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Optimal Stochastic
Approximations and Encoding
Schemes using
Weyl-Heisenberg Sets

Radu Balan and Ingrid Daubechies

ABSTRACT In this chapter we study two classes of optimization problems
concerning the interaction between stochastic processes and coherent Weyl-
Heisenberg sets. One class involves approximation of stochastic signals, the
other class refers to signal encoding for transmission in noisy channels.
Both problems are studied in continuous and discrete time setting. Explicit
solutions are found in Zak transform domain. The optimizers turn out to
be generically ill-localized similar to the no-go Balian-Low theorem.

Keywords: stochastic signals, approximation, encoding, amalgam space

1 Introduction

Let (g;0,a) = {gmnib,a ; m,n € Z} denote a Weyl-Heisenberg (WH) set
with window g and parameters b > 0 (frequency modulation) and a > 0
(time translation), where

Gmnba(®) = ™M (2 — na). (1.1)

When there is no danger of confusion, we denote gmp.ba by gmn. Our
normalization of the Fourier transform is:

flw e~ f(z) i ; (1.2)

=l

and of the Zak transform:

$) = va Y e fla(s + k). (1.3)

kEZ

For two WH sets, (g'; b ,a) and (g%;b,a), we use the shorthand nota-
tion (g', g% b,a). Thus (g Z,b, a) = (( Lb,a), (9% b,a)) is the WH pair
composed of (g';b,a) and ( 2:b, q). Throughout this paper we implicitly
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assume that all the WH sets under consideration are at least Bessel se-
quences. Furthermore, in particular instances, we shall require the WH set
is either a Riesz basis for its span (shorthanded by s-Riesz basis), or a frame.
We formally define the analysis operator Tyry, o = f — {(f, grln,n;b,a>}(m,n)a
the synthesis operator T;‘Q;bya DC > Zm,n Cm,nggq,n;b,aa the frame operator
Sql g2ba = T;‘Q;byaTgl;bya and the Gram operator Gy 424 o = Tgl;byaT;‘Q;bya.
The Bessel sequence property guarantees these operators are well-defined
in L?(R) and [2(Z?). We call (g%, g%;b,a) a dual pair of WH frames when
both WH sets are frames and Sy g2, , = 1 (the identity in L?(R)), and
we call (g1, g%; b, a) a biorthogonal pair of WH s-Riesz bases when both are
s-Riesz bases and G1 g2 , = 1 (the identity in [?(Z?)). When g' = ¢% = g,
we call (g,9;b,a) a WH iso-pair.

For (g%, ¢%;b,a) a WH pair of Bessel sequences and for f € L?(R), the
following series:

h = Z Cmnd i, (1.4)

mnez

converges strongly in L?(R)-sense to an element h of L?(R).

We shall consider two sets of situations. In the first case, the signal
encoding problem; we work with dual pair of WH frames; we assume f €
L2(R) is fixed, and the ¢p,,,’s coefficients are perturbed by noise, i.e. (1.5)
is replaced by ¢mn = (f,9L.,.) + Vmn; we are then interested in studying
how close (in mean-square sense) h, defined by (1.4), is to f for optimally
chosen dual pairs. In the second case, the signal approzimation problem, we
work with pairs of WH s-Riesz bases and consider f itself is a realization of
a stochastic process; we are again interested in studying how well A, defined
by (1.4), approximates in mean-square sense the original signal f.

To make sense of the whole setting, we have to define the right func-
tional spaces where the stochastic processes can be realized, and also to
make sure expansions of the type (1.4) converge in those functional spaces.
Some non-stationary processes can be realized on spaces of finite energy:
either L?(R), in the approximation problem case, or [?(Z?), in the encoding
problem case. Yet, stationary processes on the whole line R, or index space
Z? cannot be realized in spaces of finite energy. Instead, the Wiener amal-
gam space W (L? 1°°) is best suited for such stochastic processes. Hence we
need to check convergence properties of the series (1.4) in W(L?,1°). Once
all these objects are well-defined in the corresponding functional spaces, we
explicitly compute the mean-square error e = E[||h — f||?], where the norm
||-]| is context-dependent. Our goal is to optimize this error, first over g2 for
a given ¢! (the so called semi-optimization problem), and then over both
g% and g' (the optimization problem). In section 4, we show the optimizers
are ill-localized in a sense similar to the well-known Balian-Low (BL), or
amalgam BL theorems (see [BeHeWa95]). To obtain explicit closed-form
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solutions, we use the Zak transform; this requires that we restrict our at-
tention to the case when ba is a rational number. We assume ba = ’q—’, where
p, q are relatively prime integers.

The statements presented so far apply to continuous-time signals. They
have similar counterparts in the discrete-time signal setting. More specifi-
cally, consider (g',¢%;b,a) a WH pair of Bessel sequences and ¢ € [?(Z?).
Then the following sequence:

d = (f 9mn) (1.6)
= Z cmng}nn (1.7)
mnez

is well-defined in [?(Z?). Now consider the case where (g';b,a), (9%;b,a)
are frames and some disturbance perturbs additively f. Such a context
corresponds to a transmission channel affected by noise, where the carrier
waves are g1, ’s, and the symbols are ¢,,,’s. The noise signal is modeled as
a stochastic process over the space of finite power signals, W(L? [*). By
using a convenient measure of the reconstructed coefficient error ||d—e¢||, we
evaluate the average distortion of the discrete-time signal encoding scheme
just described, eqe = E,[||c—d||?]. The semi-optimal and optimal problems
for this case are stated in section 2.2. The second case of interest covers
the case when the input signal itself, ¢ = (¢,p ), is stochastic, and (g;b, a),
(9%;b, a) are s-Riesz bases. The natural input signal representation space is
[°°°°(Z?). With a proper reconstruction error measure ||c—d|| in [°>°°(Z?),
the approximation distortion eg, = E;[||c — d||?] is used in the optimization
problems associated to the discrete-time signal approzimation scheme.

Several papers in the literature have dealt with the interaction between
stochastic signals and Weyl-Heisenberg coherent sets. In [Munch92], the
continuous-time signal encoding problem was considered. The author stud-
ied only integral redundant frames (namely p = 1 and ¢ > 1) and his
numerical examples exhibit a discontinuous behavior of the optimal win-
dows; he did not consider this issue further, nor did he look to obtain sub-
optimal but better localized solutions. In [BaDaVa00], the continuous-time
signal approximation problem was considered. There, the authors applied
the solution to a multiple description encoding scheme. The approximation
analysis revealed the non-localization phenomenon of the optimal solution.
A context-dependent method was proposed to design a sub-optimal solu-
tion that is well-localized at the expense of a slight increase in distortion.

In the context of signal modulation analysis, the author of [Koz98] looked
at the effect of noise on the discrete-time signal encoding scheme. Since the
main issue was the unknown channel transfer function, the analysis was
mainly restricted to the case of white noise. The design procedure to select
a desirable solution follows a trial-and-error type approach.

An ill-localization phenomenon of some optimal dual windows has been
remarked in [Strohmer98]. There, the author notices that for minimal sup-
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port analysis windows, the minimal supported dual window exhibits a
Balian-Low type effect. To avoid this problem, the author proposes dif-
ferent optimization criteria for the dual window design.

Even though we state and develop a one-dimensional theory, all the re-
sults can be easily carried to the higher dimensional case virtually without
modification. Since the notations would become slightly more complicated,
for the convenience of the exposition we preferred to stick to the simpler
one dimensional notations.

2 Stochastic Processes and Statement of the
Problems

2.1 Stochastic Processes and Gabor Analysis on 1°°°(7*) and
W(L?,1>)
2.1.1 The W(L?1*) (continuous-time) case.

Consider a continuous-time stochastic signal f. This assumes the existence
of a probability space (£2, X, 1) so that realizations of this process are mea-
surable functions f, : R — C. Statistics of f are obtained by integrating
over 2 with the probability measure . To simplify the notation, the expec-
tation symbol E[-] is used instead of explicit integration. Thus the average

of f is defined through:
BUW) = [ L) (1.8)
and the autocovariance function:
BUOFE = [ LT dute) (1.9)

Throughout this paper we assume the stochastic signals are zero-mean,
wide-sense-stationary and have known autocovariance function R(7). In
other words, E[f(¢)] = 0 and E[f(¢)f(s)] = R(t — s). Inspired by the real-
world situation, we assume all realizations have finite power. In this case,
a natural representation space is the Wiener amalgam W (L? (°°) defined

by

n+1
W) = 2R ey = sip [ 1) e < o)
(1.10)

First we make a remark about the necessity of this amalgam space. Note
that (wide sense) stationary processes cannot be realized in the space of
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finite energy. Indeed, the average energy of such a signal is:
EfI718] = /R R(0,0)dt = o

On the other hand, every stationary covariance function R € Ll(R) N
F~YLY(R)) can be found to correspond to a stochastic process in W (L?,1°)
as shown in the following example ([Balan98]):

Example 2.1 Assume R is a covariance function (i.e. R > 0). Then define
the following probability space:

Q= Rx {11}, dulw,q) = WlR(O)R(qudw

1 : _
2@3(0)]?(|w|)’ 9=+ (1.11)
éR(_h")Da q=-1,

22/27 R(0)
and the stochastic signal:

FrQa WII®) | fugle) = RO)EIIHEE @ (1)

Then direct computations show that:

) = Y [ e fge) =0
gel—1,117 >
BOTE) = Y [ dule ) g0l = R )
gel—1,117 >

Consider now (g; b, a) a WH set. We want to decompose a stochastic sig-
nal f, representable in W(L? {*), into a space of coefficients. For this
amalgam space, the natural space of coefficients is the “amalgam” (or
mixed-norm) space [°°(Z?) defined by:

lZ’OO(ZZ) = {C = (Cmn)m,nez | ||C||l22,oo(z2) = SUPZ |Cmn|2 < OO} (113)

Thus we want the analysis operator, 7' : W(L? 1) — [»>°(Z?), T(f) =
{{f, 9mn)}(mn)ez> to be bounded and well-defined. The standard Gabor
analysis started on L?(R) and then continued with the modulation spaces
theory (see [Feich89],[Groch00]). The analysis operator on modulation spaces
(and implicitly L?(R)) is bounded when the window g belongs to the space
My 1 (also called the Feichtinger algebra Sy(R)) defined by

My = {F € L(R) | I/l ::/dW/dth,g?,wH <o} (114)
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where g , () = e2miwr o= (v =1)/2 (see [FeiZimm98], Chapter 3). Using com-
plex interpolation techniques, one can easily derive the boundedness of the
analysis operator on amalgam spaces, as desired here. Yet, it has been long
observed that on L?(R), a sufficient and weaker condition of boundedness
is that ¢ € W(L*>,1') ([Waln92]). In [Balan98] the author shows a simi-
lar condition is sufficient for the boundedness of the analysis operator T,
between W (L?,1°°) and [>°(Z?). Note that extra care has to be paid to
define the convergence of the synthesis operator properly. To make things
more precise, let us first introduce the definition of Wiener amalgam space

W (L, 19)

n+1
WL 1) = {f R = C | [ fllly oo, = Z(/ ) de)? < oo}
nez v
(1.15)

for 1 < p, ¢ < oo and the usual change for the limiting case p = oo or ¢ = oc.
Now the following result gives sufficient conditions for boundedness:

Theorem 2.2 Assume g',g? € W(L* 1Y), b,a > 0 andlet f € W(L?,1>).
Then,

1. The sequence

Tyrpaf = {{fs 9pun) Iminez (1.16)
belongs to 1°°(Z?). Moreover, there is a constant Cbl,a such that
1 Tyg10,afllizee (22) < Coallg o (poe || Fllw 2 10) (1.17)
2. The series
St g2l = Z<f, Imn)9imn (1.18)
converge unconditionally in the L% . topology, that is for everye > 0

and compact set K there are N, M, > 0 such that for every finite set
S CZ?\ ([-M., M.] x [-N., N.]),

|| Z <fagrlnn>g51n||lz2(K) <é€

(m,n)eSs

Moreover, (1.18) converges also in weak-* topology of W(L?,1°°), i.e.
for every h € W(L*1') and ¢ > 0 there are M., N. > 0 such that for
every N > N, M > M,

<haf_ Z Z <fagrlnn>g5’m> <e

|m|<M. |n|<N.
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3. The function defined in (1.18) is in W(L?,1°°) and there is a constant
Cyq > 0 such that:

1591 g26,af 1w (221) < Coallg*lw o )llg* lw o i) || Fllw (22 1)

19)

Remark 2.3 Note that both Spi g254 = T2y Tyrpa : W(L%1®) —
W (L?,1>), the frame operator, and Ty, @ W(L?, ) — [2°°(Z?) are
well-defined and bounded operators. These results will be useful for the
continuous-time signal approximation and discrete-time signal encoding
problems. In the former case, the data is modeled as a stochastic signal

in W(L?,1°), whereas in the encoding problem, the channel noise is as-
sumed to be realized in W(L?,1°).

Remark 2.4 Tn general the series (1.18) is not strongly convergent in the
W (L?,1°°)-norm. Indeed consider the following example (from [Balan98]):

Example 2.5 Consider ¢! = ¢ = Iio,1], the characteristic function of
[0,1],b=a = 1and f = 1y, the constant function 1 on the entire real line.
Note that || f|lw L2,y = 1. Then, for each N >0,

Z Z<fa grlnn>g5’m = 1[—N,N+1]~

[n]<N m

Therefore ||f — ZIHISN Yot g}m>g§m||w(p,,w) =1forall N.
Summing first over n and then over m still does not lead to strong conver-
gence of the series as can be checked with h(z) =3 ., ezm’mxl[mym{_l] (z).

Remark 2.6 As mentioned before, if g',¢g* € W(L>, '), then Sy 424 4
is also bounded between L?(R) and L?*(R). However, in general, even if
Syt g2:6.q 1 well-defined and bounded on L*(R), it does not need to be
bounded on W (L? 1%}, as the following example (from [Balan98]) shows:

Example 2.7 Consider 1, = [2;—:1, 27;%], for n > 0. Define the set

E = Upso(n + I,,) and the functions g' = 1g (the characteristic func-
tion of E) and ¢% = Ijp,1}- For b = a = 1, one can easily check that
(g%;b,a) and (g?;b,a) are both orthonormal bases of L?(R), hence Bessel
sequences. Therefore Sj1 2.4 4 is bounded (in fact unitary) on L?(R). Con-

sider now f = Zn>02(”+1)/21n+1n and, additionally the function f =
S s 200tD/21,  Note that f € W(L?, 1), |fllw(r2,5y = 1; moreover,
for p < 2, f,f € LP; however f,f ¢ L*(R). The coefficients of f with

respect to (g1;b,a) are:

1
Cmn — <f’ grln> ol 677,70/ e—zﬂlmxf($)dx
0
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Therefore
1
S gt = (X @ [ o)
Im|<M |n|<N Im|<M 0

By Plancherel’s theorem we have:

I Z Z Cmnggm||%2([o,1])

Im|<M |n|<N

1
—2mwimax § M =00 7
= > |/0 O {C T Rl | V[P

ml <

Thus Sg1 42,4 o f can be defined in distributional sense (note (¢pn)mez € lpl,
Vn and p' = (1 — %)_1) but will not be in W (L?,1°°) (in fact it is not even
in L2 .).

Remark 2.8 The previous example shows that one can have WH Bessel
sequences even if gt g% & W(L> ). In fact, one can even find g',¢? €
W(L>,1') for which Sgi 424 4 is a bounded operator on W (L% [>), as
shown in the example below (from [Balan98]). The condition g¢',¢? €
W (L ,l') in Theorem 2.2 is therefore not necessary.

Example 2.9 Consider the same partitions as before, in Example 2.7. Set

1
1 2
9 = § —————layr, ¢ :10,1
= (n _|_ l)oc+5 [ ]

where 0 < a < % Note that gt € W(L*>,1?), but g* & W(L>,IP) for any
p < (a4 %)_1 < 2; in particular g* ¢ W(L*,1'). We analyze now Sy 2.4 4
for b = @ = 1. Let us consider an arbitrary f € W(L?,1°) and denote by
¢mn = {f, 9},,,). They are finite and bounded by [£llw(L250)- On the other

hand

[1(Sg1,g2:6,a) '1[N,N+1]||%2([N,N+1]) = Z lemn]?
meZ
But ¢, = <f’ grlnn> = fol e—ZWimx(Zl f(l‘ + 1+ n)gl(l‘ + l))dl‘ There-
fore " lemnl? = fol |5 f@ + 1+ N)gt(z +1)|*de. Note |5, flz + 1 +

N)gH(z + D) = Y50 [f (@ + 1+ N)? grpyreee L, (2), thus

1
D lemnl® = Zm/jlﬂﬂﬂrmlzdr

m (>0
1
<Y 1 v e e
>~ 1+2a (L2,i°°)s
= ({+1)

so that ||.Sy1 g2.0 o fllw (L2 100y < Callfllw (L2 100y, Which proves that Sg1 g2 4
is bounded on W (L?,1°).
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Although the converse of Theorem 2.2 is not true, the following result
offers a necessary condition to have a bounded analysis, and frame operator
on W(L?,1°). First we give a definition.

Definition 2.10 A function f : R — C s said to have persistency length
a if there is a § > 0 and a compact set K congruent to [0, a] mod a, such
that for every x € K, |f(x)| > 4.

Theorem 2.11 ([Balan98]) A. Let (¢;b,a) be a WH set such that the
analysis operator Typ o + f = {(f, 9mn) }(mn)ez 15 well-defined and bounded
between W (L?,1°°) and [>°°(Z%). Then g € W(L>,1?).

B. Let (g*,9%;b,a) be a WH pair such that the following hold true:

1. For every f € I/V(L2 %), the series Y. {f, grn)9on coOnverges un-

conditionally in L} _;

2. The frame operator Sg g2 o is bounded on W (L?,1%);
3. ¢° has persistency length %
Then gt € W(L>,1?).

The proof of Theorem 2.2 is fairly standard, and is based on carefully
estimation of the partial sums. First the summation over the frequency
index is performed using Parseval identity. Then triangle inequality and
Cauchy-Schwarz are used in the second summation over the time index
(see [Balan98] for details). Instead, the proof of Theorem 2.11 seems more
interesting and therefore we are going to present it here.

Proof of Theorem 2.11
A. We know there exists a constant €' > 0 such that for every f €
W(LE 1), 3 (s g2 < CUFIRy g2 my- Take f = 78 @83, Obvi-
ously f E I/V(L2 1) and |[fllw 21y = 1. For m = n = 0, {f,gmn) =
f_ dx = ffooo lg(z)|dz < C. Therefore g € L*(R).

Next we show g € L (R). Suppose the contrary, that for every D > 0
there is a measurable subset J of an interval of the form [&e %] such
that [J] > 0 and |g(x)| > D for every x € J. Take f = We_i are dly.

Note that ||f|lw (L2 1) < ||f||L2(R) =1 and for n = 0,

fagmn _ /g —27szbxd
( )= N lg(x)]e
Then:
1 1 1
|<fagmn>|2: _||— J|| 7 ND ND+1 —/ |g(l‘)|2dl‘>D2
mze:z Vil r 1ol

which contradicts Y [(f, gmn)|? < C||f||€V(L2Jw). Therefore ¢ € L™ (R).
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Using Parseval identity we obtain:

1 [ l I
;Kf,gmwlzzz/o |Zf(x+na+g)g(l‘+g)|2dl‘

lEZ

For n = 0 we need to check that
1/b l l . .
; |Zf(l‘ + E)g(l‘ + E)| de < Cl[fli 12,100y
!

To avoid messy computation, we may take without loss of generality b = 1.
For each n € Z denote by .J, the measurable subset of [n,n + 1] defined
by Ju = {x € [n,n+ 1] | |9(2)] > 3llgllpoepnnszy}- I [Jal < e, define
Jne = Jn; if |Jy| > €, then take a subset J,. of J, with |J, .| = e.
Note that, by the definition of J,, |J, .| > 0 for all n. Let N, be an
integer such that for every |n| < N, |Jn | > §. Obviously lim. o N. =
0. Take f = Z|n|<N5 1, .¢' @89, Then ||f||%/V(L2,l°°) <eand |}, flz+

Doz +D]? > ZIHISNE lg(z 4+ n)|*1,, . (z 4+ n) which implies fol > flz+

Dg(z + D|*dx > S 2 lnl<n. ||g||i°"[n,n+1]|' Using now the boundedness of
n,n+1] S 8C".
Since lim;_,o N. = we get ZHEZ||g||i°"[n,n+1] < 8C' which means g €
W(L>,i?). O

B. We know that f +— Zmyn<f, 9092, is bounded on W (L% 1°) and the
series converges unconditionally in L7, .. We claim that f — > (f, g}, 9%,
is uniformly bounded on W(L? /%) for every n. To see this we prove
first for every compact K there is a constant C'(K) such that for every

0, | 220 {Fs G ) L2y < CUfllw (12,0
Indeed, for every fixed f, the sequence Z%:_MU, 90092, converges

the analysis operator T ., we obtain that Z|n|<N5 ||g||%<x,[

in L2, for M — oco. Thus it is bounded. On the other hand the partial
sums of operators Sy, = Z%:_M<~,g}nn>ggm are bounded operators,

therefore by the uniform boundedness principle they are also uniformly
bounded, i.e. for every M, |[SarnllBw (L2 1),22(k)) < Cn for some Cy, > 0
(here B(W(L?,1°°), L*(K)) denotes the Banach space of bounded operators
from W (L?1°°) to L?(K), endowed with operator norm). Next, for every
e > 0 and for every f € W(L?, 1) with [fllw(r2,00) = 1, there is a My
such that || 32,5z, (/5 Gran)9nllL2 (k) < €. Hence

1Y gz <1 Y (F G dmnllL2 ) +
m [m|<Mo

+ 0D gl <&+ Ca
[m|>Mo

Since ¢ was arbitrary, we get that f — S,(f) := >, (f, 05,092, is
a bounded operator in B(W(L?,1*), L?(K)). Next we apply again the
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uniform boundedness principle to the sequence of operators S,,. Each is
bounded from W(L?,1°) to L?(K) as we have seen. For every fixed f €
W (L?,1>), the series Y S,(f) converges in L*(K) therefore each term is
bounded by the same constant. Thus we obtain a constant C'(K) such that
[SnllBw (L2,12),02(k)) < C(K) for every n.

Now we return to the operator f — Y (f, g}.)92, on W(L? 1®).
Notice that

[SnllBw (L2 150), L2 (K +4)) = [Snt1llBw (L2100, L2(k)) < C(K)

Thus if we take K = [0, a] we get immediately that

1D i llw 2 a0y < Cllfllwipz a0y for every n.

Let K5 and 6 > 0 be the compact set, respectively the positive constant
from the definition of persistency for ¢?; remember that Kj is congruent
to [0, %] modulo %. Then, for every n:

1D S dmndmnllizmainay = N9°C) D_(F gmn ™™D 2y

m

> S 1 gmn) )

m

and thus (3 [(f, gk, 2 < %||f||W(L27loo) for every f € W(L?,1®)
and n € Z. Now we apply the result at point A, and obtain the conclusion.
O

Remark 2.12 Similar results have been obtained independently in [GrHeOkO01].
There, the authors extend these results to the general (weighted) amalgam
space W(LP ). Again a sufficient condition for boundedness is that the
window belongs to W(L®,I'). Whereas boundedness on W (LF,I®) (to-
gether with unconditionally convergence and persistency of ¢2) implies g*

is in W(L® (7).

Remark 2.13 The norm on W(L?,(°) is often hard to compute and op-
timize. Instead we look at weighted-L? norms defined by some nonneg-
ative weight w. Specifically we assume w > 0 has persistency a and is
in W (L, 1). Typical models for such weights are characteristic functions.
With such a slight change of the continuous norm, we denote by W, (L% 1)
the Wiener amalgam space:

oQ

Wa(LfU,loo) = {f :R—=C |||f||Wa(L%”loo) = sg};/ w(z)|flz — nﬁ)|2dx}
(1.20)

One can easily show (see [Balan98]) that for such weights, W, (L2 ,1°) is
a Banach space norm-equivalent to W (L?,1°).
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2.1.2 The [**°(Z?) (discrete-time) case.

Consider now a stochastic process v over the coefficient index space Z2.
The natural representation space is {°°°(Z?) = [°°(Z?) which is simply
the space of bounded sequences over Z2. Thus the stochastic process v
corresponds to a map v : Q — [°°°(Z?) over the probability space (2, X, pt)
so that the statistics of v are defined similarly to (1.8) and (1.9). We convene
to denote by v, a particular realization, that is a complex-valued sequence
over Z2. The synthesis operator T;‘.b , maps [°°(Z?) into a distribution
space, 1n general, unless g is trivial. The right distribution space is M{,la
where the modulation space My 1 was defined in (1.14). Indeed this is the
case because the analysis operator associated to the Gaussian ¢°(z) =
e="/2 and sufficiently small b, @, maps M ; into [ (Z?) = 1 (Z?). Then,
by duality, the synthesis operator 77 , , maps [°0°°(Z2) = ll’l(Zz)* into
M7 ;. More generally, the Gaussian window g° can be replaced by any
function of M;; without changing the space. In this case, one obtains
merely an equivalent norm.

We are now interested to know when the synthesis operator T;‘.b . and
Gram operator Gy g2 4 1= Tgl;byaT;‘Q;bya are bounded when acting on

[°°°°(Z?). Unlike the W (L?,1°) space for continuous-time stochastic signal

case, here the following results solve this problem completely:

Theorem 2.14 A. Let (g;b,a) be a WH set. Then the synthesis operator
T5pa: [°°°(Z?) — M, is bounded if and only if g € My ;.

B. Let (g%, 9%;b,a) be a WH pair. If g*, g> € My 1 then the Gram operator
Gyt g2pa  1°0°(22) = 1°°(Z?) is bounded.

Proof A The first part of the statement was proved by Feichtinger (see
[FeiZimm98], Theorem 3.3.1 and Corollary 3.3.2). In particular, if ¢ € M1 1,
Tyba : Mi1 — 1M1(Z?) is bounded by Tgs0,all B3y 1001 (22)) < Coallglla s s
and then, by duality, T, , : [°°(Z2) — M ; is bounded by the same
bound as well.

The interesting part is the converse. This seems to be new and is proved
by the following argument. First we prove that it 77, [°0°°(Z2) — My,
is bounded, then T; :1°9°°(Z*) — M, 1 is bounded as well. To show
this note first that:

b/ P,alQ

Tro/pajq® = D Cmndmnb/Pa/Q =

m,n

P-1Q-1

amiln' 22 Lk
= DD D cmprwere ™ F G 0 (1.21)

=0 k=0 m' n’

where ghF (x) = e?milbe/Pg(p — k%) Then the boundedness of 77, , on
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[°2:°°(Z?) implies:

|< ;;b,ad’ h>| = |de,n<gm,n;b,aah>| < Cg||h||M1,1||d||l°°’°°(Z2)

m,n
for every d € 1°°°(Z?) and h € M; 1. In particular set

_ ami(m’ 4+ L5)be
dm,n = Cm!'P4in'Q+k€ ( 7) Q

and
h(l‘) — e—ZWil%xf(x + ki)
Q
Since the M;; norm is invariant to time-frequency shifts, the previous
inequality turns into:

 iba
| Z Cm’P+l,n’Q+k62mm P <g£771k’,n’;b,a’ f>| < Cg||f||M1,1||C||l°°’°°(Z2)

m,n

which shows that each of the PQ terms in (1.21) defines a bounded operator
from {°°°(Z?) into M{,r

Consider now the Gaussian window ¢°(z) = e=/2 There are by, a0 > 0
such that for every 0 < ¥ < by and 0 < @’ < ag, Tgopr o : My 1 — ISR VA)
is bounded. Moreover, by Theorem 3.2.16 in [FeiZimm98], Chapter 3, if
g € L*(R) and Tyopr org € IV1(Z?), then g € My ;. Choose P, @ > 1 so that
b/P < ag and a/Q < ag. Now, for every ¢ € [°°°(Z?),

Collellieez2y > 1 emn{@mnpsP.as@: 92 = 1D i nld 9omniopraso)]

m,n m,n

with c;nm :cmynezmm"%. Thus {{g, gg@,n;b/P,a/Q>}mv” has to be in I} (Z?).
Hence Tyo./pa/Q9 € IM1(Z?) which shows g € M 1.

B. The second statement comes immediately from Corollary 3.3.2, i)c),
combined with Theorem 3.3.1, 1) ¢) from [FeiZimm9§], Chapter 3. These
show that T;‘Q;bbe D 10(22) — M{,l and Tyip 4 ¢ M{,l — [°°°(Z2%) are
both bounded, hence their composition, Gy y2p 4 : 1% (Z?) = [°°°(Z2)
is bounded as well.

Remark 2.15 An explicit computation shows that G 42 o is bounded
if and only if:

Z|<g1ag51,n;b,a>| <o (122)

The condition g',g? € My, guarantees just that. Naturally, one can ask
whether the converse i1s true. In general the answer is negative, as the
following example shows. Take g' = g% = Ijp,1j and b = @ = 1. Then the
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Gram operator is identity on {*(Z?), and therefore is identity on {°°(Z?)
as well (hence bounded). Yet, 1jg 47 is not in M ;. It fails to be in M ;
because its Fourier transform decays like %, too slowly to be integrable. But
it does not fail to be in M. 1, for any £ > 0. Note that ¢! = g% = 110,11
satisfies (1.22) because of exact cancellations that occur at integer values.
Should we take b < 1 these cancellation no longer occur, and the Gram
operator becomes unbounded on [°°°(Z?).

2.2 Models and Statement of Problems

This rather long introduction of function spaces allows us to present the
stochastic optimization problems we study here. To fix the notations, de-
note by (£2, du) a probability space. The expectation operator E replaces the
integration operator over 2 with measure dy. By continuous-time stochas-
tic signal we mean a function f of L%(2, W(L?1°);du). We use [ also
to denote a realization f,, when no confusion can arise. By discrete-time
stochastic signal we mean a function ¢ of L(,1°°°(Z%); dy). Again, when
there is no danger of confusion, ¢ would also denote a realization ¢,,. This
choice of definition for stochastic signals implies the autocovariance func-
tion for continuous-time signals, t — R(t,t) := E[|f(t)]?], is in W (L, 1),
and for discrete-time signals, n — Ry, nomn = El|cm n|?] is in 1°2°°(Z?),
because:

n+1
IRC vy = sw [ de [ 170 Pdute)

n+1
< [an)ew [ IL@P) = W 02)

and

1Ry = 50 [ e ()

m,n

IA

/ﬂ D e P dp () = el gy e 22y - (1:24)

m,n

2.2.1 Continuous-Time Signal Approximation (CTSA)

Assume [ a stationary continuous-time stochastic signal into W (L?,1°°) of
zero average and autocovariance function R(-). Thus:

E[f(t1)f(t2)] = R(t1 —t2) (1.25)
E[f()] = 0 (1.26)

We want to approximate f by a coherent expansion of the form Sg1 42,4 o f.
To distinguish among different approximation solutions, we consider a mea-
sure of the approximation error. Obviously this question is trivial when

[t}
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(g';b,a)is a frame and (g%; b, a) is a dual (in other words, when (g', g; b, a)
is a dual pair of WH frames). In general we are interested in the case when
both (g%; b, a) and (g%; b, a) are incomplete sets, such as s-Riesz bases. When
gt g € W(L>,1Y), f and Sy oy of are both in W(L? [>), by Theo-
rem 2.11. Consider now a nonnegative bounded summable weight w > 0,
w € LY(R) N L*(R). Typical such weights are characteristic functions of
intervals. Then the weighted L?(R) norm of the approximation error mea-
sures how well Sy1 424 ,f approximates f and its expectation is a measure
of the stochastic approzimation of the continuous-time signal f by the WH
pair (g1, 9% b, a):
(o]

Jealgh, g% b, 0, w, R) = / E{I(2) = Syt goanf (2) () de (1.27)

— 00

The optimization of J., concerns the set of problems termed as continuous-
time stochastic signal approrimation problems. These are as follows. As-
sume b, a > 0 so that ba > 1 are given.

1. (Semi-optimization Problems) For a fixed g* € W (L%, I') such that
(g%;b,a) is a s-Riesz basis, find the best g2 € W(L* ') that mini-
mizes J.q so that (¢;b, a) is s-Riesz basis:

( 9 b ) lnfR b . Jca(glagz;baaawaR) ’ given (gl;baa)
g ;0,a)s — niesz vasis
g2 c W(Loo,ll)
(1.28)

Conversely, for a fixed g2, find the best g' that minimizes J.,.

2. (Optimization Problem) Find the best WH pairs of s-Riesz bases
(¢',9%0,a):

inf Jealg', 975 b,a,w, R)  (1.29)
(g%, 9% b,a) pair of s — Riesz bases
gl > € W(L>=, 1)

Remark 2.16 These approximation problems are very much of the same
type as the standard Karhunen-Loeve approximation problems. In fact the
measure we use is merely an extension of the mean-square measure used
in KL decompositions. What is non-trivial is the structure of the approx-
imation. While it is true that in finite dimensional spaces, or for compact
domains (and therefore periodic signals), the KL problem turns into an
eigenproblem for the covariance operator, it 1s not a priori clear what con-
straint the WH set structure imposes on the solution. In fact it is not
obvious that any of these problems have minimizers (i.e. solutions that
satisfy the constraints).
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Remark 2.17 Theorem 2.11 allows us to perform freely the usual alge-
braic manipulations: permutation of summations symbols and commuta-
tion of bounded operators and summations. Moreover, J., is bounded
above by the W,(L2,1°)-norm from (1.20), and in turn, by a constant
times W (L?,1°)-norm of f. More specifically, the criterion (1.27) is always
bounded by:

Jealg" 9% 0,a,w, R) < Ca(l+ Coallglw(nee mllg®llw (zee n))? -
) ||w||L1||f||i2(Q,W(L2,l°°);du)' (1.30)
Remark 2.18 All the derivations we perform here, apply equally well to
non-stationary signals as well. For the sake of simplicity of notation we

consider only the stationary case. An interesting non-stationary case is

when R(t1,t2) = E[f(¢1)f(t2)] is in L*(R?) and w = 1.

Remark 2.19 An alternate measure of the approximation error is given
by the average power:

.17 N
Pro = Jim gz [ BIA) = S @)l (131)
As we prove later, this criterion is equivalent to (1.27) for w = %1[0,(1}

The equivalence can be carried over even for non-stationary signals. In
that case P., turns out to be equivalent to J., associated to a fictitious
cyclostationary process whose covariance function is given by Rc(t1,%2) =

limg o0 ﬁ Zf:_K R(t1 + ka,ts + ka) and weight w = 1fg 4.

2.2.2 Discrete-Time Signal Approximation (DTSA)

Consider the following scenario: Assume we are given a stochastic signal
over [°°°(Z%), ¢, and we want to approximate it using a synthesis-analysis
pair of WH sets, (g, g% b,a). More specifically we want to approximate it
by Gy1 42:,a¢, the Gram operator associated to the WH pair (g%, 9% b, a).
The problem is nontrivial for the case when (g';b,a) and (g%;b,a) are
overcomplete sets. To fix the notations, assume b, ¢ > 0 are given so that
ba < 1. Assume ¢ i1s a stationary stochastic signal of zero average and
known covariance function:

E[lenlcmznz] = le—mQ,nl—nQ (133)

Choose nonnegative summable weights wy,, > 0, Zmn Wpn < 00 and
define the approximation error as:

Jda(glagz;baaawaR): Z EHCmn _Ggl,gQ;b,acmnP]wmn (134)
mnez

The set of problems we consider in this paper are the following:
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1. (Semi-Optimal Pairs) For a given frame (g';b,a), with g € M 1,
find the frame (g%; b, a) that minimizes (1.34), that is

inf Jaa(gt, 9% b,a,w, R) , given (g*;b,a) (1.35)
(¢%;b,a) frame
2
g° € My

and conversely, for a given frame (¢%;b,a), g*> € M 1, find the best
frame (¢';b,a), g' € My ; that minimizes Jyq,.

2. (Optimal Pair) Find the best WH pairs of frames (g, g%; b, a):

inf Jaa(g', g% b,a, w, R) (1.36)
(g%, 9% b, a) pair of frames
gt 9% € My,

Remark 2.20 The same remarks as in the continuous-time case, apply
here. Again Theorem 2.14 allows us to freely perform the usual alge-
braic manipulations: permutation of summations symbols, commutation
of bounded operators and summations. Moreover, J4, 18 bounded above

by:

Jda(glagz;baaawaR) S Ca(l+beaHngMl,l||g2||M1,1)2

'||w||l1’1(22)||C||i2(ﬂ,l°°)°°(z2);du)' (1.37)

An alternate measure of the approximation error is given by the average
power:

Pj, = lim S 2 aC)vn 2
M N Do (2M-|-1 )N 1 1) > D Flle Gyt g26,0¢)mn ]
|n|<N|m|<M

(1.38)

As we prove later, this criterion is equivalent to (1.34) for wy,, = 1/¢ for
m=0and 0 <n <g¢g—1, and wy,, = 0 otherwise.

2.2.3 Continuous-Time Signal Encoding (CTSE)

Consider now the following scenario (see Figure 1). A continuous-time fi-
nite energy signal f € L*(R) is encoded using a WH frame (g*;b,a). The
coefficients ¢y = (f, g1,,) are sent through a communication channel and
received perturbed by additive noise ¢, = ¢n + Vimp. For reconstruction,
a dual frame (g?; b, a) is used and the obtained signal is f= > m Cmndn -
Because (g1, g%;b,a) is a dual frame pair, the decoded signal becomes:

= 4 vt
mn
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and the transmission error 1s then:

e=f—f= Zymnggm (1.39)

In general, when vy, is a stationary process, thus in [°°(Z?), ¢ is not a
function, but a distribution in M{,r We introduce a convenient measure on
the error (1.39). Assume only a finite number of coefficients are perturbed
by noise, say those for |n| < N, |m| < M. Then we compute the average
mean square error per coefficient and then we take the limit for M, N — co.
More specifically, consider (d,,) a zero average and (wide-sense) stationary
discrete signal over Z2:

E[dmn] =0 E[dmndm’n’] = Rm—m’,n—n/ (140)
Then assume:
I S
yMN — (2N+1)(2M+1)dm” for |m| <M, |n|<N (1.41)
0 otherwise.

and define the transmission error measure:

Jee(g", 9% b,a, R) = 01 = T ll7am) (1.42)

lim E
M N—oo
We are interested in minimizing J.. under a series of constraints:

1. (Semi-Optimization Problem) For a given encoding window ¢!, find
the best dual frame pair (g', g%; b, a) that minimizes J.., i.e.

inf Jeelgt, 9% b, a, R) (1.43)

92,(g%,9%;b,a) dual pair

2. (Iso-Pairing Problem) Find the best dual frame pair of the form
(g,9:b,a), i.e.

inf Jee(9,93b,a, R ”
97(97.(];67(1) dual pair (g g ) ( )

3. (Optimization Problem) Find the best norm-constrained encoder g!
and its associated optimal decoder, i.e.

Jee(g', 9% b, a, R) (1.45)

inf n
gtllgtll=1g2,(g%,92;b,a) dual pair

Remark 2.21 1. Note that 5, dnng2, is in general not a function.
It is a distribution in M7 ; because of Theorem 2.14, but the series is not
convergent in any other way (pointwise or locally on a compact in L?-sense).
On the other hand, using only a weighted L? norm instead of L?-norm to
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v =W d,,
Co ) 4 o 7
! S &) O )Zcmgim%

Encoder Channel Decoder

FIGURE 1. Continuous-Time Signal Encoding Scheme

measure the error, would not solve the problem. Hence the need of using
finite set of coefficients through v,,, and then taking the average.

2. We consider dual frame pairs because we want unbiased estimators of
the original signal f. In general, given more information about the source,
one can search the solution over arbitrary pairs of frames.

3. The iso-pairing problem can be equivalently stated as the optimal
normalized tight frame problem for the criterion J...

4. In the optimal problem a norm constraint is required. Indeed, if no such
constraint is posed, the optimal solution would correspond to an infinite
energy encoding window ¢!, and a zero energy decoding window g2 which
would make J.. = 0. But this is not relevant from a practical point of view.

5. Note the covariance operator of (v,N),,, is trace-class with trace
independent of (hence uniformly bounded over) M, N. Hence it is sufficient
to assume (g?;b, a) is Bessel sequence to obtain:

JC@ (gl ) gZ; ba a, R) S Cb,aHSgQ;b,aHL?(R) ||d||i2(ﬂ,l°")°"(22);du) (146)

2.2.4 Discrete-Time Signal Encoding (DTSE)

Similar to the Continuous-Time Signal Encoding scheme, consider now
the discrete version of that problem. The Discrete-Time Signal Encod-
g scheme, pictured in Figure 2, assumes the following scenario. The
input data is given by the sequence (¢pmn)mn in [2(Z%); it is encoded us-
ing the synthesis operator associated to a s-Riesz basis (¢';b,a), into the
continuous-time signal f = >~ Cmndin; next f passes through a com-
munication channel where is perturbed additively by the continuous-time
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noise v, f = f + v, and it is decoded using the biorthogonal window g2,

émn = (f,92,,). Because (g',¢?%b,a) is a biorthogonal pair, the recon-
structed signal is:

5mn = Cmn + <Va ngn>
The transmission error 1s then:
Emn = Cmn — Cmn = <Va ggm> (147)

We consider two measures of the transmission error, and we show later
they are equivalent. First we assume a disturbance model similar to the
continuous-time case, namely

1[_T7T]d(t) (1.48)

where d(-) is a continuous-time zero-mean, (wide sense) stationary stochas-
tic signal with autocovariance function R,

E[d(#)] =0 E[d®)d(')] = Rt —1) (1.49)
The average transmission erroris defined by:

1 2. 1 S 2
Jde(g X abaaaR) —TILIISOH;EHCmn Cmn| ] (1~50)

a second measure of the transmission error is given by the average distortion
per coefficient defined as follows. Assume the channel perturbation is v = d
and define now the distortion by:

1
1 2, o . 2
Pi(g' g ,b,a,R)—Myl]{fﬂoo N1 E E Ellémn — ¢mn|?] (1.51)
[m|<M n|<N

Remarkably, the two transmission error measures are identical, as we prove
later.
We state now the optimization problems in terms of Jg..

1. (Semi-Optimization Problem) For a given encoder (g';b,a), find the
best decoder g%, so that (¢!, ¢g%;b,a) is a biorthogonal s-Riesz basis
pair, i.e.

inf Jae(gt, 9% b, a, R) (1.52)

92,(g,9%;b,a) biorthogonal pair

2. (Iso-Pair Problem) Find the best biorthogonal pair (g, ¢;b,a), i.e.

inf Jae(9,9;6,a, R) (1.53)

9,(g9,9;b,a) biorthogonal pair
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‘ ol =wid
(c,,) Sl g~ (Cmn)
Zcmng:ﬁm '\J_r/' (f:g:m>
Encoder Channel Decoder

FIGURE 2. Discrete-Time Signal Encoding Scheme

3. (Optimization Problem) Find the best norm-constrained encoder,
that is (g%, g%;b, a) biorthogonal s-Riesz basis pair and ||¢*|| = 1 that
minimizes Jge,

inf Jde(glagz;baaaR) (154)

inf
gt llgt|I=1 g2,(gt,9%;b,a) biorthogonal pair

Remark 2.22 1. As discussed in subsection 2.2 we assume the stationary
signal d is realized in W(L?{°), and for ¢> € W(L*>,I!) the decoder
always produces an output in {#°°(Z?). In the first case, v = \/%H—T,T]d
has finite average energy, E[||v||7.] = R(0) < oo and thus J4. is well defined
for every T'. In the latter case, for v = d, the output has finite power and
thus the average distortion (1.51) makes perfect sense.

2. The iso-pair obviously corresponds to an orthogonal WH set. Thus, the
iso-pair problem asks for the best orthogonal WH set (g; b, a) with respect
to the criterion (1.50).

Table 1.1 summarizes the class of problems we have introduced.

3 Semi-optimal and Optimal Solutions

In this section we compute explicitly the criteria (1.27, 1.34,1.42,1.50). To
this end we need several important results: a summation result obtained
as a variation of Parseval relation, matrix computations involving the Zak
transform and solutions of some matrix optimization problems.
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” Problem | Input Data | Operation Performed

Type of Error

Cause of Error

CTSA stochastic representation by approximation error incompleteness of
function coeffs in s-Riesz basis after reconstruction s-Riesz basis
. representation by
stochastic . “ frame coeffs do not
DTSA function constructed 2 0
sequence . span 1*(Z%)
using a frame
. . t t
deterministic analysis and synthesis reconstruc 1 Or.l error stochastic channel
CTSE . . after transmission over ;
function using a frame . noise
noisy channel
DTSE deterministic | synthesis and analysis “ “
sequence using a s-Riesz basis
TABLE 1.1. Classification of the Stochastic Problems.
3.1 The Weak Poisson Summation Formula

The computations we perform use a special form of the Poisson summa-
tion formula. Actually, in our framework it is merely a consequence of the
Parseval identity. We call it the weak form of the Poisson summation for-
mula. Tt has been proved and used by many authors before (see the proof
of Theorem 4.1.5 in [HeWag9], Theorem 2 in [Chui93], or Lemma 3.2 in
[DaLal.a96]). The result that follows has been proposed and proved in in
[BaDaVa00] (Appendix C):

Theorem 3.1 Suppose f1, f2 € W(L?,1°°) and g1,92 € W(L*,1'). Then

S [ [ teis' @ty =

= %;/dl‘fl(x)gl(x)fz(x + %)gz(x + %) (1.55)

and the integrals converge absolutely.

Remark 3.2 The products fig' and fog® can be replaced, equivalently,
by hi,ho in W(L%1'). Note that W (L2 1) - W(L*> ') = W(L? 1),
where the equivalence should be understood in the following sense: if f €
W(L?,1°) and g € W(L>,1'), then fg € W(L*,1') and ||fg|lwr2m) <
[fllw (z2,000)9]lw (Lo 11); conversely, any function h € W (L% 1) can be
factorized as a product h = fg with f € W(L?1*), [fllw ) <
[hllw(z=,1) and g € W (L=, 1Y, |9l < |[R|lw(z=1). For instance, for z €
[n,n + 1) define f(x) = h(z)/||h||L2pnnt1) and g(x) = |[]|z2[n,n41], if
1hllz2tn n41] # 0, and f(x) = 0, g(x) = 0 otherwise.
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3.2 Certain Matriz Optimization Problems

A. Consider the minimization problem of a functional of the type:
I(X,A)=Tr {S(I - XA)R(] — A*X™)} (1.56)

with S, R selfadjoint invertible matrices. To fix the notation, let assume X

is a p X ¢ matrix, A is a ¢ x p matrix and S, R are p x p strictly positive

matrices. To make it nontrivial, assume rank(A) = ¢ < p. For such a
problem, the optimal X is given by:

X, = RA*(ARA*)™! (1.57)
and the optimal value 1s:

I(A) :=I(X,,A) = Tr {RM2SRY*(I — RY?A*(ARA")"LARY?)}
(1.58)

Moreover, I(A) can be further optimized over A by noting that P =
RY/? A* (ARA*)_lARl/2 is an orthogonal projection. Hence the optimal
A should correspond to an eigenspace associated to the largest ¢ eigen-
values of R'/2SRY? say Aq,... , Ag. Note the eigenvalues of RY/2SR'/?
are the same with the eigenvalues of RS. Denote by P such an orthogonal
projection. It is uniquely defined when the ¢'* eigenvalue of R'/2SRY/? is
nondegenerate. Let {v1,...,vq} be an orthonormal basis in Ran(P) (for
instance the first ¢ eigenvectors of Rl/zSRl/z) and denote by V the p x ¢
matrix whose columns are these vectors. Thus P = VV*, V*V = [, and
RYVZSRV?Y =V - diag(\y, - - - ,Ag). Then any optimal pair (A4, X) has the

form:
Agpe = LV*R™Y? X, = RY?V ™! (1.59)

where L is an arbitrary ¢ x ¢ invertible matrix, and the optimal value
becomes:

Imin = Zp: Ak (1.60)
k=g+1
B. Consider now the following functional:
I(X) = Tr {XRX"} (1.61)
where X € CP*? and R € C9*? R > 0 and p < ¢, subject to the constraint
AX* = pl, (1.62)

where A € CP*?. We want to minimize /(X) subject to (1.62). The La-
grange functional is

L(X,A) = Tr {XRX* — A(AX* — pI,) — (X A" — pI,)A*}
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and solving for the stationary points we obtain
X, = p(ARTTA*) " ARTY (1.63)
and the criterion becomes
I,(Xo) = p*Tr {(ART'A*)~1} (1.64)

Since we assumed R > 0, this is the global minimum point.
Next consider again the functional (1.61) subject to the constraint

XX* =pl, (1.65)

Clearly the minimum of I(X) is achieved when the columns of X* form an
orthonormal basis in the p-dimensional invariant space of R associated to
the lowest eigenvalues. Then the solution is

X = /pUuv* (1.66)

where U is a CP*P unitary matrix and V is the C?*P complex matrix whose
columns are the p eigenvectors of R corresponding to the lowest eigenvalues
Ag—p+1s---,Aq, 50 that V=V = [, The optimal value of the criterion is then

I(X)=p Zq: A (1.67)

k=g—p+1

Now consider (1.61,1.62) where X, A, R are matrix-valued functions over
a domain D, and we define

J(A, X) :/ Tr {XRX™*} (1.68)
D
where X is subject to (1.62) at every point of D, and A is constrained by

/ Tr {AA"} =1 (1.69)
D

We want now to minimize J over these two constraints. The minimization
over X has been already carried out before, and the criterion turned out

(1.64), that is

J(A, X,) = p2/ Tr {(AR1A*)™1}
D

Now we want to optimize further over A, subject to (1.69). The optimiza-

tion decouples into two steps. First, at each point of D we have to minimize

(1.64) subject to Tr {AA*} = ¢?, for some yet unknown real-valued func-

tion ¢ defined over D. The solution is that A has to correspond to the

invariant space of R associated to the lowest p eigenvalues. Thus

A=cUV*
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where V' € C?*? is the matrix whose columns are the p normalized eigen-
vectors of R corresponding to the lowest eigenvalues, say Ag—_p41,...,Aq 50
that V=V =1,, and U € CP*P is a unitary matrix. Now, J turns into:

1 q
J(e) :pz/ = Z Ax , subject to / p-ct =1
D" k=q-p+1 P

Optimizing further over ¢, we obtain

(ZZ:q—p+1 Ak)1/4

Copt — ; (170)
T 0 Sy (Chmgm s MY
The optimizer turns into:
Aopt = CothV* (171)
Xppt = UV (1.72)
Copt

and the optimal criterion becomes:

Jopt=p3(/D( > At (1.73)

k=g—p+1

3.3  Zak Transform

For a function g € L*(R), we use the Zak transform as normalized in

[BaDaVa00]:

G(t,s)=vay_ e *g(a(s + k) (1.74)

kEZ

For more information on the Zak transform we refer the reader to [Jans82]
and [Jans88]. We recall here the inversion formulae in time and frequency
domain:

o) = == [ Gt Dy ﬁ(&):& [ e e

and the quasiperiodicity relations:
Gt+1,8)=G(t,s) , Gt,s+1)=e"?"G(L,s) (1.76)

Assume ba = f]—’ with p, ¢ relatively prime. Then we denote by T'(¢,s) the
p X ¢ matrix whose (j, k) entry is G(t + %,5 —|—j;1—)), j=0,1,....,p—1,
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k=0,1,...,g—1

I'(t,s) =
G(t, s) G(t—l— %, s) G(t —|—_‘i%1, s)
G(t75+1%) G(t+§75+%) G(t—i_quS'i'%)
Gllst(p- D8 Gl+Lstp-1E - Gt Shst(p-1)

(1.77)

In general we denote the time domain functions by lower case letters
(f,g,...), the Zak domain functions by upper case letters (F, G, ...), and
the matrix representation (1.77) by Greek upper case letters (®,T,...).
Note g — I is a unitary operator mapping L?(R) into L?(0, CP*4) where
L?(0,Cr*9) is the Hilbert space of p x ¢ complex valued functions de-
fined over rectangle O = [0, é] x [0, %] endowed with inner product, ®,I' €

12(0, CPxa), ’
<<I>,F>://Tr (@I~ }dt ds (1.78)

where * stands for hermitian conjugation (M* = M7T). Let F(t) € CP*P,
Q, D € C?Y be defined by:

0 10 - 0 0 0 0 1
10 --- 0 0
0 0O 1 --- 0 0 1 0 0
E(t) = : Co : Q= )
_2.7Tiqt : : | : . .
c 00 0 0 0 1 0
(1.79)
1
—2mit
e q
—2mi2
D= e e (1.80)
6_27TiL;l‘1;1

Then the quasiperiodicity relations (1.76) turn into:

1 1 )
F(t —+ -, 5) — F(t’ 5) . Q , I‘(t’ s+ _) — e—ZWZnutE(t)Tu . F(t, S) . DTLD
q P
(1.81)
where (rg, ng) are coprime factors of (¢, p), i.e. rog+ngp = 1. In particular,

(1.80) and (1.81) are useful in checking the consistency of design procedure
results.

We recall the following result (see [ZiZe97, BaDaVa00] for details).
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Theorem 3.3 1. (g%, 9% b,a) is dual pair of frames if and only if
rr# =pli, (1.82)
for a.e. (t,s) € O =0, é] x [0, %]
2. (g9;b,a) is a biorthogonal pair of S-Riesz bases if and only if
r'r? = pi, (1.83)
for a.e. (t,s) €0. O

Now, without further ado, we start analyzing the stochastic criteria.

3.4 Continuous Time Signal Approximation Problem
Consider J.q defined in (1.27). First expand the square:

ca—E/|f d$_EZ fagmn gmn’f>

m,n

_EZ f’gmn gmn’f +E Z f’gmn gmn’gmn> <g71n’n”f>

m,n,m’ n’

and apply Theorem 3.1 to summations over frequency indices m and m/,

= 1 [ Ife)Puta)ds -

—EZ/dxf x—na) 1(x+%—na)f(x—|— %)w(r)—c.c.

ti2 E Z I/dxfx—l— (x+%—na)g2(x—na)~
cg2(x — n'a)gt (x + mT’ —n'a)f(z + mT/)w(x),

where c.c. stands for complez-conjugate of the previous term. Next we com-
pute the expectations using the autocovariance function R. Let us consider
the general non-stationary case, that is E[f(z)f(y)] = R(x,y). Then the
above expression turns into:

Jea :/de(x,x)w(x)—
bZ/dl’Rl’l"i‘ Zg l‘—l———na) ¢2(x — na)) — c.c.

Z /de TZ, T)w(x)(Zgl(x—l—?—na)gz(x—na)~

m,m?! n,n’
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An entire similar derivation can be made for the average power criterion
(1.31). One obtains an expression similar to (1.84) where w is replaced by

1L and [ is replaced by lim;_ o % f_TT Note the >~ and >, ., terms are a-

periodic. Thus, denoting formally R.(t1,%2) = limg 00 ﬁ Zf:_K R(t1+
ka,ta, k + a), one has

/ade()

= bZ/ dz Re( a:x—l— Zg x—i———na) (a:—na))—c.c.
b2 Z/ dz Re( x—i——x—l—T)

m,m?!

PC(I

- /
(Zg v+ 5 = na)g*(@ - na)g?(@ — wWa)g (@ + 5= — 'a))
which is formally equal to (1.84) for R(t1,t2) = Re(t1,12) and w = 1pg 4],
that is for the cyclostationary process whose autocovariance function is R..
Now let us continue with (1.84). Denote by

M, oy (5) = 3 Rlals + b+ 5),als + b+ S yw(a(s + k) (1.85)

Clearly M, m1 m, 18 1-periodic in s. Using

|R(21, 22)| < V/R(x1, 22)V/R(s, 22)
and (1.23) we deduce that M} is in L'[0, a]. Then (1.84) turns into:

mi,Mma2

a

Jea = a Méyo(s)ds
0
a _—
_EZ/ Zg —n))g?(a(s —n))ds — c.c.
a
1o / b (8) 27+ =)ol =)
22(als — 0/ gl E[ /
-g*(a(s —n"))g (a(s + T —n'))ds. (1.86)
At this point we use the stationarity of f, and then the rationality assump-
tion ba = L. Thus M}, ., becomes
My, (3) = R(=52) 3 wla(s + k) (L87)

k
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Let us denote by

= wla(s+k)) (1.88)

k

so that M}, m2(5) = R(™5™)w(s). Let m = mup+r, m' = myp + 1’
with 0 < », 7/ < p — 1. Then, using the Zak transforms G',G? of ¢!,
respectively g2, the quasiperiodicity relations (1.76) and again the weak
Poisson summation formula (1.55) we obtain:

1 1/q
Jea = aq/ ds/ dt po(t)w(s)
0 0

- ﬂpz_i/lds/l/th OwE)G t+ Lot r Dy x G2+ L o)
p =)y L T q’ p g’
-1 -1

1/q P l
—cc—i——/ds/ dthrr ZGlt—i——s—l—r)
p
ror!=0 11,12 0

w2+ L@+ 2 e+ 2 s+,
q q q P

where

Z 2rimat mp+’“) (1.89)

Because the integrand is 1- periodic the integral over s can be split into p

integrals over intervals of length = of the form fo ds = Zrl —0 Trlqu/g-l_l/p ds.

Let us denote by M () the p x p matrlx whose (rq, r2) element is pr, _p, (1),
0 < ry,re < p—1, and by W(s) the p x p diagonal matrix whose (r,r)
element is w(s +7r2), 0 <r <p—1:

[ opo(t)  palt) o -y (®)

M(t) = pr(t) pot) o popon)(t) ’ (1.90)
L pa @ gl o pold)
[ w(s) 0 0

W) = | " “(S.J“%) " (191
A O R
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Note the following properties of p,(t):

prapl) = () (1.92)
plt+2) = ol (1.93)
o) = 2@ (1.94)

Therefore M*(t) = M(t) and M(t + é) = M(t), i.e. M is self-adjoint
Toeplitz and é—periodic. Note also the following properties:

Wi(s+ -)

) = EQM@OEQR)” (1.96)

E(t)y°W (s)E(1)*" (1.95)
M

B

Using these propierties, the expression for J., can be simplified to
1
Jea = aq// Tr {W(s)(I — =T*(t,s)T'*(t,s)) -
o p
1
SM@)(I - ;rl(t,s)ﬁ*(t,s))}. (1.97)

Semi-Optimization Problems

The optimization problems decouple fiberwise, i.e. for every (¢, s). Thus,
given g', that is T'!, the best I'? is obtained as a least square problem by
minimizing a functional of type (1.56). The solution is then:

F?emi—opt :erl(Fl*Mrl)_l (198)

and the criterion becomes:
Jea(TH) = aq//D Tr {MW(I =T i o L)} dt ds (1.99)
On the other hand, given ¢?, that is I'?, the best I'! is obtained similarly:
Ly emiope = PWI?(IZWI?) ™ (1.100)

and the criterion becomes:
Jea(T?) = aq// Tr {MW (I =TTy} ope)} dtds (1.101)

o

Remark 3.4 When (g';b,a) is a s-Riesz basis, then the necessary and
sufficient condition for (g%;b,a) defined in (1.98) to be a s-Riesz basis is
simply the eigenvalues of M (t) to be bounded above and below away from
zero. Similarly, when (g?;b, a) is a s-Riesz basis, (¢*; b, a) defined by (1.100)
is also a s-Riesz basis whenever the eigenvalues of W (s) are bounded above
and away from zero. This happens when w € W (L [') and has persistency
length a.
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The Optimization Problem
We can further optimize (1.99) over I'l. Using (1.59) and (1.60) first we
have to solve the following eigenproblem:

MY W (s) M2 ()V(t,5) = V(L,5) - diag( A" (L, 5))o<j<q—1  (1.102)

where Ay"¢ > A4 > > /\Z‘;’“_d1 are the ordered eigenvalues of M*/2W M1/?
and V' is CP*¢ normalized so that V*V = I, and V'V* is the orthogonal
projection onto the invariant space associated to the first ¢ eigenvalues.
Then we obtain

I, = M7'VL (1.103)
2, = pM'/?vL (1.104)

with L=* = (L71)*, and the optimal value of the criterion:

p—1
Joa = aq// > AT, s) dt ds (1.105)
B i=q

where L is an arbitrary C?%¢ valued measurable function over O, invertible
with bounded inverse, i.e. sup(; ,yeo || L ||< 00 and supy; )en |l L= | 0.

3.5  Discrete Time Signal Approximation Problem

Consider the criterion (1.34). Let us compute first £, = E[|¢mn — mn|?].
Using Cmn = <Zm’,n’ Cm’n’grln/n’aggqn> and E[Cm’n’cmn] = Rm’—m,n’—n we
obtain:

Emn = MHoo— Z R/ —moni—n / ezm(ml_m)bxgl(x —n'a)g?(x — na) dz

m’n’

— Z Rin—m’ n—n’ / ezﬂ(m_ml)bxgz(x —na)gt(x —n'a) dx
m’ n!

+ Z Rm’—m”,n’—n”/ dx/dyeZﬂ'i(m'—m)berﬂ'i(m—m”)bx

m’ n' m'n

gl(x —n'a)g?(z — na)gz(y —na)gt(y — n"a)

Now replace g* and g? by their Zak transforms via (1.75). Using the pseu-
doperiodicity relations (1.76) and the summation formula (1.55) we obtain:

e VeSS i L roept
5m”:p/ ds/ dt Y Mg it 8)[0n 0, — ;(F T )i —tp 2 00y 1
0] 0]

1l1,l2=0

1 * 1 * *
—;(Fl D)0, dotip Oty 1 + P(FZ T, 0 (THT2) 1y 4ap),
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where:
] b i (j L
proa(t,s)= > THATI AU R, Ly (1.106)
k,jEZ

and T'!, T'? are the matrix representations (1.77). Now let us compute Jyq
from (1.34). Tt is given by

g—1

1/p 1/q
Jda = Zwmngmn = p/ ds/ dt Z Ulpll,l(tas)[(sll,b
mn 0 0

1l1,l5=0

—;(FZ Fl)lz—lp,lﬁll,u—;(rl Fz)ll,l2+lp5l1,12+]7(F2 e 0 (P T2), ]
(1.107)
where
g—1
o] = ZwmnezmnlE = Z(Z wmyn/qﬂz)e%” s, (1.108)
m,n =0 mn’!

This expression can be rewritten more compactly if we use the following
¢ X ¢ matrices:

Dl = O'l~diag(pllyl(t,8))03[13(1_1, (1109)
(Ui = Statip, (1.110)

that is D! is ¢ x ¢ diagonal matrix and U! is a ¢ x ¢ permutation matrix.

Then (1.107) becomes:
= 1 1
Jiaa = p// > Tr {(I - -I*THDN(I - =TT U}, (1.111)
o =0 p p

with O = [0, é] x [0, %] Note the following properties of the two sets of

matrices D' and U

Dl(t—l—l,s) = Q*D'(t,s)Q, (1.112)
q

Dits+4) = 4D, s), (1.113)
P

(DY)* = Dpla-himeda (1.114)

U= Qr, (1.115)

(U = ylamhmeda, (1.116)

Remark 3.5 Since €,41.n = €mpn and €p ntq = Emn the average power
(1.38) turns into:

142
Pgq = — ZEO,H
qn—O
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This is equivalent to J4, for the particular choice of weights wp,, = =
m=20and 0 <n <g¢g—1, and wy, = 0 otherwise. Note this correspongs
to choosing ¢p =1 and o7 =0, for 0 <1 < ¢ — 1.

Semi-Optimization Problems
Since (1.111) is an integral over independent fibers, the optimization
problems decouple into finite optimization problems, fiberwise:

g—1
1 1
J(CLT?%) =3 "1 {(I— =11 DY (1 — =T 12U’} (1.117)
p p
=0

Recall we consider the case when both (g';b,a) and (g%;b,a) are frame
sets, that is 2—’ < 1. Thus T**T! has always rank p < ¢ and cannot be I.

First consider the case when g' is fixed and we look for the best ¢2. The
solution is given by the following linear system:

q 1
Zr DUt = Zr DTy (1.118)
l 0

where the unknown is the p x ¢ matrix I'Z.

Next consider the dual case, when ¢? is fixed and we search for the
optimal g'. Similarly, its Zak representation matrix I'' has to satisfy the
following linear system:

q 1
Zr U'D' = Zr U'rzrip! (1.119)
l 0

For either case, the criterion takes the following form:

Jda_p//Tr ZU DYY( rl* ['?)}dtds (1.120)

where (', T'?) are related to one another via (1.118), or (1.119).

The Optimization Problem

The optimization problem continues by further minimizing (1.117) over
both (I'';T?). One can easily show that it is equivalent to require that
(', T?) satisfy simultaneously (1.118) and (1.119). Denote R = Z;Iz_ol Ut
and X = 1T*T'? Note that R* = ;1:_01 D'U!. Then the system (1.118,1.119)
turns equivalently into:

X[R—qz_:U’X*D’] = [R—qz_:U’X*D’]Xzo (1.121)
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The optimizer corresponds to a rank p, ¢ x ¢ complex matrix X that satisfies
(1.121). Note there may be more solutions of (1.121) (and in general this
is the case). These correspond to other critical points of Jgq.

In general we cannot obtain a closed form solution. However, the interest-
ing practical problem is for the average power Py, i.e. for uniform weights
Wynn = é for m =0 and 0 < n < ¢—1, and 0 otherwise. In this case we

obtain D' = 0 for { > 0 and since U° = I, R = D = R* and (1.121) turns
into:

X(I-X*)R=(I—-X")RX =0

In general R is invertible, hence from the first equation we obtain X = X X*
and thus X has to be a (selfadjoint) orthogonal projection. The second
equation turns into RX = X RX, that means X is associated to an invari-
ant space of R. Then Jy, 1s given by the remaining eigenvalues of E. Since
we want to minimize Jy,, X has to correspond to the largest p eigenvectors
of R. But R = D?is already diagonal. Thus X is immediate. Let us return
to I'' and I'?. For a general solution X, I'! and I'? are obtained by factor-
izing X (which is of rank p) into a product of a ¢ x p complex matrix with
another p x ¢ complex matrix. The set of solutions will be parameterized
by arbitrary p x p invertible with bounded inverse (over O) complex ma-
trices. For the practical case we consider, I''! and I'? are obtained from the
ordered eigenvectors of R. Since R is diagonal, the eigenvectors are simply
the columns of the identity matrix. Let us denote by e; the g-vector whose
4 component is 1, and the rest is zero, i.e. the j** column of the identity
matrix ;. Denote by m ; : {0,1,...,¢—1} — {0,1,...,¢—1} the ordering
permutation of the diagonal elements of D°, that is

Pre(),0(ts8) > pr, a0t s) , 0<j<q—2

Then:
U(t,s) = L™V (1.122)
I?(t,s) = pL='v* (1.123)

where:
V({t,s) =[er,.(0) €m(t) ~ Empu(p—1)] (1.124)

and L is an invertible with bounded inverse CP*? matrix valued function
over O. The criterion becomes:

g—1
Jia :p// > pre)(t,s) dtds (1.125)
a
k:p
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3.6 Continuous Time Signal Encoding Problem

Consider now the Continuous Time Signal Encoding problem stated in
subsection 2.2.3. Recall the criterion J.. given by (1.42). Since (g, 9%; b, a)
1s a dual pair of frames, the criterion is:

1
ce ! Z'b — li
Jeelg™, 97560, ) MNSeo (2N + 1)(2M + 1)

B S dungdalds]

Im|<M |n]<N

We assume g', g? are sufficiently well localized so that we can commute
summation with integrals and expectations, and apply the weak Poisson
summation formula (Theorem 3.1). By expanding the sum and replacing
the expectation with the covariance function R.. the finite sum turns into

) .
EMVN _ le_m27n1_n262m(ﬂ’u—m1)n1ba
(2N +1)(2M +1) |m1|%2|<M|n1||Zn;|<N

y /ezm'(mz—ml)bxgz(x — (nz - nl)a)gz(l‘) dx

Denote m = m; —my and n = ny; —ns. For fixed m, n, my, ny run over the
sets I, respectively I,, where

oMM M Am) i m <0
PV =M +m,—M+1,..., M} if m>0 "

of cardinality

1] = 2M+m+1 if m<0
Tl 2M —m4+1 if m>0

and similarly for I,,. Then Fj; ny turns into

2N

|m| 1 27i b
E — 1— Timniba an Y
ux= ) M1 > GrT1 > € ) Ronny

m=—2M n=—2N ni€l,

Yran = /ezmmbxgz(x —na)g?(x)dx

2mimba

Now, for I,, as defined before and z = ¢ we obtain

—N__N+4n+1
z —z :
E eZﬂ'imnlba _ { Zf m S 0

1—=2
—N+#n _N+1
Z — 32 o
el if m>0

1—=z
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when z # 1, and

Z eZﬂ'imnlba — |In|

ni€l,

otherwise. Assume (RpmnYmn) € (V1(Z%) (which is no constraint on the
stochastic process when g € M, for instance, because then (ymn) €
[M1(Z%)). Then apply Lebesgue’s dominated convergence theorem to com-
pute limas N o0 Far,v. We obtain

oo oo
Jce: Z Z 6mbamod1,0Rmn7mn

m=—0o0 Nn=—00

Thus, for ba ¢ Q we obtain

Jee =Y RonYon (1.126)

But we are interested in the case ba = ’q—’. Thus J.. turns into

Jee= Y. Y. Rmgn¥men (1.127)

m=—0o0 Nn=—00

Next we use the Zak transform of g2 and write the criterion in terms of the
matrix representation I'?. Simple algebra and application of the weak form
of Poisson summation formula (1.55) gives

Jce://Tr {[?RI**} dt ds (1.128)
[m]

where O = [0, 1] x [0, %}], R(t, s) is the ¢ x ¢ diagonal matrix

4
R(t,s) = diag(u(t + é’s))oﬁlﬁq—l’ (1.129)
and p(t,s) are (1, %) periodic functions defined by
plt,s) =D TP TR (1.130)

Now we are ready to analyze the optimization problems (1.43— 1.45).

The Semi-Optimization Problem

Given g, that is T'!, we look for I'? that minimizes (1.130) and satisfies
(1.82). This problem has been solved in subsection 3.2, as Problem B. The
solution (1.63) reads:

? =p('R7Ir) =R (1.131)
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and the average distortion becomes
Jce:pz//Tr {(T*R™IT™) 1Y dt ds (1.132)
o

Remark 3.6 When (g';b,a) is a frame, then the necessary and sufficient
condition for (g%;b, a) defined in (1.131) to be a frame is simply the eigen-
values of R(t,s) to be bounded above and below away from zero, that is:

l
0< Apg <pult+—,8)<By<oo , Vi,s,0<(<qg—1 (1.133)
q

for some Ag, By.

The Iso-Pair Problem
This case has been solved in (1.66,1.67). The solution reads:

M =r?=,puv: (1.134)

where U : (t,s) — Ult,s) € CP*P is a unitary valued measurable map
over O, and V : (t,s) — V(t,s) € CI*? is a measurable function so that
the columns of V (¢, s) are the p eigenvectors of R(t,s) corresponding to
the lowest eigenvalues. Since R is already diagonal, these columns are a

subset of the canonical basis {eg,...,eq—1} of C?. Assume m; , is the ¢-
permutation so that
e+ T2 > e BB o cicg -
Then
V(t,s) = erila-p) Emislamptl) ~° Emii(e-1) ] (1.135)

The distortion i1s then

Jee :p//] ‘IZ_: plt + ﬂ-t’s(l),s) dtds (1.136)

I=q—p g

The Optimization Problem

Since the Zak transform is unitary, the norm constraint |[gt|| = 1 is equiv-
alent to [ [ Tr {I''I''*}dtds = 1. Then, the norm-constraint optimizers
of Jee are parameterized as in (1.70-1.72). With the current notations, this
becomes

r,, = cUv” (1.137)
J
r2, = SV (1.138)
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where

[Z,HM + 2l )]
{0 f Jo[Soi,, ut + T2 )2 dv dsr )2

and U, V as in (1.134). The optimal distortion becomes:

e(t,s) = (1.139)

1/2 2

// 7”’;(1) s) | dids (1.140)

3.7 Discrete Time Signal Encoding Problem

In the Discrete-Time Signal Encoding problem, the average transmission

error is defined by (1.50):

12, _ 1 s 2
Jae(9',97;b,a, R) —TILHQOZ;E[ICW mnl’;

where T' denotes the width of the time window during which noise 1s added;
see (1.48). However one can consider an alternative error measure, namely
the average distortion per coefficient defined by (1.51),

. 1
Pde(g 4 abaa R) M1N—>oo 2N—|—1 Z Z |Cmn _Cmn|2]
|m|<M |n|<N

We are going to show these two functionals are identical. Using (1.47),(1.48)
and (1.49) we obtain

Jige = lim ZE agmn ]

T—oo

_ - 2mimb(y—z) — _
= Th_}H;o QTZ/ da:/ dyZ (l‘ na)g*(y — na)

Now apply the weak Poisson summation formula (1.55) and then periodize
the integrand with > . Denote

z)= Zgz(l‘ — na)g*(x — % — na),

We obtain:
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Since the integrand is a-periodic, the average is simply the integral over a
period, that 1s

1 m, [¢——— m
— = i 2(p — 2p 2
Jie = p mEnR( A )/0 g% (x —na)g*(» A na)dx (1.141)

Consider now Py.. Expanding the expectation operator and performing
the summation over m from —oco to 400 via the weak Poisson summation
formula, we obtain

1 Y m
Pie = ZN_mo 2N+1 Z Z / *(x — na)g (l‘—?—na)da:

Note that by a change of variable, the integral does not depend on n.
Therefore the average over n does not change the outcome and we remain
with

Puo= g SR [P~ e

Now by a-periodizing the integrand we obtain again (1.141). Thus we
proved Py, = Jg4.. Note, everywhere we assume the integrals converge abso-
lutely and we can freely commute summation symbols with expectation and
integration symbols. That is true as long as g2 is sufficiently well localized,
for instance g2 € W (L, 11).

Next we compute (1.141) in terms of Zak transform. By replacing ¢?
with its Zak transform, then using pseudoperiodicity relation (1.76), and
then the summation formula (1.55), we obtain

p 1
Jae = /ds/ dtbzz e2mim'al p mp PG, s S)Gz(ts—l—r )

r=0 m/'

Now we é—periodize the integrand over ¢, and zl? over s. Using again the
pseudoperiodicity we obtain:

p—1
! !
Jae = // > Zam r2 )G2(t+— 5+r2p)G2(t+— 5—|—r2p)dtd5

r1,72=0 (=0

where

2mim’ qt mp—i—r 1.142
= ;2 mpir) (1.142)

This can be compactly rewritten as:

Jde://Tr {T?*ST?} dt ds (1.143)
[m]
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where S : 0 — CP*P is the Toeplitz self-adjoint matrix

S = (0-7“1—7“2)0§7“1,7“2§P—1’

that is
oo(t) o-i(t) o_a(t) - o_(p-1)(t)
S(t) — Ul.(t) U?(t) U—.l(t) U—(pTZ)(t) ) (1144)
pill) Gpalt) o @) aol)

Note the following property of (%)

o_(t) =g, (1) (1.145)
and then

Sit)y=E@)SH)E({)" (1.146)

where F(t) was defined in (1.79). This commutativity relation allows us to
compute the eigenvectors of S(t). The eigenvectors of E(t), hence of S(t)
as well, are given by:

1 T
fo=—[1 e €2 ... 7! L 0<k<p—1 1.147
NG [ ko Sk k ] > ( )
where e is one of the complex p'” root of e=27i4t
e =e PRI g<k<p—1 (1.148)
The eigenvalues of S(t) are then
L oqt+ k
me = (fo, SF) = RS o<k<po1 (1.149)
where
> 1 2nimuw m
R(w) = Z;e R(7) (1.150)

The Semi-Optimization Problem

Given g, that is T'!, we look for I'? that minimizes (1.143) and satisfies
(1.83). The correspondence to the problem B in subsection 3.2 is given by
A=T™ X =T%, R=S and I, = I,. The solution (1.63) becomes:

r? =psirirt*s-rh)=t, (1.151)

and the average distortion becomes

Jae :pZ// Tr {(T™*S™TY) '} dt ds (1.152)
[m]
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Remark 3.7 When (g';b,a) is a s-Riesz basis, then the necessary and
sufficient condition for (g?;b,a) defined in (1.151) to be a s-Riesz basis is
simply the eigenvalues of S(#) to be bounded above and below away from
zero, that 1s:

0<A0§mk(t)§Bo<OO,Vt,ogkﬁp—l (1153)
for some Ag, By.
The Iso-Pair Problem
We optimize now Jg. over the constraint I'*I' = pl,. Again the solution

is given by the problem B mentioned before. Equations (1.66,1.67) and the
aforementioned correspondence give

=I?=,pVU (1.154)

where U : O — C?%? is a measurable unitary valued map, and V : O —
(CP*1 ig a measurable function whose columns are normalized eigenvectors
of S(t) corresponding to the lowest ¢ eigenvalues so that V*V = I,. De-
note by m; the permutation that orders the p eigenvalues my introduced in

(1.149),
mﬂ't(o)(t) Z mﬂ't(l)(t) Z Z mﬂ't(p—l)(t)
Then
V= frp-o®) frp-ern@ - fre-n) ] (1.155)

and the distortion becomes
Jde :p// E M, (k) (1) dt ds (1.156)
)
k=p—gq

The Optimization Problem
Using again the analysis in subsection 3.2, we obtain the optimal solution

of Jg4e subject to the norm constraint ||¢}|| = 1 and biorthogonality T'*I'? =
pIqa
't = evu (1.157)
rz = Eyy (1.158)
c

where U,V are as in (1.154) and ¢ = ¢(¢) is given by
[Zp—p qmﬂ't k)(t)]1/4

e(t) = (1.159)
{ fl/q /—p . mﬂ't/(k’)(t/)]l/z dt’}1/2
The optimal distortion becomes:
2
1/q , =1 1/2
Jae =g / ( 3 mm(k)(t)) dt (1.160)
0

k=p—q
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4 Non-Localization Results

In the previous section we obtained explicit solutions to several optimiza-
tion problems. The optimizers share a common property: they are all ob-
tained from eigenspaces of some selfadjoint operator. In this section we
study how well the optimal windows can be localized in the time-frequency
domain. We prove in general the optimizers are not well-localized in the
sense the windows cannot belong to the following Banach spaces:

C(L*, 1"y ={f:R — C| f continuous, [fllw oy < oo}, (1.161)

Y = (€ D) [l = [ (G + 217 + 1)) do < o).

(1.162)
4.1 CTSA
Recall the parametrization of the optimal solution (1.103, 1.104):
o= MYWL (1.163)
2 = MY7vp (1.164)

where L is a bounded invertible C?%9-valued function defined over O,
V*V = I, and the columns of V span an invariant subspace of MY 2w A2
associated to the largest ¢ eigenvalues:

MYPW MYy = VA, (1.165)

Next we consider the case when w = 1y 4], i.e. a uniform weight over an
interval of the length of a translation step. Then W (s) = I, for all s, and
(1.165) turns into an eigenproblem for M (t). Since M (t) commutes with
E(t) (see (1.96)), the eigenvectors of M (t) coincide with the eigenvectors
of E(t) which are given by (1.147). Thus the columns of V form a subset of
{fo, f1,. .., fr—1} given by the ordering of the associated eigenvalues. The
eigenvalues are then:

gt + k

Me(t) = (fi, M f) = R( ) (1.166)

where

R(w) = Ze%imw}z(%) (1.167)

Let us denote by m; the ordering permutation, i.e.

/\m(o)(t) > /\m(l)(t) > > /\m(p—l)(t) (1.168)
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and by Dy the set of points ¢ where the ¢'" cigenvalue is degenerate as
follows:

Dy = {t€10,0)  Anamnt) = Ania 1)) (1.169)

Assume the entries of M (t) are continuous functions (for instance when
R € W(L®,l')). Then Ag(t) and Ar.(k)(t) are continuous functions, for
every 0 < k < p — 1. Next we show D, is a nonempty set. Using (1.166)
note the following:

1
M+ ) = M), 0<k<g-2 (1.170)

1
dalth ) = () (1.171)

Denote by 70 the circular shift, 7%(k) = k+1,0 < k < p—2and 7% (p—1) =
0. Then the above relations on A imply that

o1 = (1.172)

Now assume S = {m(0), m:(1), ... ,m(¢— 1)} is independent of ¢. It follows
that S has to be invariant to 7° as well, and this is impossible. Hence, for at
least one t, Az, (4—1)(t) = Ar,(q)(t) and therefore D, cannot be empty. As-
sume now that D, contains isolated points. Note this is a structurally stable
property with respect to the W (L, I')-norm on R, i.e. for e-perturbations
of Rin W (L, l*)-norm, D, would still contain isolated points. Moreover,
this is a generic property with respect to the same topolgy, namely, as-
sume R is such that D, does not contain isolated points, then one can
choose an arbitrarily small perturbation so that only isolated points are
left in D,. Let ¢ty be such an isolated point. Then for some ¢ > 0, V()
is uniquely determined on both (ty — ¢,%y) and (tg, %o + ). However, one
column of limy\ ¢, V (¢) is orthogonal to all columns of lim; s, V'(¢). Hence
the two limits cannot coincide and T'',T'? cannot be continuous as func-
tions of {. Similarly to the amalgam version of the Balian-Low theorem
(see [BeHeWa95]), this implies the corresponding optimal windows ¢!, ¢
cannot be in C'(L>{'). On the other hand, since the discontinuity occurs

aG!

along a segment of the form {(tg,s); 0 < s < %}, the first derivatives =5~

and aa—G; cannot be in L?(0). Therefore g', g? cannot belong to H''!. In
effect we proved:

Theorem 4.1 Assume R € W(L>® '), w = ljo,q) and Dy contains an
isolated point. Then any pair of windows (g, ¢%) optimal with respect to
Jeq cannot be well-localized in the sense that

9,974 9> ¢ C(L=, 1Y) (1.173)
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and
gL g oY (1.174)

Moreover, the existence of isolated points in Dy 1s a generically and struc-
turally stable property with respect to the W(L> I1)-norm.

4.2 DTSA

Consider the discrete-time signal approximation problem in the case of
uniform weights wp,, = é, form=0and 0 <n <g¢g-—1, and wn, =0,
otherwise. The optimal pair of windows with respect to Jy, criterion is
parametrized by (1.122) and (1.123),

1
— LV 1.175
7 (1.175)

1
r? — L7ty 1.176
7 ( )

where L is a bounded, invertible C?*? matrix valued function over O, and
the columns of V' form a subset of the canonical basis of C? (i.e. the clumns
of the identity matrix I;). The choice of columns of V is based on the order-
ing of the diagonal elements (pi0(¢, 5))o<i<q—1 of D° (see 1.109). Assume
R € 1V(Z?). Then py 1 (t, s) are continuous functions in (¢, s). Using (1.106)
we obtain

Fl

polt+00s) = paroltis) , 0<I<q=2 (LI
Pt + 7.5 = it (1.178)

Let us denote by m; , the ordering permutation
Preo(0),0(t8) > pry(1),0(E,8) > o > pry L (g=1),0(t, 5) (1.179)

and E, the set of points where the p'* eigenvalue is degenerate as follows:

By ={(t,s) €0 | pr, .p-1),0(t,5) = Py ,(p),0(t, 5)} (1.180)

Using a similar argument as in the CTSA case, we obtain £, as well as
E, 0 ([0, é] x {sg}) are non empty sets, for every sq € [0, Zl)] Note E, is a
2D subset of O. Its topology may be complicated, in general. However, the
generic [, is made of continuous curves. We say F; contains an isolated
curve if there is an open set U of O such that £, N U/ has empty interior
and separates U, 1.e. U = U_ U (E, NU) U Uy, where U_, U, are open,
and together with £, N U disjoint subsets of /. When FE|, contains an iso-
lated curve, V (¢, s) cannot be chosen continuously. If, moreover, E, N U is
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diffeomorphically equivalent to a straight line, i.e. there is a differentable
¢ : (a,b) — U so that E, NU = ¢((a,b)), then we say F, contains an
1solated smooth curve. In such a case, one can easily show there is a coor-
dinate system over U so that £, N U becomes a straight line, and the first
derivatives of G!, G? cannot be square integrable. Thus ¢!, g2 ¢ HLL. All
these can be summarized into:

Theorem 4.2 Assume R € [V (Z?) and E, contains isolated curves. Then
any optimizer (g1, ¢%) of Jaa cannot be well-localized in the sense:

9,974 9> ¢ C(L=, 1Y) (1.181)

Furthermore, if E, contains an isolated smooth curve, then g',g* cannot
belong to HY'. The existence of isolated curves in By 15 a generically and
structurally stable property with respect to the V1 (Z*)-norm.

Remark 4.3 Note this theorem proves that, generically, the optimum
value of Jg, is not achieved in the class M; 1, where the optimization prob-
lem (1.36) is formulated.

/.53 CTSE

The optimal solutions of continuous-time signal encoding problem are simi-
lar to those of the discrete-time signal approximation problem. The optimal
iso-pairs and dual frame pairs (g, g?) are parametrized via a product of the
form UV*, with U a CP*P unitary valued map on O, and V a C?*P matrix
valued map over O whose columns form a subset of the canonical basis of
C?; see (1.134, 1.137,1.138). The choice of the columns of V' is made based
on the ordering of the elements (p; (¢, s) = p(t + é, 5))o<i<q-1 from (1.129).
Note
1

/u(t+5,8) = pr(tys) , 0<1<q—2 (1.182)

1
pomi(t4205) = olt.s) (1.183)

Denote by m; ; the ordering permutation of these elements:

“(H%@,S)Zu(H%ﬂ),S)2~~~2u(t+w,s) (1.184)
and
Ey_p = {(t,s) en | ﬂ(t—l— w’s) — (t—l— Ft,s((;—p)’ )}

(1.185)

Using the same arguments as in the previous subsection, when R € {11 (Z?),
E,_, 0 ([0, é] x {sp}) is not empty, for every sy. Moreover, when E,_,
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contains an isolated curve, I'", I'? cannot be continuous, whereas when Eyp
contains an isolated smooth curve, the first order derivatives of G', G?
cannot be in L(0). All these are summarized in the following

Theorem 4.4 Assume R € IV (Z%) and E,_, contains isolated curves.
Then any optimizer (g1, g%) of Jee cannot be well-localized in the sense:

9,974 9> ¢ C(L=, 1Y) (1.186)

Furthermore, if Eq—, contains an isolated smooth curve, then g*, g* cannot
belong to HY1. The existence of isolated curves in Ey_p, is a generically
and structurally stable property with respect to the IV (Z?)-norm.

/.4 DTSE

The optimizers of the discrete-time signal encoding problem are similar
to the optimizers of the continuous-time signal approximation problem.
The optimal iso-pairs (given by (1.154)) and optimal biorthogonal pairs
(given by (1.157,1.158)) are parametrized by matrix products of the form
VU for some U = Ul(t,s), a C?*7 unitary matrix valued function over O,
and V =V (t) a CP*? matrix valued function over O whose columns form
a subset of the orthonormal basis {fo, f1,..., fo—1} of CP introduced by
(1.147). The choice of the columns of V(¢) is dictated by the ordering of the
eigenvalues of S(¢) of (1.144). These eigenvalues, denoted by mg(t), were
computed in (1.149). Let m be the ordering permutation

mm(o)(t) > mm(l)(t) > > mm(p—l)(t) (1.187)

and let Dy,_, denote the set of points where the p — ¢'" eigenvalue is de-
generate as follows:

1
Dy_g = {t €0, ;) | mm(p—q—l)(t) = Mr,(p—q) (t)} (1~188)

When R € W(L*,I'), my’s are continuous and by a similar argument
as in subsection 4.1 we obtain D,_, is not empty. We also obtain, when
D, _, contains isolated points, V'(¢) cannot be continuous and therefore the
windows ¢!, g% are not well-localized. All these results are summarized in
the following:

Theorem 4.5 Assume R € W(L*,l') and D,_, contains an isolated
point. Then any optimal iso-pair or biorthogonal pair (g%, g?) of Jae cannot
be well-localized in the following sense:

94,9% 94 9% ¢ C(L=, 1) (1.189)
and

gyt g HY (1.190)
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Moreover, the existence of tsolated points in Dp,_, is a generically and
structurally stable property with respect to the W (L I*)-norm.

5 Numerical Examples

In this section we present a set of examples of the solutions presented
before.

The semi-optimal problems start with a fixed analysis window, and de-
sign the optimal synthesis window, for a given weight and signal autoco-
variance functions. We choose the gaussian window

g (x) = =3 (1.191)
as analysis window, and uniform weights, i.e.
w(z) = 1[0, a)(z) (1.192)

for the CTSA problem, respectively

1
Wmn = gém,Ol[O,q](n) (1193)

for the DTSA problem. The time step is set to one unit, @ = 1. The
covariance function is chosen to decrease exponentially fast:

R(z) = eIl (1.194)

in the CTSA case, and
Ry = ¢~ (Iml+InD) (1.195)
Note the Fourier transform of R(z) is R(w) = \/%H—% > 0, and the dis-

crete Fourier transform of Ry, is R(wi,ws) = >, Rmpe "MW1 7%2 =

1_e—2)2 . .
|1—e_1+“"1|§|1—e_1+“"2|2 > 0. These prove the choice above corresponds in-

deed to two stationary stochastic processes.

Once this data is set, one can straightforwardly apply (1.98), (1.131),
or (1.151) to obtain respectively the CTSA, CTSE, or DTSE semi-optimal
solution. For the uniform weights (1.193), the equation (1.118) turns into:

FIDO — lrlDOFl*FZ
p

whose solution is

[? = p(r'Dr=)=trtp° (1.196)
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This gives the semi-optimal solution of the DTSA problem.

The optimal windows are given by the solution to an eigenvalue problem
associated to M(t) of (1.90), D°(¢,s) of (1.110), R(t,s) of (1.129), and
S(t) of (1.144). The optimal solution is not completely determined by the
solution of the corresponding eigenproblem. There is a second term, namely
the L-factor, that parametrizes all equivalent solutions. We are going to
choose L in a particular way, so that the optimal windows become real
valued functions. To this end we use the following result whose proof is
straightforward:

Proposition 5.1 Denote by G(t, s) the Zak transform of an L*(R)-function
g, and by T'(t,s) the matriz representation (1.77). Then the following are
equivalent:

1. g s real-valued;

2. G(t,s) =G(1—1,s);

3. T(t,s) = F(é —1,8)T where T is the ¢ x q matriz with one on the
antidiagonal, and zero in the rest, i.e. 1, 1, = 0y 415,9-1 for 0 <
11,12 S q— 1.

Let us apply this result to the CTSA problem. When R is real valued, the
matrix M (¢) has the following property:

M) = M(= — 1) (1.197)

and therefore the eigenvectors of M(é —t) can be chosen so that V(% —
t,s) = V(t,s). Thus we solve the eigenproblem M ()V(t) = V(¢)A(¢) for

0<t< zl—q, and we set:

V() , for0<t<s.

(t,s) =4 —— 1.1
(t,3) {V(t)T , otherwise (1.198)

Similar argument goes for S(¢) and ¢(t) associated to the DTSE problem.
For the DTSA problem, when R, are real, the diagonal matrix D°(¢, s)
is real, its diagonal elements p; o (¢, s) have the following property:

1
Pl,O(g —1,8) = pg_1-1,0(t, ) (1.199)
Hence D° has the following invariance property:

DO(l —t,8) =TDt,s)T" (1.200)
q
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and therefore the matrix V(¢,s) in (1.124) can be chosen so that V(% —
t,s) = TV(t,s). In turn, this implies we can choose I'" and T'? via (1.122)
and (1.123) to satisfy:

1 - -

(= —t,s) =T, s)T T?(=—t,s)=T2(ts)T.
q q

and thus, optimal real-valued windows g', ¢2. Similar argument applies to
R(t,s) and ¢(t, s) assocuated to the CTSE problem.

Now we present the numerical results. In the left-hand side of the Fig-
ure 3 we plot the semi-optimal solutions of the CTSA problem, for several
values of p and ¢. For comparison, the right-hand side of the same figure
renders the optimal solution obtained as explained before. In Table 1.2 we
summarize the values of the criterion J., obtained for the semi-optimal so-
lution, respectively optimal solution. Similarly, the left-hand side of Figure
4 contains the semi-optimal solutions of the DTSA problem, whereas the
right-hand side of the same figure contains the optimal window. Numeri-
cal values of the criterion J4, are presented in Table 1.3. For the CTSE
problem we contrast the semi-optimal and optimal solutions in Figure 5,
and the channel distortion is summarized in Table 1.4. Finally, the Figure
6 contains the same type of results for the DTSE problem, whereas Ta-
ble 1.5 contains the channel distortion numbers. The typical behaviour of
the eigenvalues is presented in Figure 7. There, the ¢-dependence over the
interval [0, é] is plotted. The abscisis is discretized in 50 points. Note the
self-crossing of the eigenvalue maps which are responsible for the ill time-
frequency localization of the optimal windows. Instead, the semi-optimal
windows are better localized, but with a price in the approximation error.

p 4 3 2 5 3 4 5 6

q 1 1 1 3 2 3 4 5
Semi-opt. [ 0.206 | 0.199 | 0.179 [ 0.162 | 0.145 | 0.116 | 0.095 | 0.080
Optimum | 0.185 | 0.177 | 0.152 | 0.132 | 0.116 | 0.093 | 0.078 | 0.067

TABLE 1.2. Table of values of J.,.

q 4 3 2 5 3 4 5 6

p 1 1 1 3 2 3 4 5
Semi-opt. [ 0.658 | 0.550 | 0.365 [ 0.280 | 0.225 | 0.161 [ 0.122 | 0.098
Optimum | 0.534 | 0.429 | 0.275 | 0.206 | 0.166 | 0.120 | 0.094 | 0.078

TABLE 1.3. Table of values of J4,.
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FIGURE 3. The semi-optimal and optimal solutions for the CTSA problem. Left
plots contain the semi-optimal windows g® when the gaussian (1.191) is used for
analysis; right plots contain the optimal solutions; the first row is for p = 2, ¢ = 1;
the second row is for p = 3, ¢ = 1; the third row is for p = 3, ¢ = 2; the fourth
row is for p = 4, ¢ = 3.
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FIGURE 4. The semi-optimal and optimal solutions for the DTSA problem. Left
plots contain the semi-optimal windows g® when the gaussian (1.191) is used for
analysis; right plots contain the optimal solutions; the first row is forp =1, ¢ = 2;
the second row is for p = 1, ¢ = 3; the third row is for p = 2, ¢ = 3; the fourth
row is for p = 3, ¢ = 4.
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X

solutions for the DTSE problem. Left
when the gaussian (1.191) is used for

analysis; right plots contain the optimal solutions; the first row is forp =1, ¢ = 2;
the second row is for p = 1, ¢ = 3; the third row is for p = 2, ¢ = 3; the fourth
row is for p = 3, ¢ = 4.



1. Optimal Stochastic Approximations Liii

-0.05

-0.1

-0.15

-0.2

-1 L L L ~0.25 L L L L L L L
-10 -5 0 5 10 -20 -15 -10 -5 0 5 10 15 20

FIGURE 6. The semi-optimal and optimal solutions for the DTSE problem. Left
plots contain the semi-optimal windows g® when the gaussian (1.191) is used for
analysis; right plots contain the optimal solutions; the first row is forp =1, ¢ = 2;
the second row is for p = 1, ¢ = 3; the third row is for p = 2, ¢ = 3; the fourth
row is for p = 3, ¢ = 4.
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FIGURE 7. The eigenvalue maps. Left plots correspond to the CTSA problem,
right plots to the DTSA problem; the top row is for p =2, ¢ =1 (left) and p = 1,
q = 2 (right); the bottom row is for p =4, ¢ = 3 (left), p = 3, ¢ = 4 (right).
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q 4 3 2 5 3 4 5 6

p 1 1 1 3 2 3 4 5
Semi-opt. | 0.385 | 0.653 | 1.361 | 2.609 | 3.425 | 4.161 | 4.821 | 5.212
Optimum | 0.030 | 0.055 | 0.135 | 0.216 | 0.285 | 0.400 | 0.487 | 0.554

TABLE 1.4. Table of values of J...

p 4 3 2 5 3 4 5 6

q 1 1 1 3 2 3 4 5
Semi-opt. | 0.587 | 0.649 | 1.018 | 1.491 1.83 | 2.469 | 2.959 | 3.350
Optimum | 0.131 | 0.181 | 0.303 | 0.404 | 0.483 | 0.604 | 0.686 | 0.743

TABLE 1.5. Table of values of Jg4..
6 Conclusions

In this chapter we presented an application of the Gabor analysis to four
classes of stochastic signal problems. First we established a rigouros frame-
work for stochastic signal analysis, namely through the use of amalgam
spaces. In particular, continuous-time stationary signals (i.e. functions) are
realized as elements of W (L?,1°°), whereas discrete-time stationary signals
(i.e. sequences) are realized in {°°°(Z?). Thus we carried the Gabor analy-
sis onto these two Banach spaces. We obtained necessary and sufficient con-
ditions on the analysis and synthesis windows to have bounded operators.
The amalgam space W(L? [°) is naturally mapped to the mixed-norm
space [%°°(Z?), whereas [°°°°(Z?) is mapped into the space of distributions
M ;. We proved the analysis window is in W(L*>,1') is a sufficient condi-
tion for the analysis operator of the former case to be bounded. Surprisingly,
it turned out the necessary decay of the window is given by W (L> (%), i.e.
when the analysis operator is bounded then necessarily the window has to
be in W (L ,1?). Moreover, in some sense this seems to be optimal. For the
latter case, the synthesis operator is bounded if and only if the synthesis
window is in M ;.

These results helped us to formally define and represent the stochastic
signals. It also constituted the formal argument for the algebraic manip-
ulations we performed next. We considered two classes of situations. The
first class concerns the approximation problem. Given a signal, whether
continuous-time or discrete-time, we want to approximate it by an element
in a linear (and smaller in the sense of trace) subspace constrained to be
time-frequency shift invariant. We stated and analyzed two optimization
problems and obtained explicit solutions involving only linear, quadratic or
eigenvalue matrix equations. The second class of situations concerns the sig-
nal transmission problem. The signal is encoded either with a frame, when
the data is a continuous-time signal, or with a Riesz basis for its span, when
the data is a discrete-time signal. The received data is perturbed by the
channel noise. Thus the decoder will use some channel information, more
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specific its second order statistics, and replace the standard dual frame,
or biorthogonal decoding window, by another dual, or biorthogonal, opti-
mally adapted to the channel. With this scenario in mind, we stated and
analyzed three optimization problems, and obtained explicit solutions sim-
ilar to the class of approximation problems. Interestingly, there seems to
exist a duality between the solutions of these two classes of problems.

Next we analyzed the time-frequency localization of the optimizers of
the four problems stated before. We proved that, in general, they are ill-
localized in a sense similar to the Balian-Low non-localization phenomenon.

We concluded our study by giving a numerical example in designing
optimal and semi-optimal analysis/synthesis windows.
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