t > wi <t =v1(T) < pa(T). O

k=1 k=1

Remark. If follows that (g is also positively homogeneous and sub-additive, hence convex.
However, we point out that ¢q is not a Minkowski gauge function since €2 does not include

a neighborhood of 0.
We close this section with a discussion of some regularity properties of ...

Theorem 2.14. Fiz 0 > 0. Let Cs = {T' € S} : T > 61,tr(T) < 1}, then vy : Cs5 — R is

Lipschitz continuous on Cs with Lipschitz constant (n/8) 4+ n®/2.

Proof. We show that, V 13,715 € Cs,

(1) =74 (T2)| < (5 +n2) T2 =~ Tl

1)
Define
T="T,+ 0 (To — Th)
-
Then
~ 1)
Amin(T) Z Amin(TQ) - HHT,Q_T,l'(TZ - Tl) ‘ = )\min(TQ) -0 Z 0.

Consequently, T € ST

Now
J o =T -

= T + .
S+ T~ ' o+ T - To|

T
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The convexity of v, yields

0 T2 — Ty | =
)< ——— v (T + ————————~. (),
’y"r( 2) 5+HT2_T1||,Y+( 1) 6+||T2_T1Hry+( )
which implies
s R e (34() = 74(1))
. Y+L2) =7+ HL1) = 5+ [T — T
We have
- - I —Th 3/2
(2.6) Yo (M) <n-tr(T)=n- [tr(Ty) + 4§ - tr T =T <n-tr(Ty) + én°/=.
2 — 11
(2.7) Y (T0) > [ Tallia = Y 1(Th)is| > tr(Ty) > nd.

.
Using equations (2.6) and (2.7), we get

(2.8) Y (T) = 4 (Ty) < - tr(To) + 00?2 —nd < n - tr(Ty) + 6n°/2.

Now

T2 — T4 ||

1) =72 (T) < (@) = 7(@)) < 1T = 1] [5 - tr(T2) + 02

)
Y+ (T2) =v+(T1) _n 3/2
2.9 = < — -tr(1y) +n/=.
(29) m-n) <5 T
Similarly
Y+(T1) —v+(Tz) _n 3/2
2.10 < —-tr(T7) +n°/-.
(2.10) Ty — Tz 0 @)
Therefore
Ty) — T .
(2.11) D (T =7 Tl 0 (1), £r(T)) 4 022 < 2.
1Ty — T|| 1) 5

In fact, we can prove a stronger result if we restrict to ST, .

Corollary 2.15. v, : S? (C) — R is continuous. Further, let T € ST, (C) and 0 =
FAmin(T) > 0. Then for every S € ST (C) with ||T — S| <6,

|74+ (T) = v4(9)]

n
< — - tr(T) + 2n%/2.
1T =S| 0

Proof. Let T € 5% (C) and § = 3 Amin(T) > 0. For any S € S (C) with | — S| < 4, and
every x € C™ we have that
(Sz,x) = (S = T)a,z) + (Tz,2) > (=0 + Amin (D)) 2]* = 8]l

Using this (2.11) becomes



OPTIMAL ¢! RANK ONE MATRIX DECOMPOSITION 13

7+ (T) — 7+ ()] L,
1T = 5] 5

However, tr(S) < tr(T) + /nd. Therefore,

17+ (T) = v+(9)]
17— 5|

< ax (tr(T), tr(S)) +n3/2.

< — - tr(T) + 2n%/2

n
)

3. FINDING OPTIMAL RANK ONE DECOMPOSITION FOR SOME SPECIAL CLASSES OF

MATRICES

In this section we consider several classes of matrices in Sﬁ for which the answer to

Question 2.1 is affirmative.

3.1. Diagonally dominant matrices. Recall that a matrix A € S7(C) is said to be di-
agonally dominant if A;; > 2?21 |A;;| for each i = 1,2,...,n. If the inequality is strict for
each i, we say that the matrix is strictly diagonally dominant. The following result can be

proved for any diagonally dominant matrix in S7.
Theorem 3.1. Let A € ST be a diagonally dominant matriz. Then v(A) = vo(A) = v4+(A).

Proof. Let e; = (0,...,0,1,0,...,0) and u;;(z) = (0, ..., /x, ...,ﬁ, ..,0). Given a diagonally

dominant matrix A, we consider the following decomposition of A ([2])

A= ZUij(Aij)uz’j(Aij)* + Z(Azz - Z | Aijl)eies.
i<j i Je{l,...,n\{i}

It follows that

Yr(A) <D AAGI+D (A= Y Ay

i<j i JE{1,..,n\{i}
:24\Aij|+zAn‘*Z Z |A;;]
i<j i i ge{l,...n}\{i}
= AAG+ DA =214
i<j i i<j
= [|All1,1-

O

The case of diagonally dominant matrices is a particular case of the following more general

decomposition result:
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Theorem 3.2. Assume A € S admits a decomposition

(3.1) A= Z uijug; + ivivf
i=1

1<i<j<n

where each u; ; has non-zero entries at most on positions i and j, and each v; has non-zero

entries at most on position i. Then y4(A) = ||All1,1-

Proof. The hypothesis implies
wg=[0 - 0 ¢jg 0 -+ 0 cyy 0 - 01"
and
vu=[0 -~ 0 d 0 - 0]
where c¢;;.; is on position ¢, ¢;;,; is on position j and d; is on position . Without loss of
generality we can assume d; € R and c¢;54,¢5,; € C. We write A = (aij)?,jﬂ where for

1<i<j<n, Qi5 = Cij:iCijsjs whereas for 1 < i < n,

i—1 n
ai = d + Y lejial® + Y leigal.
i=1 j=itl

These imply

n n
2
Do Mgl + D lwilli = D0 (gl + luggg)* + > di = > laigl = 1Al
1<i<j<n i=1 1<i<j<n i=1 1<i,j<n

Now the proof is complete. (|

3.2. The cases for matrices in 5% (C) for n € {2,3}.

Proposition 3.3. Suppose that A € S2, then

Y+ (A) = [|All1,1-

Proof. If A = wu* is a rank 1 matrix in Si the proof is straightforward. Suppose A € S’i

is rank 2. A = [Cé l(j with ab — |¢|> > 0. Using the Lagrangian decomposition [10] we can
write
0
a (&} c 2
A= A+ ] o Vot
The result then follows. g

For certain 3 x 3 matrices the Lagrangian decomposition [10] is optimal. In particular, we

have the following result.
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Proposition 3.4. Let A € S be of rank 2 or 3. If

b

A= d
e

ol o e

e
f

then

Y (A) < Ay + 2ec=beltlbllcizale),

a
In particular, if |ae—bc|+|b||c| = ale| then v4(A) = ||A|l1.1 and the Lagrangian decomposition

(which in this case is the LDL factorization) is optimal.

Proof. We first assume that A has rank 3. In this case, A must be positive definite and
adf # 0. Indeed, if one of the diagonal term, say f = 0, then using the fact that A € 5_3;
would implies that df — |e|*> = —|e|> > 0 which is impossible.

Let

Uy = ﬁA(Sl =

where {6;}3_; is the standard ONB for C3. By Theorem 2.10, the matrix A — ujuj. In fact,

in this case, this is a rank 2 matrix given by

Let

It follows that A — uju] — usu3 = usuj where

0
0

det A
ad—|b|?

Consequently, the Lagrange decomposition of A is A = wjuj + usud + usu} which implies

that

3 —
1 (A) <3 a2 = (| Al + 2aezbeltiblielzalel)
k=1
Now suppose that the rank of A is 2. In this case, it is possible for adf = 0. However,

only one of the diagonal element can be 0. So assume that f = 0, then we also get that
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e =c = 0. In this case
a b 0
Alb d O
0 0 0
which reduces to Proposition 3.3. Thus, we may assume without loss of generality that
adf # 0. In this case, we can proceed as above. However, because the rank of the matrix A

is now 2 we see that A = uquj + ugud and

2 ae—gc—&-b cl—ale
1’1_‘_(| [+[bllcl—alel)

a

¥+ (A) < [lullf + uzll¥ = [|14]

Remark.

(1) If one of the off diagonal elements b, or ¢ is 0, then Proposition 3.4 shows that the

Lagrange decomposition is optimal for v, (4).
1 0

(2) Suppose n =4 and let V = \/% (1) _11 , and consider
1

1
1 0 1 1
0 1 -1 1
_ T _ 1
A=VV TMl1 -1 2 0
1 1 0 2

Then A has rank 2, and the || 4|11 = 1. However, v4(A) # v(A4).

4. NUMERICS

Here we inspect upper bounds of v+ (A)/||Alj1,1 for A an N x N matrix with simulated
data. We randomly generate symmetric positive definite matrices and compute upper bounds
on y4+(A)/||Alj1,1 with different decompositions of A. The first step is generating Gaussian
distributed realizations in a matrix size N by N. Then by multiplying by its transpose, the
result is symmetric positive semi-definite, denoted A. Let Ay denote a collection of 30
independent realizations of this random matrix.

We consider two factorizations of the matrix A: the LDL and the Eigen matrix decompo-

sition. Specifically:
N
LDL: A=) uwj
k=1
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with vy vectors that have the top k — 1 entries 0, and

n
FEigen: A= ngg};
k=1

where {g1, ..., gn } are the eigenvectors, each scaled by the corresponding eigenvalue’s square-

root. For each decomposition denote:
N

N
Teor(A) =D lvell} and Jgigen(4) = > llgxl}

k=1 k=1
Let Frpr and Fgigen denote the worst upper bounds over the N realization ensemble:

Jrpr(4)
Ac AN HA||171

JEi en(A)
FienN = e
migen(NV) = max =T

Frpr(N) =

We plot these worst upper bounds after 30 realizations for various N in figure 1.

In the same figure we plot the analytic approximations of these two curves using a square-
root functions and a logarithmic function. The square-root function was scaled as ¢v/N to
closely fit the Eigen decomposition bound, Fgigen (N ). Numerically we obtained ¢ = 4/5.

From these plots we notice a clearly strictly increasing trend. Furthermore, the LDL
factorization produces a smaller (tighter) upper bound than the Eigen decomposition. On
the other hand, as we show in Theorem 2.9, any optimal decomposition may take N2 + 1
vectors. By limiting the number of vector to N one should not expect to achieve the optimal

bound 74 (A4) with any decomposition.
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