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ABSTRACT

To beapplicablein realisticscenarios,blind sourcesep-
arationapproachesshoulddealevenlywith non-squarecases
and the presenceof noise. We consideran additive noise
mixing modelwith anarbitrarynumberof sensorsandpos-
sibly moresourcesthansensors(thenon-squarecase)when
sourcesaredisjointly orthogonal. We formulatethe max-
imum likelihood estimationof the coherentnoisemodel,
suitablewhensensorsarenearbyandthenoisefield is close
to isotropic,andalsounderthedirect-pathfar-field assump-
tions. Theimplementationof thederivedcriterioninvolves
iteratingtwo steps:apartitioningof thetime-frequency plane
for separationfollowedbyanoptimizationof themixingpa-
rameterestimates.Thestructureof thesolutionis surprising
atfirst but logical: it consistsof abeamforminglinearfilter,
which reducesnoise,anda filter acrosstime-frequency do-
main to separatesources.The solutionis applicableto an
arbitrarynumberof microphonesandsources.Experimen-
tally, we show the capability of the techniqueto separate
four voicesfrom two, four, six, andeight channelrecord-
ingsin thepresenceof isotropicnoise.1

1. INTRODUCTION

Sourceseparationpromisesto further a variety of applica-
tionsof speechenhancementandseparationbeyondwhatis
possibletodaywith classicalmicrophonearraytechniques
[1]. In particularfor audiosignals(the domainof interest
in this work), a varietyof BSStechniqueshave beenintro-
ducedin recentyears. Few work on real audio data(e.g.
[2, 3, 4]), even fewer with noisy data[5], and most deal
with the “square”caseof sourceseparation(equalnumber
of sourcesand sensors). Claims of generalizationto the
non-squarecaseexist, however most often it is not clear
how techniqueswould scale,neither from an algorithmic
perspectivenor in termsof computationalproperties.

[6] introduceda BSStechniquefor theseparationof an
arbitrarynumberof sourcesfrom justtwo mixturesprovided
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the time-frequency representationsof sourcesdo not over-
lap. Thekey observationin thetechniqueis thateachtime-
frequency (TF) pointdependson atmostonesourceandits
associatedmixing parameters.This deterministichypoth-
esiswascalledW-disjoint orthogonality andis reviewedin
section2.2. In anechoicnon-noisyenvironments,it is possi-
ble to extractthemixing parametersfrom theratioof theTF
representationsof themixtures.Using themixing parame-
ters,onecanpartitiontheTF representationof themixtures
to producetheoriginalsources.Suchanapproachwasused
in [7] aswell.

Thedeterministicsignalmodelwasextendedtoastochas-
tic signalmodel in [8], whereeachtime-frequency coeffi-
cient wasmodeledasa productbetweena continuousran-
dom variableanda 0/1 discreteBernoulli randomvariable
(indicatingthe“presence”of thesource).This way signals
canbe modeledasindependentrandomvariables,andone
canderive the maximumlikelihood(ML) estimatorof the
mixing parameters.

In contrastto thecaseof [9], in thispaperweanalyzethe
estimatorswhennoisecomesfromanisotropicdiffusenoise
field, asstudiedin differentialmicrophonemicrophonear-
ray literature[1]. Sucha model is consistentwith the as-
sumptionaboutthe microphonearray geometry, whereby
microphonespacingis assmallasonecentimeter.

TheICA literaturescarcelydiscussesthenoisecase[10].
BSS and deconvolution resultsof a theoreticalnaturein
dealingwith noisewerepresentedin [5]. For thetwo-channel
systemin [4], the ML estimatorof the mixing parameters
wasderivedin thepresenceof Gaussiansensornoise.How-
ever the noiseelementrepresenteda technicalityin that it
wasconsideredin the limit zeroin orderto be ableto de-
rive parameterupdateequations.Nonethelesstheapproach
provedeffectiveon realnon-noisydata.

In this paperwe dealwith themulti-channelcasefrom
an algorithmic perspective. We presenta novel approach
to BSS exploiting TF propertiesof the input data,and of
thenoise,whicharereadilyappliedto speechseparationon
two, four, and six channels. For this, we extend the ML



estimatorsderivedbefore(undertheW-disjointorthogonal-
ity assumption).The ML approachconsidersboth mixing
parametersandsources,unlike in [4] wherethe optimiza-
tion wasover mixing parametersonly. The estimational-
gorithmiteratestwo optimizationsteps.First, likelihoodis
optimizedoverthesetof mixing parametersfor eachsource
separately. Secondthe partitionof TF pointsis optimized.
Unlike[9] hereweconsiderandcomparetheisotropicnoise
field (characterizedby a sinc coherencematrix) to the un-
correlatednoisefield, andshow the gainsofferedby tak-
ing into accountthe right noisemodel. For the purposes
of this paperwe considertheanechoicmixing modelonly.
However themethodpresentedcanbeextendedto arbitrary
complex mixing models.

The organizationof the paperis asfollows. Section2
presentsthe signalmixing modelanda statisticalmotiva-
tion of the W-disjoint orthogonalitysignalmodel. Section
3 shows the derivation of the ML estimatorof mixing pa-
rametersandsourcesignals,andits implementationby an
iterativeprocedure.Section4 experimentallyhighlightsthe
capabilityof thesystemto dealwith noisyechoicdata,and
its scalingproperties.Experimentswith two, four, six, and
eight inputs show increasedseparationcapability and de-
creasedartifactswith anincreasein thenumberof inputson
datarangingfrom anechoicto echoic.

2. MIXING MODEL AND SIGNAL ASSUMPTION

2.1. The Mixing Model

Considerthemeasurementsof � sourcesignalsby a equis-
pacedlineararrayof � sensorsunderfar-field assumption
whereonly thedirectpathis present.In this case,without
lossof generality, we canabsorbtheattenuationanddelay
parametersof the first mixture �����
	�� , into the definition of
thesources:
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where<5�0=�>�>�>�=�<@? arethesensornoises,and �BADCFE GBHJIKCFE GB� are
theattenuationanddelayparametersof sourceL to sensorM .
For thefar-field modelandequispacedsensorarray, theat-
tenuationsAKCFE G anddelaysINCFE G arelinearlydistributedacross
thesensors(i.e. with respectto index M ). Thuswecandefine
theaverageattenuationA G , anddelayI G , sothat*1OP, � �Q��R5(S&-��* � 3Q/�OT, � �U��RV(S&-��/ � 3W&�69R76;:X3B&�69YZ69[ (2)

Clearly othermixing modelscanbe consideredat the ex-
penseof increasingthemodelcomplexity. We use\ to de-
notethemaximalpossibledelaybetweenadjacentsensors,
andthus ] I G ]%^_\ , `)L .

We denoteby abCc��d%=Bef� , g�GB�BdZ=Bef� , hfCc�Bd%=�ef� the short-
timeFouriertransformof signals�#Cc�
	���=�i0G��j	�� , and<@C �j	�� , re-
spectively, with respectto a window kl�j	�� , where d is the
frameindex, and e the frequency index. Thenthe mixing
model(1) turnsinto

m O ��8%3jno���p�� � � � �'&q(r��R)(r&-��*
� ��sKtqu�v%w O t �Jxzy�{
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or, morecompactly,

a���d%=Bef��� �
G��V� � GB�
ef��g�G���d%=Bef�#��h��BdZ=Bef� (4)

with� {}���P�F�+�"� � ����� { �J� ��� ����{��J��� � ��� ��� �f� � � {��'� ��� �D��� �#� ���J{��J�
(5)

anda�=�h the � -vectorsof measurements,respectivelynoises.
Whennodangerof confusionarises,wedroptheargumentsd%=�e .

We assumethenoiseis Gaussiandistributedwith a co-
variancematrix of theform�

  �¢¡q£�¤   (6)

where ¡ £ is theaveragenoisefield spectralpower, and ¤  
thecoherencematrix. Theuncorrelatednoisefield is char-
acterizedby theidentitymatrix,

¤   ��¥K? (7)

whereasthe isotropic,diffusenoisefield hasthecoherence
matrix givenby (see[1])¦§§§§§¨ � ©zª «�¬ � ���J­ �¯® � ����� ©
ª «�¬ �����J­ ��® ��� �f� �z�©
ª «¯¬ � ���'­ ��® � � ����� ©
ª «�¬ �����J­ ��® ��� �±° �z�

.

.

.

.
.
.

.

.

.©
ª «�¬ �����J­ ��® ��� �f� �z� �B��� ©
ª «�¬ �����J­ �¯® � �
² ³³³³³´

(8)

Ourproblemis: givenmeasurements�
�����
	�� , >�>�> , �µ?"�
	����¯�P¶Z·B¶Z¸
of thesystem(1) wewantto determinetheML estimatesof
themixing parameters��AKGB=BINGB����¶�G¹¶ � andthesourcesignals�BiD���
	�� , >�>�> , i � �
	����¯�P¶Z·B¶�¸ in thepresenceof isotropicdiffuse
noise.Whenthenumberof sourcesis greaterthanthenum-
berof mixturestheproblemis degenerate.In orderto solve
this we rely on theW-disjointorthogonalityassumption.

2.2. The W-Disjoint Orthogonal Signal Model

Two signalsiD� and i £ arecalledW-disjoint orthogonal, for
a given windowing function kl�j	�� , if the supportsof the
windowedFouriertransformsof i � and i £ aredisjoint, that
is: g � ��d%=Bef��g £ ��d%=Bef����º»=b`)dZ=Be (9)

For � sourcesg � , >�>�> , g � thedefinitiongeneralizesto:

g�¼P�Bd%=�ef�Bg�½K��d%=Bef���_º¾=¿`UÀf^_Á"Â�ÄÃ9^¾�±=µ`od%=Be (10)



Disjoint orthogonalityhasbeenextensively studiedas
the basisfor time-frequency processingin [11]. Relation
(9) doesindeedholdin anapproximatesensefor realspeech
signalsanda largeclassof realsignals.In [9] we addition-
ally provedthat (9) canbeseenasthe limit of a stochastic
modelintroducedin [8]. In this paperwe assumethat (10)
is satisfiedfor all practicalpurposes.In addition, we as-
sumethatnoiseis Gaussiandistributedwith zeromeanand
coherencegivenby (8).

3. THE MAXIMUM LIKELIHOOD ESTIMATOR
OF SIGNAL AND MIXING PARAMETERS

In this sectionwe derive the joint maximumlikelihoodes-
timatorof parametersandsourcesignalsunderassumption
10. Thesourcesignalsnaturallypartitionthetime-frequency
planeinto � disjointsubsetsÅX�0=�>�>�>�=�Å � , whereeachsource
signal is non-zero(i.e. active). Thusthe signalsaregiven
by thecollectionÅ � , >�>�> ,Å � andonecomplex variableg that
definestheactivesignal:

g.G��Bd%=�ef���ÆgV��d%=Bef��À-Ç { ��d%=Bef� (11)

Let the model parametersÈ consistof the mixing pa-
rameters�BADG�=BIKG�� , À+^¾L2^¾� , thepartition �}Å7G¯�¯�P¶ZG¹¶ � and g .
Basedon equations4 and 6, its likelihoodandmaximum
log-likelihoodestimatoraregivenby:É ��ÊD�K�ÌË �

� � � Ë w $0, v x¹ÍNÎ { �Ï �µÐ ° �rÑ¯Ò�ÓZÔ ( �Ð °DÕ±Ö� ��8%3}n)��× t �Ø ��no� Õ � ��8q3¹n)��ÙÚÊ�Û � � argminÜFÝ �
� � � Ý w $0, v x¹ÍNÎ { Õ±Ö� ��8%3¹n)��× t �Ø ��n)� Õ � ��8%3}no��Ù (12)

where ÞcGB��d%=Bef�@�Wa��Bd%=�ef�µß � GB�
ef�Bg.GB�Bd%=�ef� . For any parti-
tion �}ÅX� , >�>�> ,Å � � wedefinetheselectionmap àâá TF-planeãä ÀD=�>�>�>0=��5å , àæ�Bd%=�ef�V�çL if f ��d%=Bef�5èéÅ7G . Clearly à defines
a uniquepartition.Optimizingover g in (12)weobtain

êg_� �rëG ¤�ì �  a� ëG ¤ ì �  � G (13)

whereLµ�»àæ�Bd%=�ef� . Let usdenoteby í¾�¾�BADG�=�ING��¯�P¶ZG�¶ � the
mixing parameters.Inserting(13) into (12), the optimiza-
tion problemreducesto:

� êí�= êàæ�î� argmaxï E ð±ñ ��í7=Nàæ� (14)

where:

ñ ��í7=�àæ�±� ò�ó E ô1õ
] �+ëð ò�ó E ô1õ ¤5ì �  a���d%=Bef�¯] £� ëð ò�ó E ôFõ ¤ ì �  � ð ò�ó E ô1õ (15)

Note thecriterion to maximizedependson a setof contin-
uousparametersí , anda selectionmap à . A typical op-
timization algorithmfor sucha criterion works asfollows.
Theoptimizationis donein two steps:first theoptimization
over the continuousparameters,andthenthe optimization

overtheselectionmap(or, equivalently, thepartition).Such
a procedureis iterateduntil the criterion reachesa satura-
tion floor. Becausethe criterion is boundedabove, we are
guaranteedit will converge.Next we describesolutionsfor
thetwo optimizationproblems.

3.1. Optimal Partition

Given a setof mixing parameters,íö�÷��A G =BI G � ��¶�G¹¶ � , the
optimalselectionmapis simplygivenby

êàæ�Bd%=�ef��� argmaxG ] �rëð
ò�ó E ôFõ ¤5ì �  a��BdZ=Bef��] £� ëð ò�ó E ô1õ ¤ ì �  � ð ò�ó E ô1õ (16)

Thepartitionis thenimmediate:Å7G@� ä �BdZ=Bef��]jàæ�BdZ=Bef�ø�ùLJå .
3.2. Optimal Mixing Parameters

Now given a partition �¹Å G � �P¶ZG�¶ � , the optimal mixing pa-
rametersareobtainedindependentlyfor eachL by:

� Ú* � 3 Ú/ � �Z� argmaxú { , y�{ �w $0, v x}ÍKÎ {
û ü Öý w $0, v x × t �Ø m ��8%3}n)� û�þü Öý w $-, v x × t �Ø ü ý w $0, v x (17)

Notethatboththedenominatorandnumeratordependon e ,
unlike the independentnoisecasewhenthenumeratorwas
independentof d ande (see[9]). Thereforea2-dimensional
optimizationprocedureis requiredin orderto solve(17). In
thenumericalsimulationspresentednext weusedthegradi-
entdescentmethodto searchfor theoptimum.

Summingthesefindings,theoptimizationalgorithmbe-
comes:

3.3. ML Algorithmÿ Step0. Initialize �BA�� G =�I��G � ��¶�G¹¶ � with randomvalues
so that ]�A�� G ]��öÀ and ] I��G ]�� \ ; Set i � º , ñ � � º ,
andchoosea stoppingthreshold� ;ÿ Step1. Find theoptimalpartition �¹Å ��� �G �¯�P¶ZG¹¶ � , and
selectionmap, à ��� � by solving (16) with AKG;� A �G ,I G ��I �G ;ÿ Step2. Apply gradientdescentto (17) until it con-
vergesto a local optimum ��A �	� �G =�I ��� �G � for eachÀX^L2^¾� , andsubsetof time-frequency pointsÅ �	� �G ;ÿ Step3. Set if�ùi±�_À , andcomputeñ � � ñ ��í � =Nà � � .
If � ñ � ß ñ � ì � � 
 ñ ��� � thengo to Step1; otherwise:ÿ Step4. Estimatedparametersafter i iterationsareAKGf� A �G , ING+�»I �G , and Å7G��lÅ �G . The sourcesignal
arethencomputedby convertingtheestimatedtime-
frequency representationsbackinto thetime domain.



The algorithmcanbe modified to dealwith an echoic
mixing model or different array configurationsat the ex-
penseof increasedcomputationalcomplexity. It requires
knowledgeof thenumberof sources,however this number
is not limited to thenumberof sensors.It worksalsoin the
non-squarecase.

The solution (11,13)canbe understoodin the follow-
ing way. Oncethemixing parametershave beenestimated,
we apply two independentlinearfilters. Onelinearfilter is
acrossthespatialchannels(13) andperformsa beamform-
ing in order to reducethe outputnoise. The other (11) is
acrosstime-frequency domainand solves the sourcesep-
arationproblemby selectingthosetime-frequency points
where, by our W-disjoint orthogonalityassumption,only
onesourceis active.

4. EXPERIMENTAL RESULTS

We implementedthe algorithm and applied it to realistic
syntheticmixturesgeneratedwith araytracingmodel.Mix-
turesconsistedof four sourcesignalsin differentroomenvi-
ronmentsandGaussiannoise.Theroomsizewas
��������Z> �
m. We usedfour setupscorrespondingto anechoicmixing,
low echoic(reverberationtime À������ ), echoic(reverbera-
tion time À��1º���� ), and strongechoic (reverberationtime
���1º���� ). The microphonesformed a linear array with 2
cm spacing. Sourcesignalsweredistributed in the room.
Input signalsweresampledat 16KHz. For time-frequency
representationweusedaHammingwindow of 256samples
and50%overlap.Coherentnoisewasaddedon eachchan-
nel. The averageinput signal-to-interference-ratio(SIR)
wasabout ß������ . The averageindividual signal-to-noise-
ratio (SNR) was À-º���� (i.e. SNR of one sourcewith re-
spectto noiseonly). Eachtestwasperformedthreetimes
with independentnoiserealizationsthatwerefilteredto the
isotropicdiffusenoisecoherence.

Theoptimizationproblem(17) wassolvedby perform-
ing 30 gradientdescentstepsat eachiteration (Step2 of
thealgorithm). Experimentally, theoptimizationalgorithm
convergedvery fast. In at most five iterationsit reachedºZ>}À� of the local maximum. Also experimentally, we no-
ticedthealgorithmconvergesmoreoftento thetruedirect-
pathparameterswhenweaddsmallnoiseto thediagonalof
(8). In factwe chose¤   asthe sumbetween(8) and ºZ> º.À
timestheidentitymatrix.

In the following we presentthe resultsobtainedasde-
scribedabove. To compareresults,we usedthreecriteria:
output averagesignal to interferenceratio gain (includes
othervoicesandnoise),segmentalSNR,andsignaldistor-
tion, definedasfollows:

!#"%$'&�(�)+* � &~�,
-/.� $ � � &10�2+3 & �54 �76 |/8 6 þ

6 Ú| ( |/8 6 þ 6
m ( | u 6 þ
6 | u 6 þ � (18)

9 Ñ &�!;:<$ � &~�,
-/.� $ � � &10�2+3 & �54 6 | u 6 þ

6 Ú| ( | u 6 þ (19)

= ) 9?>?3�@?> ) 3 * � &~ ,
-A.� $ � � &10�2+3 & �54 6

|/8 ( | u 6 þ
6 | u 6 þ (20)

where:
êg is theestimatedsignalthatcontainsgCB contribu-

tion of theoriginal signal; a is themixing at sensor1, andg ¼ is theinput signalof interestat sensor1; hED is thenum-
berof frameswherethesummandis above ß"À-º���� for SIR
gain andsegmentalSNR, and ß��1º���� for distortion. The
summandsfor SIR gain and segmentalSNR computation
were saturatedat �F�1º���� , andwere saturatedat �rÀ-º����
for distortion. Ideally, G�H	I�J�KMLON shouldbea largepositives,
whereas��LO�QP;RMS#P#LORMN shouldbea largenegative.

SIR gainsarepresentedin Figure1, segmentalSNRin
Figure2, andthedistortionvaluesaregivenin Table1. Re-
sultsshow separationof all voicesparticularlyfor �UTV
 .
A sampleof input andoutputsfor � �W
 is given in Fig-
ure 3. Also SIR gainstendto improve with an increasein
thenumberof sensors.This indicatesthatseparationpower
of the systemincreases.Also, one can notice a decrease
in performanceaswe move from anechoicto echoicdata.
Interestingly, the 8 microphonesetupseemsto increaseby
little (if any) comparedto the6-mic case.This seemsto be
dueto thesimplifiedmixing model(enforcingananechoic
model,whenin factit is echoic).

Fig. 1. SIR gainsfor 2-8 microphoneson four datatypes
(anechoic,low echoic,echoic,andstronglyechoic). Each
barincludesonestandarddeviationbounds.

5. CONCLUSIONS

Realsourceseparationscenariosarerarelysquare.On the
contrary, situationsconstantlyvary betweenthe so called



Fig. 2. SegmentalSNRsfor 2-8 microphoneson four data
types(anechoic,low echoic,echoic,andstronglyechoic).
Eachbarincludesonestandarddeviationbounds.

D X ! s#Y[Z�\Q]^Y [A\Q_<`aY[Z `aY[Zb\c]^Y | �%dc\T!Mef`gY[Z
2 -3.98(1.35) -3.49(1.17) -2.58(0.92) -2.61(1.01)
4 -4.36(1.41) -3.69(1.53) -2.79(0.92) -2.70(0.78)
6 -4.43(1.68) -3.74(1.10) -2.88(0.93) -2.61(0.85)
8 -4.36(1.71) -3.57(1.18) -2.61(0.73) -2.01(0.50)

Table 1. Distortionsfor -5dB input SIR and10dBindivid-
ualinputSNR:mean(standarddeviation)for � �h�Z=#
Z=;��=;� .

degeneratecaseand the over specifiedcase. Particularly
for small microphonearrays,noiseis coherent. By being
ableto dealevenly with suchcasesandin the presenceof
coherentnoise,thepresentapproachopensthedoorto audio
sourceseparationin realisticscenarios.

Thiswaspossiblebyexploiting thetimefrequency sparse-
nessof signalswithin themoregeneralnoisysignalmodel.
Our sourceseparationalgorithmimplementsthemaximum
likelihoodestimatorfor bothmixing parametersandsource
signalsundera direct-pathmixing model and for a linear
arrayof sensors.Wepresentedaniterativeprocedureto op-
timizethelikelihood,similar in spirit to hybridoptimization
algorithms.Interestinglyenough,theoptimalsolutioncon-
sistsof a beamformingfilter, which reducesoutputnoise,
followed by time-frequency processingfor sourcesepara-
tion.

Theresultingalgorithmexhibits nicescalingproperties
bothalgorithmicallyandexperimentally. Theformerrefers
to scalability in the numberof inputs (herewe usedtwo,
four, six, and eight microphonelinear arrays). The latter
views the increasedseparationpower on echoic data (as
showed by SIR gain andsegmentalSNR) at decreasingor
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Fig. 3. Exampleof 6-channelalgorithmbehavior on mix-
ture of coherentnoiseandfour voices. The separatedout-
putsare iD� - ici .
relatively constantartifactswith an increasein thenumber
of inputs.

Futurework could addressthe questionwhetherany-
thing is to begainedby consideringanechoicmodel. This
extensionis naturallyfeasiblein this approach.
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