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Abstract

In this paper we discuss the stability properties of convolutional neu-
ral networks. Convolutional neural networks are widely used in machine
learning. In classification they are mainly used as feature extractors. Ide-
ally, we expect similar features when the inputs are from the same class.
That is, we hope to see a small change in the feature vector with respect
to a deformation on the input signal. This can be established mathe-
matically, and the key step is to derive the Lipschitz properties. Further,
we establish that the stability results can be extended for more general
networks. We give a formula for computing the Lipschitz bound, and
compare it with other methods to show it is closer to the optimal value.

1 Introduction

Recently convolutional neural networks have enjoyed tremendous success in
many applications in image and signal processing. According to [5], a gen-
eral convolutional network contains three types of layers: convolution layers,
detection layers, and pooling layers. In [7], Mallat proposes the scattering net-
work, which is a tree-structured convolutional neural network whose filters in
convolution layers are wavelets. Mallat proves that the scattering network sat-
isfies two important properties: (approximately) invariance to translation and
stabitity to deformation. However, for those properties to hold, the wavelets
must satisfy an admissibility condition. This restricts the adaptability of the
theory. The authors in [11, 12] use a slightly different setting to relax the condi-
tions. They consider sets of filters that form semi-discrete frames of upper frame
bound equal to one. They prove that deformation stability holds for signals that
satisfy certain conditions.
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In both settings, the deformation stability is a consequence of the Lipschitz
property of the network, or feature extractor. The Lipschitz property in itself
is important even if we do not consider deformation of the form described in
[7]. In [10], the authors detect some instability of the AlexNet by generating
images that are easily recognizable by nude eyes but cause the network to give
incorrect classification results. They partially attribute the instability to the
large Lipschitz bound of the AlexNet. It is thus desired to have a formula to
compute the Lipschitz bound in case the upper frame bound is not one.

The lower bound in the frame condition is not used when we analyze the
stability properties for scattering networks. In [12] the authors conjectured
that it has to do with the distinguishability of the two classes for classification.
However, certain loss of information should be allowed for classification tasks.
A lower frame bound is too strong in this case since it has most to do with
injectivity. In this paper, we only consider the semi-discrete Bessel sequence,
and discuss a convolutional network of finite depth.

Merging is widely used in convolutional networks. Note that practitioners
use a concatenation layer ([9]) but that is just a concatenation of vectors and is
of no mathematical interest. Nevertheless, aggregation by p-norms and multipli-
cation is frequently used in networks and we still obtain stability to deformation
in those cases and the Lipschitz bound increases only by a factor depending on
the number of filters to be aggregated.

The organization of this paper is as follows. In Section 2, we introduce
the scattering network and state a general Lipschitz property. In Section 3,
we discuss the aggregation of filters using p-norms or pointwise multiplication.
In Section 4, we use examples of networks to compare different methods for
computing the Lipschitz constants.

2 Scattering Network

We first review the theory developed by the authors in [7, 11, 12] and give a more
general result. Figure 1 shows a typical scattering network. f denotes an input
signal (commonly in L2 or 2, for our discussion we take f € L%(R%)). g,,;’s and
¢m’s are filters and the corresponding blocks symbolizes the operation of doing
convolution with the filter in the block. The blocks marked oy, ; illustrate the
action of a nonlinear function. This structure clearly shows the three stages of
a convolutional neural network: the g, ;’s are the convolution stage; the o, ;’s
are the detection stage; the ¢,,’s are the pooling stage.

The output of the network in Figure 1 is the collection of outputs of each
layer. To represent the result clearly, we introduce some notations first.

We call an ordered collection of filters g,,; € L*(R?) connected in the net-
work starting from m =1 a path, say ¢ = (91,1, 92,12+ , g, 1y, ) (for brevity
we also denote it as ¢ = ((1,11),(2,12), -+, (Mg, ln,)), and in this case we de-
note |g| = M, to be the number of filters in the collection. We call |g| the length
of the path. For ¢ = 0, we say that |q| = 0. The largest possible |q|, say M,
is called the depth of the network. For each m = 1,2,--- , M + 1, there is an



Figure 1: Structure of the scattering network of depth M

output-generating atom ¢,, € L'(R?), which is usually taken to be a low-pass
filter. ¢; generates an output from the original signal f, and ¢,, generates an
output from a filter g,,—1,,, in the (m — 1)’s layer, for 2 < m < M + 1. It is
clear that a scattering network of finite depth is uniquely determined by ¢,,’s
and the collection @ of all paths. We use G,, to denote the set of filters in the
m-th layer. For a fixed ¢ with |¢| = m, we use G(,{,LH to denote the set of filters
in the (m+1)’s layer that are connected with q. Thus G,,1 is a disjoint union
of GI s

Gmir = JG4 -
om, : € = C are Lipschitz continuous functions with Lipschitz bound no
greater than 1. That is,
lomi(y) = oma (@5 < lly = 7l

for any y, § € L?(R?). The Lip-1 condition is not restrictive since any other
Lipschitz constant can be absorbed by the proceeding g, filters.
The scattering propagator U[q] : L?(R%) — L?(R%) for a path ¢ = (g1.1,, 92,1,
* 1 9M,,ln, ) 18 defined to be

Uldlf = om, i, (02,l2 (01,11(f * g1, ) * 92,l2> ook qu,qu> : (2.1)

If ¢ = 0, then by convention we say U[0]f := f.
Given an input f € L?(R?), the output of the network is the collections

O(f) :={Ulqlf * dar,+1}qeq- The norm ||| - ||| is defined by
el = | X [Ulalf = oaraly | - (22)
qeqQ



Given a collection of filters {g; };cz where the index set Z is at most countable
and for each 4, g; € LY(R%) N L2(R%), {g;}iez is said to form the atoms of a
semi-discrete Bessel sequence if there exists a constant B > 0 for which

SN *gills < BIFI

i€l

for any f € L2. In this case, {g; }ic7 is said to form the atoms of a semi-discrete
frame if in addition there exists a constant A > 0 for which

Al <D N *gills < B

i€l

for any f € L2

Conditions (2.1) and (2.5) can be achieved for a larger class of filters. Specif-
ically, we shall introduce a Banach algebra in (3.1), where the Bessel bound is
naturally defined.

Throughout this paper, we adapt the definition of Fourier transform of a
function f to be

flw) = f(z)e 2w dy (2.3)
Rd
The dilation of f by a factor X is defined by
Ia(z) = Af(Ax) . (2.4)

The first result of this paper compiles and extends previous results obtained
in [7, 11, 12].

Theorem 2.1 (See also [7, 11, 12]). Suppose we have a scattering network of
depth M. For eachm=1,2,--- M +1,

2

ng < o0 (25)

Bu= max |\ |gmal )+

q:lql=m—1
Im 1 EGH

o0

. 2
with the understanding that Bary1 = quMHHOO (that is, Gi; ., = 0). Then

the corresponding feature extractor ® is Lipschitz continuous in the following
manner:

M+1 2
@(f) — @) < <H Bm> If ="l

where

Bi =B, B,= max{1l, B,,} form>2. (2.6)

Proof. First we prove a lemma.



Lemma 2.2. With the settings in Theorem 2.1, for 0 < m < M — 1, we have

Y. Ulaf = Ulghlls + > UGS * ¢msr = Ulglh* $maals

lg|=m-+1 lg|]=m

< > Bt [Uldlf — Ulalhll? ;

lg|l=m

(2.7)

for m = M, we have

UGS * bmrr = Ulglh * by ll; < D> Buga [Uldf = Ulalhll; -

lg|l=M lq|=M
(2.8)

Proof of Lemma 2.2. Let q be a path with |¢| = m < M. We go one layer
deeper to get

ST U - Uld1hll; + 1ULalf * Smar — Ulglhx b |3
q’€z;1><G‘jnJrl

> NomiraUIAf * gmi1a) = Omsra(Ulah* gmi10)ll5 +

Im+1,1€G Y, 14

Ulq)f * b1 — Uldlh * s |l
> UL % gmera — Ulglh* gmaralls + 1U[glf * Gms1 — Ulglh* G |l

Im+1,1€GY, 4

= Y WIS~ Ulgh) * gmrralls + 1(Ulalf — Ulalh) * dmaalls -

9m+1,l€GZn+1

IN

(2.9)
Sum over all ¢ with length m, we have
Y. Ulaf =Ulghllz + > Ul * dmsr = Ulglh* $maa 3
lgl=m+1 lgl=m
< > > WS~ Ulgh) * gmerals +
lgl=m gm+1,1€EGm+1 ) (2.10)
> Ug)f * bmir — Ulglh % dmiall3
lgl=m
< > Bui |Ulglf = Ulghll;
lgl=m

which follows the Bessel inequality by the definition of the B,,’s. For m = M,
directly following the Young’s inequality we have (2.8). O

We now continue with the proof of Theorem 2.1. The inqualities (2.7) and



(2.8) have two consequences. First, summing over m = 0,--- , M we have

M
S 3T UL # bmsr — Ulglh* dmal

m=0|g|=m

o (2.11)
< Billf =hl3+ Y (Buii—1) > |Uldlf = Ulglhll; ;
m=1 lgl=m
second, we have for each m =0,--- , M — 1 that
> Ulalf - Ulglhll; < Z Bt |Ulg)f = Ulalhll; - (212)
lgl=m+1 lgl=

Therefore, put (2.11) and (2.12) together, noting that B,, < B,, for each m, we
have

M
ST ST UGS * bmrs — Uldlh* Sl

m=0 |q\=m

M m
By|lf— hHg + Z(Bm+1 -1) ( H Bm'> 1f — h||§ (2.13)
m=1 m'=
M+1 '
(H Bm> 17 = Rll3 -
m=1

We complete the proof by observing that the uppermost object in Inequality
(2.13) is nothing but |||®(f) — @(h)|||>.

IN

IN

O

Remark 2.3. [11, 12] consider the case where each filter in the m-th layer in
connected to all the frame vectors from the pre-designed frame for the (m + 1)-
th layer. In practical uses then, a dimension reduction process needs to be done
to select a few branches from the numerous tributaries due to such a design
manner (see [1]). Also, the authors of [11, 12] assume that all the B,,’s are less
than or equal to one. As can be seen in the above proof, this assumption is not
needed.

Remark 2.4. The infinite-depth case is an immediate extension of the finite-
depth case if [ B,, < cc.

Theorem 2.1, together with Schur’s test (for integral operators), lead to the
following theorem, which implies the deformation stability of the corresponding
network. The proof can be found in [11]. We state this result for the complete-
ness of this article.

Theorem 2.5 ([11]). With the settings in Theorem 2.1, Let Hg be the space of
R-band-limited functions defined by

Hp = {f € L*(R) : supp(f) C Br(0)} .



Then for all f € Hg, w € C(RY, R), 7 € CY(RY, R) with || D7 < (2d)7 1,
@(f) = e(Fruwhll < C(RI7ll o + [lwll o) [1f1l2
where F; , f) is the deformed version of f defined by
Frof(z) = e f(z — 7(2)) . (2.14)

Note that the Lipschitz property of oy, ;s is not necessary in some cases. For
instance, if we use ||2 in place of all the o, s, as illustrated in Figure 2. Then
the training process would deal with smooth functions that are not Lipschitz.
To guarantee a finite Lipschitz constant for ® we need to control the L norm
of the input.

Figure 2: Structure of the scattering network of depth M with nonlinearity ||2

Theorem 2.6. Consider the settings in Theorem 2.1, where 0., s are replaced
with |-|* (see Figure 2). Suppose there is a constant R > 0 for which lgm.ill, <
%;\/ﬁ} for all m, l. Then the corresponding feature extractor ® is Lipschitz
continuous on the ball of radius R under infinity norm in the following manner:

M+1 2
H1@(f) — ()l < <H Bm> If = Al -
m=1
for any f, h € L2(R?) with |||, < R, ||kl < R, where B,,’s are defined as
in (2.6) and (2.5).

Remark 2.7. In the case of deformation, h is given by h = F.,, as defined in
(2.14). If f satisfies the L> condition || f|| ., = R, so does h, since || A, = || f]| -



Proof. Notice that %ﬁ/ﬁ} = min{ﬁ,ﬁ}. Hence ||gim,||, < 1/VR and

lgm.ill; < 1/2R. We observe that for any path ¢ with length |¢| = m > 1, say

q = ((1,11),(2,l2),--- ,(Mq,qu)), and for convenience denote ¢; = ((1,11)),
q2 = ((17l1)7 (27l2))a Tty QMq—l = ((17l1)7 (27l2)a T a(Mq - 17qu—1))7 we have
2
e = [l * 0,0,
5 2
< (a1 12 oo,
4 4 2
< ||U[111\/1q—2],}"’|00H!JMq—l,qu_1 1H9Mq,qu )
<
Mg—1 Mq M j+1
q— 2%aJ
< Wl sl TT lgis |y
=2
M Mq Mg—j+1
q 279
< i T lgsaslly
j=1
M, oMg—j+1

IN
%,

=
—
7N
% —
~—

= R.
With this, let ¢ be a path of length |g| = m < M, we have for each [ that

2
1011 f % g1l = [UTall 5 g al?|

1(U1g)f * gm0l + [Ulalh # gsral) (Ua)f * g1l = 1Ulglh % gmra)5

< Ualf * gm1al +1Ulglh* gmral I3 11U1gLS * gmesral — [Ulalh * ginsral 13
< (10Tl f o + 1UT@AM ) N gmesral2 NUTalf * gisral = U gl * g all
< (R+R)2(1/2R)|UIg)f * gmrral — |UTalh * gl

= 1Ulalf * gm+1a] — [Ulglh * gms,all5

< |U[a)f * gm0 — Ulalh * gmerall -



Therefore,
S Ulq1f - UldIhll; + [Ulglf * bmsr — Ulalh * Gl
q’€q><an_,_1

> UGS * gmira = Ulglh* gmrrally + 1ULa)f * $mir — Ulalh * dmaa |5

gm+1,z€ng+1

= 3 WIS - Ulah) * gmerali + 1ULAf — Ulglh) * bl -

gm+1,z€an+1

IN

Then by exactly the same inequality as (2.10), for 0 <m < M — 1,

> Uldf = Ulghlls + D IUlalf * $mir = Ulglh* éma 3

lq|=m~+1 lg|l=m
< > BunllUlf — Ulglhl; ;
lgl=m
and for m = M,

ST ANULGS * bmss — Ulalh  ¢msalls < > Barsa [Ulalf — Ulglhll; -
lg|l=M lg|l=M

The rest of the proof is a minimal modification to that of Theorem 2.1. It
is obvious that || f||., = ||Fr.w O

Ioo'

In most applications, the L>°-norm of the input is well bounded. For in-
stance, normalized grayscale images have pixel valued between 0 and 1. Even if
it is not the case, we can pre-filter the input by widely used sigmoid functions,
such as tanh. For instance, in the above case of |~|2, we can use the structure as
follows.

f R tanh scattering
network

Figure 3: Restrict || f|| ., at the first layer using R - tanh

3 Filter Aggregation

3.1 Aggregation by taking norm across filters

We use filter aggregation to model the pooling stage after convolution. In deep
learning there are two widely used pooling operation, max pooling and average
pooling. Max pooling is the operation of extracting local maximum of the signal,
and can be modeled by an L>°-norm aggregation of copies of shifted and dilated
signals. Average pooling is the operation of taking local average of the signal,



and can be modeled by a L'-norm aggregation of copies of shifted and dilated
signals. When those pooling operations exist, it is still desired that the feature
extractor is stable. We analyze this type of aggregation in detail as follows.

We consider filter aggregation by taking pointwise p-norms of the inputs.
That is, suppose the inputs of the aggregation are y1, yo, - - - , yz, from L different
filters, the output is given by (Zlel ly1|P)1/P for some p with 1 < p < co. Note
that y1,¥s, -+ ,yr are all L? functions and thus the output is also a L? function.
A typical structure is illustrated in Figure 4. Recall all the nonlinearities o,y ;’s
are assumed to be pointwise Lipschitz functions, with Lipschitz bound less than
or equal to one.

output

Figure 4: A typical structure of the scattering network with pointwise p-norms

Note that we do not necessarily aggregate filters in the same layer. For
instance, in Figure 4, f % g11, f * g1,2 are aggregated with f. Nevertheless,
for the purpose of analysis it suffices to consider the case where the filters to
be aggregated are in the same layer of the network. To see this, note that the
equivalence relation in Figure 5. We can coin a block which does not change
the input (think of a é-function if we want to make the block “convolutional”).
Since a d-function is not in L'(R?), if we want to apply the theory we have
to consider a larger space where the filters stay. In this case, it is natural to
consider the Banach algebra

B={fes®?,

fHOO <o} (3.1)

Without loss of generality, we can consider only networks in which the ag-
gregation only takes inputs from the same layer.

Our purpose is to derive inequalities similar to (2.7) and (2.8). We define
a path ¢ to be a sequence of filters in the same manner as in Section 2. Note

10
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Figure 5: Equivalence for aggregating from different layers

that by aggregating the filters we no longer have a scattering structure but a
general convolutional network. That is, we might have two different filters in
the m-th layer that flows into the same filter in the (m+1)-th layer. Although a
scattering network with aggregation by the p-norm is still uniquely determined
by the collection @ of its paths, the notation Ul[g] is meaningless since it does
not take into account the aggregation. The output in this case may not depend
on a single path.

Note that for each m = 1,---, M, the m-th layer of filters is followed by
blocks of [|-||’s and nonlinearity oy,,;’s. Let p;, be the total number of the
blocks in the m-th layer. Also take pg = 1. Further, we denote the blocks to
be K1, , K p,,- For a block K and a filter g, we denote g <+ K if they
are connected in the network. For a block Kz, 1 <m <M, 1 <X <y, we
denote Ginrml’ 5 to be the collection of filters in the m-th layer that are connected

to K, n (“in” implies the filters “flow into” the block), and denote G?nuﬁL 5\ to
be the collection of filters in the (m + 1)-th layer connected to K, ». Then for

eachm=1,--- .M, G, = U1</\<Mm GH:’A; also, for each m = 1,--- M — 1,

_r t
G = UlSXSMm+1 G%%A"

We define the scattering propagator {U},---  Ukm %:O recursively as fol-
lows. Define U} f := f. Suppose {U}, - ,UFm} has been defined for some
m < M, then for each A =1,--- |ty 41, we define

1
’ P
UNirf = 3 U2 % gt | (3.2)

41,0 K mp1,a

where ) satisfies Im+1,lmer < Km,a, which is unique by the structure of the
network. Now the output ®(f) := {U)\ * Gm+1}o<m<M,1<i<m 1S naturally
defined.

To proceed we first prove the following lemma.

Lemma 3.1. Let {gm}L, be the filters to be aggregated using p-norm with
1 < p < oo, then we have the following: suppose {fm—1,}-, and {hm—1.}E,

11



are two sets of inputs to those filters and f,, and h,, are the outputs respectively,
then

H(fmfl,l - hmfl,l) * gm,lH; . (33)

M=

| f = hunl3 < max(1, L¥/P71)
!

1

Proof. For 1 < p < oo, applying [, = l[e2l,| < llor = vl and Jlen], <

max(1, LY/P=1/2) ||jvy |, for any vectors vi, vo of length L, we have

1/p||?

2
”fm - hm||2

L p L
(Z | frn—1,1 % gm,l|p> - (Z [ gm,l|p>
=1 =1

2

1/p2
S (Z |(fm71,l - hmfl,l> * gm,l|p>
=1
2
1/2]|2
< |max(1, L7712 (Z |(Fnr = han1,0) gm,l|2>
=1
2
L
= maX(L L2/p_1) / Z |(fm—1,l - hm—l,l) * gm,l|2
=1
L
= max(la Lz/pil) Z ”(fm—l,l - hm—l,l) * 9m,l||§ .
=1
O

With Lemma 3.1 we can compute for any m = 0,--- , M that

Hm 41

> N f = Uil
A=1

< i Z max (17

N=1ligmi1,1 €GO,

in 2/1771 N NG 2
Gm+1,)\‘ HUm J* gmy1g —Up hox gm+1,lH )

2

where for each m, [, Gifll 41, 1s the unique class of filters that contains gm41,.
We can then proceed similar to Inequality (2.9) with minor changes. We get
the following result on the Lipschitz properties for ®.

Theorem 3.2. Suppose we have a scattering network of depth M including only
p-norm aggregations. Form =1,2,--- /M + 1, set

w2/l s 1 2

(TS v Z max ( 1, ‘Gmﬂ”\‘ [9m.t|” + ’(ZSM‘ <0
= SHm—1

lgm 1 €GN,

’ o0

12



2
o that is, G, \, =0 for any

(with the understanding that Byry1 = H(ﬁM.H

1 < XN < upa), where for each m, 1, Gfﬁ)\ is the unique class of filters that

contains gm, and Gf,'i \ denotes its cardinal. Then the corresponding feature
extractor ® is Lipschitz continuous in the following manner:

M+1

@) — el < <H Bm> If=hlly . Vfhe LR,
m=1
where By, ’s are defined as in (2.6) and (2.5).

3.2 Aggregation by pointwise multiplication

In convolutional networks that includes time sequences, it is often useful to
take the pointwise product of two intermediate outputs. For instance, in the
Long Short-Term Memory (LSTM) networks introduced in [3, 8], multiplication
is used when we have two branches and want to use one branch for informa-
tion extraction and the other for controlling, or so called “gating”. A typical
structure is illustrated in Figure 6. The multiplication brings two outputs into
one.

output output

Figure 6: A typical structure of a scattering network with multiplication

Similar to the previous section, we consider multiplication blocks (if a filter is
not followed by a multiplication block, such as g; 3 in Figure 6, we still consider
a block after |-|), Jmx, 1 <m < M, 1<\ < piy,. We define GI | and GO,
to be the filters in the m-th and the (m+1)-th layer that are connected to Jy, »,

13



respectively. Note that ‘ng’)\’ € {1,2}. The scattering propagator U)’s and

output generating operator ® are defined similarly. The Lipschitz property is
given by the following Theorem.

Theorem 3.3. Suppose we have a scattering network of depth M involving only
pointwise multiplication blocks. For m =1,2,--- /M + 1,

. 2
m ~ 2 n
B,, = max E ‘Gm/\ |Gt —|—‘¢m’ < 00
1<AS o, ’
Gm 1 EGOU

m,

o0

. 2
(with the understanding that Byj1 = HQZJM_HH , that is, G](\)/}Lil)A = 0 for all

[o ]
1 < X < M), where for each m, I, Gfﬁ)\ is the unique class of filters that
contains gm,i. Suppose ||gmll; < 1 for all m, . Then the corresponding feature
extractor ® is Lipschitz continuous on the ball of radius 1 under infinity norm
in the following manner:

M+1 - 2
12(f) = @A)l < (H Bm) If = hlly

for any f, h € L2(RY) with || f]|, <1, |hll., <1, where B,,’s are defined as in
(2.6) and (2.5).

This follows by minimal modification in the proof of Theorem 2.1 once we
prove the following two lemmas. Lemma 3.4 implies that the infinite norm of the
inputs to each layer have the same bound. Lemma 3.5 gives a similar inequality
to (2.9).

Lemma 3.4. (1) Let gm,1 and gm2 be the two filters to be aggregated using
multiplication with ||gm ||, < 1 for j = 1,2. We have the following: suppose
fm-11 and fm_12 are the inputs to the filters respectively with || fm—1;l, <1
for j =1,2, then the output fp, satisfies || fmll o < 1;

(2) Let gm be a filter not to be aggregated with ||gnm ||, < 1, then suppose fp—1
is the input to the filter with || fm—1ll,, < 1, we have the output f,, satisfies

[fmlloe <1

Proof. (2) directly follows from Young’s Inequality. For (1), we have

Hfm”oo = ”Um,l(fmfl,l * gm,l) : Jm,2(fm71,2 * gm,2)||oo
| frn—1,1 % gm,lHoo | fn—1,2* gm,2||oo

[ frm—11
1.

oo 1fm—1.2ll0 gm1lly llgm.2lly

IAINCIA

14



Lemma 3.5. Let gp,.1,9m,2 be the two filters to be aggregated using a multi-
plication block with ||gm ||, < 1 for j = 1,2. We have the following: suppose
{fm-15}i=1 and {hym_1;}5—, are two sets of inputs to those filters with infinite
norm bounded by 1, and f,, and h,, are the outputs respectively, then

| frm — hm”; <2 (fm=1,1 = hm—1,1) * gm,1||§ +2{[(fr—12 — hm—1,2) * gm72||§ .

Proof.

1 fm = PomI3
= Ho'm,l(fm—l,l * gm,l)am,2(fm—1,2 * gm,2)_
Om1(hm—1,1 % Gm,1)0m2(Pm—1,2 * gm,2) ||§
= Ham,l(fm—l,l * gm,l)gm,Q(fm—l,Z * gm,2)*
Om1 (fm—1.1% 9m1)0m2(hm—12 * Gm,2)+
Tm1 (frm—1,1 % Gm,1)0m2(Rhm—1,2 % gm,2)—
Um,l(hm—l,l * gm,l)Um,Q(hm—l,z * 9m,2) ||§
2||‘7m,1(fm—1,1 * gm,l)am,Z(fm—l,2 * 9m,2)_
Om 1 (fm—11% Gm,1)0m2(hm—12 * gm,2)||%+
2”U?“n,l(fn"b—l,l * gm,1)0m72(hm—1,2 * gm,2)*
Tt (hm1.10 % G, 1) Om 2 (1,2 % gm.2) |3
2llom,1 (fm—11* gm,l)HgoHJmQ(fmle * Gm,2)—

0'm,2(hm—1,2 * gm,2) ”%"’

IN

IN

2|0 2 (hm—1.2 % gm.2) 12 [om1 (Frn—1,1 % Gm.1)—
Om,1(hm—1,1 *gm,l)Hg
2| fmn-1.1 1% lgmall; (-2 = Pan—1.2) * gm2ll5 +
2 |hm—12l% Igm2ll 1(fm-1.1 = hm—1.1) * gm.1 5
20| (fm-11 = hm—1.1) * gmalls +
2| (fm-12 = hm—1.2) * gmoll5 -

IA

IN

O

For a general f € L?(R?), as discussed in the end of Section 2, we can first let
it go through a sigmoid-like function, then go through the scattering network.

3.3 Mixed aggregations

The two types of aggregation blocks can be mixed together in the same net-
works (which is the common case in applications). The precise statement of
the Lipschitz property becomes a little cumbersome to state in full generality.
However, L?-norm estimates can be combined using Theorem 2.1, 2.6, 3.2 and
3.3. This is illustrated in the next section.
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4 Examples of estimating the Lipschitz constant

We use three different approaches to estimate the Lipschitz constant. The first
is by propagating backward from the outputs, regardless of what we have done
above. The second is by directly applying what we have discussed above. The
third is by deriving a lower bound, either because of the specifies of the network
(the first example), or by numerical simulating (the second example).

4.1 A standard Scattering Network

We first give an example of a standard scattering networks of three layers. The
structure is as Figure 2.1 in [7]. We consider the 1D case and the wavelet given
by the Haar wavelets

L f0<t<l 1, ifo<t<1/2
¢>(t){’ sU= and  Y(t)=< -1, if1/2<t<1 .

0, otherwise .
0, otherwise

In this section, the sinc function is defined as sinc(z) = sin(nz)/(7wz) if  # 0
and 0 if x = 0.

We first look at real input functions. In this case the Haar wavelets ¢ and v
readily satisfies Equation (2.7) in [7]. We take J = 3 in our example and consider
all possible three-layer paths for 7 = 0, —1,—2. We have three branches from
each node. Therefore we have outputs from 1 + 3 + 32 4 33 = 40 nodes.

To convert the settings to our notations in this paper, we have a three-
layer convolutional network (as in Section 2) for which the filters are given by
910,01 €{1,2,3}, 92,15, 12 € {1,--- ,9} and g34,,1l3 € {1,---, 27}, where

Y, if mod (1,3) =1;
gm, = § Y1, if mod (1,3) =2;
thg—2, if mod (1,3) = 0.

g = ((1,11),(2,12),(3,13)) is a path if and only if Iy € {3l; — k,k = 1,2,3}
and I3 € {3l2 — k,k = 1,2,3}. ¢ = ((1,11),(2,12)) is a path if and only if
Iy € {3ly — k,k =1,2,3}. The set of all paths is

Q= {0,{(1, D}, {(1,2)},{(1,3)},{(1,1), (2, D}, {(1,1),(2,2)},{(1,1), (2,3)},
{(1,2),(2,4)},{(1,2),(2,5)},{(1,2), (2,6)},{(1,3),(2,7)},{(1,3),(2,8)},
{(1,3),(2,9)} U {(1,011),(2,12),(3,13),1 <1y <3,

Le{3li—kk=123}15€{3l—kk=123}}.

Also, for the output generation, ¢1 = ¢ = ¢3 = ¢4 = 277 $(277-). An illustra-
tion of the network is as in Figure 7.
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!

Ya,21

Figure 7: The scattering network in the example

The list of sets of filters G4, and G, are

G@: {91,1791,2791,3};
(1,1)

Gy’ = {92.1,922,923} ;
(1,2)

G, = {92,4792,5792,6}§

1,3
Gg ) = {92,7,92,8792,9}§

G;(z,(l’l)’@’l)) = {93,1,93,2,:933} ;

Gé(l’s)’@’g)) = {93.25,93,.26, 93,27} ;

and
Gi= {9,1,912,913};
Go= {921, ,920};
Gs {931, , 9327} -

The first approach. We use backpropagation and the chain rule. Note that
Yo (t) = 274p(27t) and thus |[1||; = [|12i]|; = 1. Therefore ||gm ||, = 1 for all
m, I. Similarly, [|¢;]|, = 1 for all j. Let y’s denote the outputs and z’s denote
the intermediate values, as marked in Figure 7. Note that each y is associated
with a unique path. Consider two inputs f and f, and » > 1. Take a path

17



qg=((1,11),(2,12), (3,13)) we have

1915 — Tatsll, = 1(23,05 — Z3,05) * Ball, < llz1s — Za15ll,. 10ally = 2305 — 2504, 3
23,05 — 231511, = 22,0, * 93,05 — 122,05 * 93,151 I, <

1220, = 221, I, 93,51, = 22,0, — 22,1,
22,0, = 22,05 [l = |21, * 92,051 — 21,10 * g2, Il,. <

21,6, = 21l 92,511 = 2 — 2o, s

<=7

gy = £ =7

21,0, — 51,l3||r = ‘ If* g1, — ’f*gul

T

and similarly for all output ¥,y ,,’s. Therefore, we have
. 12
120/ = ®DIE = D gt = G5 < 20 £ = 7| -
m,lm,

The second approach. According to the result from multi-resolution analysis,
we have ‘(E)Qd(w)‘ + Z?:_Q ’1/}% (w)r < 1 (plotted in Figure 8), we have B; =
Bs = B3 = B4 = 1. Indeed, we can compute that

0 2

‘(;Abng(w)‘ + Z ‘1&2]' (w)‘ = sinc?(8w) + sinc?(w/2) sin®(mw/2)+

j=—2

sinc?(w) sin? (mw) + sinc?(2w) sin? (27w) .

Thus in this way, according to our discussion in Section 2, we have |||®(f) —

(Il < 77|

’
0.9
0.8+
0.7+
0.6 '
0.5 ‘
0.4r

0.3
0.2 x’\i

0.1r1 / \\\

0 L — | L L L 1

5 4 -3 2 -1 0 1 2 3 4 5

. . 2
Figure 8: Plot of ’d)zﬁf (w)’ + Z?:_Q ’wy (w)‘
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The third approach. A lower bound is derived by considering only the output
y1,1 from the input layer. Obviously

la(r) ~# (P> || r = Hean

Thus

lle() - ()l Wf—ﬁ*%M:

sup > sup

- ~[|2 ~ -2
SO Lt e T

é1

‘ 2

o0

Therefore, 1 is the exact Lipschitz bound (and Lipschitz constant) in our exam-
ple.

4.2 A general 3-layer network

We now give an example of how to compute the Lipschitz constant as in Figure
9. In Figure 9 f is the input, y’s are the outputs and z’s are the intermediate
values within the network. We assume that p > 2.

Figure 9: An example for computing the Lipschitz constant

Again we use three approaches to estimate the Lipschitz constant.

The first approach. In this approach we do not analyze the network by
layers, but directly look at the outputs. We make use of the following rules:
(1) backpropagation using the product rule and the chain rule; (2) each p-norm
block is a multi-input-single-output nonlinear system with Lipschitz constant 1
for each channel. ~

Take two signals f and f. We use y’s and z’s to denote the outputs and
intermediate values corresponding to f. Starting from the leftmost channels,
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we have for the first layer that
v =1l = |(f = Py xen] .
and thus for any 1 < r < oo,

Iy = dall, < £ = 7] Mol - (4.1)

For the second layer we have

ly2.1 — 21| = [(z1,1 — Z1,1) * P22
and thus
ly2,1 = G21ll, < 21,1 — Ziall, o2l -
With )
21,1 = 2110, < Hf - er lgrally
we have ~
lyza = Goall, < |[£ = 7| lgrally el - (4:2)
Similarly,
lly2.2 — G22ll, < llz1.2 — Z12ll, I#2ll; »
and with
oo =212l = (7 %010l + 17w gual +1f < g1l -
- P - P . p\ 1/p
(‘f*gm‘ + ‘f*g1,3‘ + ‘f*91,4 )

- P ~ P ~ p\ 1/p
< (|0 =Drga] +|=Hrgua| +[(F=Draa])
< ‘(f—f)*gl,z‘+‘(f—f)*gl,s‘+‘(f—f)*91,4‘

we have
lz12 = Z1ell, < |7 = 7 Qlgvally + lgvslly + lgnally) -
Therefore

Iy = dooll, < ||F = 7| Qlorally + lgvaly + lgral) el - (43)
For the third layer we have

llys,1 — Faall, < llz2n — Z2all, [l@sll; -

With

221 — 221l < llz10 — Z1all, llg2ally
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we have

lysa = Gatll, < |[£ = || Ngrally gzl igsll, - (4.4)
Also,
. 1
|22,2 - 22,2| = (|Zl,1 * 92,2|p + |Zl,1 * 92,3|p + |21,2 * 92,4|p) /p_
(1211 % g2,2|” + 1211 % g2.3]" + |Z1,2 % 92,4|p)1/p

< (1210 = Z1,1) * g22f” + (21,10 — Z11) * 92,3 +
(21,2 — Z1,2) * g2.4")"/P

< (211 = Z11) * ga2| + (210 — Z11) * 923 + (212 — Z1,2) * g2.4]

which gives

llz2,2 — Z22ll, < |lz1,1 — Z1all, (lg2.2ll; + llg2,3]l) + 21,2 — 212, [lg2.4ll; -

A more obvious relation is
22,3 — Z2,3ll,. < ll21,2 — 2120l llg2,5l, -

Under conditions in Theorem 3.3, we have

22,4 — Zo4ll, = 223222 — Z23%22],.
= |l22,322,2 — Z2.3202 + 2232220 — Z2 3522,
22,3 — 22,31, [122,2] oo + 122,31 22,2 — Z2.2]l..

22,2 = Z2.2|l, + [l22,3 — 223,

IN A

and consequently we have

A

< leza — 224, 193,

< (22,2 = 2220, + ll22,3 — 2230,) |93l

< e =zl (lg2.2lly + llg2,slly) 18l +
21,2 = 212, (92,4l + lg2,5111) l®slly

1£=7]|. (lgrally Clgzally + g2l +

(lgr2lly + Nlgrslly + llgrally)Nlgz,all, + ng,5||1)) o3y -
(4.5)

Y32 — ¥3.2|l,.

IN
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Collecting (4.1)-(4.5) we have

A

Sl =il < (1= 7], (161l -+ vl el +
m,l

([lg1.2lly + llgrally + llgr.ally) @2, +
lgrally llgz.ally l#sly + <H91,1||1 (llg2.2ll; + lg2.3ll,)+

(llgr.2lly + llgrally + llgr.all))([lg2,4ll, + H92,5||1)) ||¢3||1>

|7 -7]. (nmnl + (gl + llgrally + llguslly + lgrall)

Ig2lly + (llov.al

L (lg2.1lly + llg2.2ll; + llg2.3l,)+

(lgr2lly + lgr,ally + lgr,all,)([lg2,all, + H92,5||1)) ||¢3||1) ~
On the other hand we also have

() = DI = D 1Ymi — Gmal
m,l

2
rs 2 2 2
< =7 (ot + howali hot? +

2
(lgrally + lgrslly + llgrall)? lo2lly +
2 2 2
lgral} gzl sl + (flora

2
2

A

|1 + ||gz,3||1)+

D) leal?)

(4.6)

The second approach. To apply our formula, we first add §’s and form

a network as in Figure 10. We have a three-layer network and as we have
discussed, we can compute, since p > 2, that

|1 (”92,2

(lgr.2lly + llgrally + llg1.a

D(lgz.ally + llg2.5]

~ .12
B, = Hﬁl,ﬂ2 g1 + 19131 + |gral® + ‘451’ H ;
oo

.12
2+ 1gasl” + ’(252‘

B, :max{l, a1 |2 + [g2.2 ol + lG2.5

. L2
Bs :max{2, (bg” };

_ L2
By :max{l, (bgHoo}.

Then the Lipschitz constant is given by (ByByBsBs)'/2, that is,

o1}

’ )
oo

12(7) ~ ®(PII? < (BuBoBsB) |7 F. (47)
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w””ﬁ

gz,sH a }—" [} |—>‘ Id

1st layer

2nd layer 3rd layer

Figure 10: An equivalent reformulation of the same network as in Figure 9

The third approach. In general (4.7) provides a more optimal bound than
(4.6) because the latter does not consider the intrinsic relations of the filters that
are grouped together in the same layer. The actual Lipschitz bound can depend
on the actual design of filters, not only on the Bessel bounds. We do a numerical
experiment in which the Fourier transform of the filters in the same layer are
the (smoothed) characteristic functions supported disjointly in the frequency

domain.

Define F(w) = exp(4w?/(4w?® — 1)) - x(=1/2,0)(w), and G(w) = F(—

fourier transform of the filters are defined to be

( ) = Flw+1)+x1,n(w) +Gw—1)
g11(w) = F(w+3)+x(-3-2)(w) +Gw+2) + Fw
g12(w) = F(w+5)+ x(—5-4)(w) +Gw+4) + Fw
9173(w) = Fw+7)+ X(-7,-6)(w) +G(w+6) + F(w

G1aw) = Flw+9)+ x(—9,—8)(w) + G(w+8) + F(w

$a(w) = F(w+2)+ x(-22) (W) + Gw—2)

Goa(w) = F(w+4)+ x—4,-3)(w) +Gw+3) + Fw
§22(w) = F(w+6)+X(-6-5w) +Gw+5)+ Flw
92,3(w) = Fw+8)+ x(—s,-71)(w) +G(w+T7) + F(w

Goa(w) = F(w+5)+ x(—5-3)(w) +Gw+3) + Fw
92,5(w) = F(w+8) + X(—s8,—6)(w) + G(w+6) + F(w

P3(w) = F(w+9)+ X(—9,9)(w) + Gw—9)

Then each function is in CgP(R).

w). The

—2) + X(23)(w) + G(w = 3)

—4) + X(,5)(w) + G(w = 5)
—6)+ x6,7) (W) + Gw—T7)
—8) + x(8,09) (W) + G(w —9)
=3) + x@4)(W) +Gw—4)
—5) + X(5,6)(w) + G(w —6)
= 7))+ X(7,8 (W) + G(w—8)
=3) +x@5) W)+ Gw-5)
—6) + Xx(6,8)(w) + G(w —8)

We numerically compute the L' norms of the inverse transform of the above
functions using IFFT and numerical integration with stepsize 0.025: ||¢1|, =
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1.8265, [|lg1,1/l; = 2.0781, ||g1,2]|; = 2.0808, ||g1,3/l; = 2.0518, ||g1,4]|; = 2.0720,
@21l = 2.0572, [|g2,1[|, = 2.0784, |[g2,2], = 2.0734, [|g2,3/[, = 2.0889, ||lg2.4ll, =
2.2390, [|g2,5]l; = 2.3175, ||¢s]|; = 2.6378. Then the constant on the right-hand
side of Inequality (4.6) is 966.26, and by taking the square root we get the
Lipschitz bound computed using the first approach is equal to I'; = 98.3.

It is no effort to conclude that in the second approach, Bi=By,=Bs=1
and B; = 2. Therefore the Lipschitz bound computed using the second approach
is I'y = v/2. Note that in this example the conditions in Lemma 3.5 is satisfied.

The experiment suggests that the Lipschitz bound associated with our set-
ting of filters is I's = 1.1937. We numerically compute the output of the network
and record the largest ratio |[|®(f) — ®(f)|||/||f — f||2 over one million itera-
tions. Numerically, we consider the range [—20,20] for both the time domain
and the frequency domain and take stepsize to be 0.025. For each iteration we
generate two randomly signals on [—20, 20] with stepsize 1 and then upsample
to the same scale with stepsize 0.025.

We conclude that the naive first approach may lead to a much larger Lip-
schitz bound for analysis, and the second approach gives a more reasonable
estimation.
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