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Introduction node: O — Experiments & Data

We address the problem of graph classification and graph-wide features: mmm——— Objective: given a graph & with n nodes and 1 features per node, predict some graph-wide attribute p Experiments were run on the gm9 molecular dataset. The data

regression using Graph Neural Networks (GNNs). ég consists of 134 thousand chemical compounds along with 13
T 2 computational derived quantum chemical properties for each

GNNs utilize a graph’s adjacency matrix to learn a set of latent T e N e N 2 compound. We employ our network to perform regression

node embeddings. Permuting the order of the nodes in the T A€ RV — Graph Permutation fs over these values, specifically we look here at the electron

adjacency leads to a different ordering of the rows in a latent Neural —— X € R4 —— Invariant — ¢p(X) ER™ — § —— P energy gap A€ (eV).

embedding matrix. Therefore, a network that produces a single T O mma w7 € RV ——, Network Mapping* S

graph-wide estimate over these embeddings may not be consistent _ ) N / “_;

over permutations of the node ordering. S

- . Resuts
We introduce a permutation invariant mapping that takes a set of PR

node embeddings produced by a GNN and produces an embedding \ )

for the entire graph that is invariant to any permutation of the A: adjacency matrix, Z: feature matrix, X: latent feature matrix, ¢ (X): permutation invariant representation of graph G, p: final estimate Loss Holdout, d = 50

nodes. | —
0.8 ! ordering
[ | . .
Rather than learn all possible permutations of every graph in a s L e (31
training set, we employ a permutation invariant mapping such that *Orderi h . | h Zata "’I'”gme”t
any node ordering of a particular graph provides an identical result. Or ering Approac Kerne Approac 06 - o booling
1. Introduce redundancy into the embeddings by concatenating 1. Take a set of m kernel vectors, sort poeing
oy . . . — SC1-2-S€t
additional columns out of linear combinations of the rows of Y: 05
a; € Rd,fori =1,....,m
X=X [I M] W 04
. . . . . ] '] . '] " I . <
Without mapping Latent Embeddings With mapping I:identity and M: linear transformation matrix 2. Take the following kernel scheme: =
() 2. Order each column in descending order: R x R - R
0.3
l I Let : R™ -» R"?, A(x) = (x )n where x > e > X la; —tll*
. ) TL'(k) k=1’ 7'[(1) — — TC(Tl) v(al' t) = eXp o 0.2
\- / l
(i) — 7(%i
PO = A(X) of = E[lla; — tl1?] .
- - - @) is the it" col fZ YO isthe it columnof Y
The embeddings are flattened in preparation to apply a deep where Z'" is the i"" column of Z, 02 |
. . . . l | |
network. Without the proposed mapping, the order of this flattened 3. Let x® € R4 represent the ith row of X (transposed to a column . 0 100 0 200 250 o0
data V\]:r):ld dedpznfcj on ou(rjrodestrﬁlermg. Wlth it we produce the vector), then we produce ¢(X) € R™ oot
same flattened data regardless of the ordering. -
5 5 /{ order descending ‘
n
/ I . | . . . . . . . . . \ Where ¢(X)l — 2 v(al; x(k)) ,fOT' i E {1, ey D} Loss Holdout Permuted, d = 50
Ligp 28 i k=1
| | . : : . : .
Problem X) = s X : XM
d(X) = sl . i P s 2 2
. . nxd S T T A O T A R 4 A n —llai-x®)
Given a set of node embeddings X € R (where each row i : * .
) E : _ oF
corresponds to the latent feature set for a given node), develop a K o J " / d(X); = Z e i
stable and injective mapping that produces an representation (X) . i P k=1
¢ (X) € R™ that is invariant to row permutations of the input X. ¢ — L e Ordlering
3 1 identity
Take the equivalence relation ~ on R™*? such that given V, V' € The:crle)m. {4 (d—1)n! And F € REXD h h sub o d * cata augment
. u = —_ A — KETNEIS
R4 V~V'ifAr €S, s.t. V! = 1tV + ( Jn!And F € ><;ot at eaCXDsu matrix o \_ y g oy | |
columns is full rank, the map ¢p: R"*¢/~ — R"*7, = e UM POOIING
d . X » ¢(X) =l (XF) is injective and bi-Lipschitz. In this case S°t”2p°°'t'”g
1 " ° 0. \ ——— SC1"2-S€
Find ¢p: R™"® — R™ such that we have: m=(1+(d-1)n)n. Theorem: I
. . . . . nxd /. nx(d+1) . . _ nxd : m
a) Permutation invariance; if V~V’, then ¢ (V) = ¢p(V") = let¢d:R"%/~ —> R be given as before with F = [I; 1] a * LetKc R"be a compact subset e.md let ¢: K — R™ be :nhe
single column of ones concatenated to the identity matrix, then ¢ kernel scheme defined above mapping X € K to ¢(X) € R™, then
b) Injectivity modulo permutations; if ¢p(V) = ¢(V'), then V~V’ is Lipschitz everywhere with Lipschitz constant given by the ¢ is Lipschitz and lifts to a Lipschitz map from 0.3
. . largest singular value of F, and it is injective almost everywhere. K={XeR™/~ X € K!to R™.
) (Upper) Lipschitz: [l(V) — $(V")ll, < Lmin{|V — mV"l} gest sing ' | v { /~ X € K]
TES,
d) Lower Lipschitz: L' min{||V — wtV'||z} < ||¢(V) — d(V')||,
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