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Experiments were run on the qm9 molecular dataset.  The data 
consists of 134 thousand chemical compounds along with 13 
computational derived quantum chemical properties for each 
compound.  We employ our network to perform regression 
over these values, specifically we look here at the electron 
energy gap 𝚫𝚫𝛆𝛆 (eV).

Experiments & DataIntroduction
We address the problem of graph classification and graph-wide 
regression using Graph Neural Networks (GNNs).

GNNs utilize a graph’s adjacency matrix to learn a set of latent 
node embeddings.  Permuting the order of the nodes in the 
adjacency leads to a different ordering of the rows in a latent 
embedding matrix.  Therefore, a network that produces a single 
graph-wide estimate over these embeddings may not be consistent 
over permutations of the node ordering.

We introduce a permutation invariant mapping that takes a set of 
node embeddings produced by a GNN and produces an embedding 
for the entire graph that is invariant to any permutation of the 
nodes.

Rather than learn all possible permutations of every graph in a 
training set, we employ a permutation invariant mapping such that 
any node ordering of a particular graph provides an identical result.

Problem

Given a set of node embeddings 𝑋𝑋 ∈ ℝ𝑛𝑛×𝑑𝑑 (where each row 
corresponds to the latent feature set for a given node), develop a 
stable and injective mapping that produces an representation 
𝜙𝜙 𝑋𝑋 ∈ ℝ𝑚𝑚 that is invariant to row permutations of the input 𝑋𝑋.

Take the equivalence relation ~ on ℝ𝑛𝑛×𝑑𝑑 such that given 𝑉𝑉,𝑉𝑉′ ∈
ℝ𝑛𝑛×𝑑𝑑, 𝑉𝑉~𝑉𝑉′𝑖𝑖𝑖𝑖 ∃𝜋𝜋 ∈ 𝑆𝑆𝑛𝑛 𝑠𝑠. 𝑡𝑡. 𝑉𝑉′ = 𝜋𝜋𝜋𝜋

Find 𝝓𝝓:ℝ𝒏𝒏×𝒅𝒅 → ℝ𝒎𝒎 such that we have:

a) Permutation invariance; if 𝑽𝑽~𝑽𝑽𝑽, then 𝝓𝝓 𝑽𝑽 = 𝝓𝝓 𝑽𝑽′

b) Injectivity modulo permutations; if 𝝓𝝓 𝑽𝑽 = 𝝓𝝓 𝑽𝑽′ , then 𝑽𝑽~𝑽𝑽′

c) (Upper) Lipschitz:  𝝓𝝓 𝑽𝑽 −𝝓𝝓 𝑽𝑽′ 𝟐𝟐 ≤ 𝑳𝑳𝐦𝐦𝐦𝐦𝐦𝐦
𝝅𝝅∈𝑺𝑺𝒏𝒏

𝑽𝑽 − 𝝅𝝅𝑽𝑽′ 𝑭𝑭

d) Lower Lipschitz:  𝑳𝑳𝑳𝐦𝐦𝐦𝐦𝐦𝐦
𝝅𝝅∈𝑺𝑺𝒏𝒏

𝑽𝑽 − 𝝅𝝅𝑽𝑽′ 𝑭𝑭 ≤ 𝝓𝝓 𝑽𝑽 − 𝝓𝝓 𝑽𝑽′ 𝟐𝟐

Results

Without mapping With mappingLatent Embeddings

The embeddings are flattened in preparation to apply a deep 
network.  Without the proposed mapping, the order of this flattened 
data would depend on our node ordering.  With it we produce the 
same flattened data regardless of the ordering.

1. Introduce redundancy into the embeddings by concatenating 
additional columns out of linear combinations of the rows of 𝑌𝑌:

�𝑋𝑋 = 𝑋𝑋 ⋅ 𝐼𝐼 𝑀𝑀
𝐼𝐼: 𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖 𝑎𝑎𝑎𝑎𝑎𝑎 𝑀𝑀: 𝑙𝑙𝑙𝑙𝑙𝑙𝑙𝑙𝑙𝑙𝑙𝑙 𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡 𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚

2. Order each column in descending order:

Let 𝜆𝜆:ℝ𝑛𝑛 → ℝ𝑛𝑛, 𝜆𝜆 𝑥𝑥 = 𝑥𝑥𝜋𝜋 𝑘𝑘 𝑘𝑘=1
𝑛𝑛 , 𝑤𝑤𝑤𝑤𝑤𝑤𝑤𝑤𝑤 𝑥𝑥𝜋𝜋 1 ≥ ⋯ ≥ 𝑥𝑥𝜋𝜋 𝑛𝑛

𝜙𝜙 𝑋𝑋 (𝑖𝑖) = 𝜆𝜆 �𝑋𝑋𝑖𝑖

𝑤𝑤𝑤𝑤𝑤𝑤𝑤𝑤𝑤 𝑍𝑍(𝑖𝑖) 𝑖𝑖𝑖𝑖 𝑡𝑡𝑡𝑡𝑡 𝑖𝑖𝑡𝑡𝑡 𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐 𝑜𝑜𝑜𝑜 𝑍𝑍,  �𝑌𝑌(𝑖𝑖) 𝑖𝑖𝑖𝑖 𝑡𝑡𝑡𝑡𝑡 𝑖𝑖𝑡𝑡𝑡 𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐 𝑜𝑜𝑜𝑜 �𝑌𝑌

Theorem:
 If 𝑫𝑫 = 𝟏𝟏 + 𝒅𝒅 − 𝟏𝟏 𝒏𝒏! And 𝑭𝑭 ∈ ℝ𝒅𝒅×𝑫𝑫 so that each submatrix of 𝒅𝒅

columns is full rank, the map 𝝓𝝓:ℝ𝒏𝒏×𝒅𝒅/~ ⟶ℝ𝒏𝒏×𝑫𝑫, 
𝑿𝑿 ↦ 𝝓𝝓 𝑿𝑿 =↓ 𝑿𝑿𝑿𝑿 is injective and bi-Lipschitz. In this case
𝒎𝒎 = 𝟏𝟏 + 𝒅𝒅 − 𝟏𝟏 𝒏𝒏! 𝒏𝒏.

 Let 𝝓𝝓:ℝ𝒏𝒏×𝒅𝒅/~ ⟶ℝ𝒏𝒏× 𝒅𝒅+𝟏𝟏 be given as before with 𝑭𝑭 = 𝑰𝑰𝒅𝒅 𝟏𝟏 a 
single column of ones concatenated to the identity matrix, then 𝝓𝝓
is Lipschitz everywhere with Lipschitz constant given by the 
largest singular value of F, and it is injective almost everywhere.

*Ordering Approach
1. Take a set of 𝑚𝑚 kernel vectors,

𝑎𝑎𝑖𝑖 ∈ ℝ𝑑𝑑 , 𝑓𝑓𝑓𝑓𝑓𝑓 𝑖𝑖 = 1, … ,𝑚𝑚

2. Take the following kernel scheme:

𝜈𝜈:ℝ𝑑𝑑 × ℝ𝑑𝑑 → ℝ

𝜈𝜈 𝑎𝑎𝑖𝑖 , 𝑡𝑡 = exp −
𝑎𝑎𝑖𝑖 − 𝑡𝑡 2

𝜎𝜎𝑖𝑖2

𝜎𝜎𝑖𝑖2 = 𝐸𝐸𝑡𝑡 𝑎𝑎𝑖𝑖 − 𝑡𝑡 2

3. Let 𝑥𝑥 𝑖𝑖 ∈ ℝ𝑑𝑑 represent the 𝑖𝑖th row of 𝑋𝑋 (transposed to a column 
vector), then we produce 𝜙𝜙 𝑋𝑋 ∈ ℝ𝑚𝑚

𝑤𝑤𝑤𝑤𝑤𝑤𝑤𝑤𝑤 𝜙𝜙 𝑋𝑋 𝑖𝑖 = �
𝑘𝑘=1

𝑛𝑛

𝜈𝜈(𝑎𝑎𝑖𝑖 , 𝑥𝑥 𝑘𝑘 ) , 𝑓𝑓𝑓𝑓𝑓𝑓 𝑖𝑖 ∈ 1, … ,𝐷𝐷

Theorem:
 Let 𝐊𝐊 ⊂ ℝ𝒏𝒏×𝒅𝒅 be a compact subset and let 𝝓𝝓:𝑲𝑲⟶ ℝ𝒎𝒎 be the 

kernel scheme defined above mapping 𝐗𝐗 ∈ 𝑲𝑲 to 𝝓𝝓 𝑿𝑿 ∈ ℝ𝒎𝒎, then 
𝝓𝝓 is Lipschitz and lifts to a Lipschitz map from
�𝑲𝑲 ≔ �𝑿𝑿 ∈ ⁄ℝ𝒏𝒏×𝒅𝒅 ~ ,𝑿𝑿 ∈ 𝑲𝑲 to ℝ𝒎𝒎.

*Kernel Approach

features:
node:

𝐴𝐴 ∈ ℝ𝑛𝑛×𝑛𝑛

𝑍𝑍 ∈ ℝ𝑛𝑛×𝑟𝑟

𝐴𝐴: adjacency matrix, 𝑍𝑍: feature matrix, 𝑋𝑋: latent feature matrix, 𝜙𝜙 𝑋𝑋 : permutation invariant representation of graph 𝐺𝐺, 𝑝̂𝑝: final estimate
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𝜙𝜙 𝑋𝑋 ∈ ℝ𝑚𝑚

Fu
lly

 C
on

ne
ct

ed
 N

et
w

or
k

𝑝̂𝑝

𝑋𝑋 𝑋𝑋 ⋅ M𝜙𝜙(𝑋𝑋) =

order descending

𝜙𝜙 𝑋𝑋 =

𝜙𝜙 𝑋𝑋 𝑖𝑖 = �
𝑘𝑘=1

𝑛𝑛

𝑒𝑒
− 𝑎𝑎𝑖𝑖−𝑥𝑥 𝑘𝑘 2

𝜎𝜎𝑖𝑖
2∗

∗
∗
⋮
∗

0 50 100 150 200 250 300

Epoch

0.3

0.5

0.7

1

2

M
AE

Loss Holdout Permuted, d = 50

ordering

identity

data augment

kernels

sum pooling

sort pooling

set-2-set

0 50 100 150 200 250 300

Epoch

0.2

0.3

0.4

0.5

0.6

0.7

0.8

M
AE

Loss Holdout, d = 50

ordering

identity

data augment

kernels

sum pooling

sort pooling

set-2-set


	Slide Number 1

