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ABSTRACT

Few sourceseparationand independentcomponentanalysis
approachesattemptto dealwith noisydata.We consideranaddi-
tive noisemixing modelwith an arbitrarynumberof sensorsand
possiblymore sourcesthan sensors(the “degenerateseparation
problem”)whensourcesaredisjointly orthogonal.We show how
disjointorthogonalitycanbeviewedasalimit of astochasticvoice
modelingassumption.This is thebasisfor our approachto noisy
model estimationby maximumlikelihood,underthe direct-path
far-field assumptions.Theimplementationof thederivedcriterion
involves iteratingtwo steps:a partitioningof the time-frequency
planefor separationfollowedby anoptimizationof themixing pa-
rameterestimates.Thesolutionis applicableto anarbitrarynum-
berof microphonesandsources.Experimentally, we show theca-
pability of thetechniqueto separatefour voicesfrom two, four, six
andeightchannelrecordingsin thepresenceof strongnoise.

1. INTRODUCTION

Sourceseparationpromisesto furthera varietyof applicationsof
speechenhancementandseparationbeyond what is possibleto-
day with classicalmicrophonearraytechniques[1]. In particular
for audiosignals(thedomainof interestin this work), a varietyof
BSStechniqueshave beenintroducedin recentyears.Few work
on realaudiodata(e.g. [2, 3, 4]), even fewer with noisydata[5],
andmostdealwith the “square”caseof sourceseparation(equal
numberof sourcesandsensors).Claimsof generalizationto the
non-squarecaseexist, however mostoftenit is notclearhow tech-
niqueswouldscale,neitherfrom analgorithmicperspective nor in
termsof computationalproperties.

[6] introduceda BSStechniquefor theseparationof anarbi-
trarynumberof sourcesfrom just twomixturesprovidedthetime-
frequency representationsof sourcesdo not overlap. Thekey ob-
servation in the techniqueis that eachtime-frequency (TF) point
dependson at mostonesourceandits associatedmixing parame-
ters.This deterministichypothesiswascalledW-disjoint orthogo-
nality andis reviewed in section2.2. In anechoicnon-noisyenvi-
ronments,it is possibleto extract themixing parametersfrom the
ratio of theTF representationsof themixtures.Using themixing
parameters,onecanpartitiontheTF representationof themixtures
to producetheoriginal sources.

The deterministicsignalmodelwasextendedto a stochastic
signal model in [7], whereeachtime-frequency coefficient was
modeledasaproductbetweenacontinuousrandomvariableanda
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0/1 discreteBernoulli randomvariable(indicatingthe“presence”
of the source).This way signalscanbe modeledasindependent
randomvariables,and one can derive the maximum likelihood
(ML) estimatorof themixing parameters.

TheICA literaturescarcelydiscussesthenoisecase[8]. BSS
anddeconvolution resultsof a theoreticalnaturein dealingwith
noisewerepresentedin [5]. For thetwo-channelsystemin [4], the
ML estimatorof the mixing parameterswasderived in the pres-
enceof Gaussiansensornoise.However thenoiseelementrepre-
senteda technicalityin thatnoisewasconsideredin thelimit zero
in orderto beableto deriveparameterupdateequations.Nonethe-
lesstheapproachprovedeffective on realnon-noisydata.

In this paperwe dealwith themulti-channelcasefrom anal-
gorithmic perspective. We presenta novel approachto BSS ex-
ploiting TF propertiesof the input data,which is readily applied
to speechseparationontwo, four, six andeightchannels.For this,
we extendtheML estimatorsderivedbefore(undertheW-disjoint
orthogonalityassumption).TheML approachconsidersbothmix-
ing parametersandsources,unlike in [4] wherethe optimization
wasover mixing parametersonly. The estimationalgorithmiter-
atestwo optimizationsteps.First, likelihoodis optimizedover the
setof mixing parametersfor eachsourceseparately. Secondthe
partitionof TF pointsis optimized.For thepurposesof this paper
weconsidertheanechoicmixing modelonly. Howeverthemethod
presentedcanbeextendedto arbitrarycomplex mixing models.

Theorganizationof thepaperis asfollows. Section2 presents
the signal mixing model and a statisticalmotivation of the W-
disjoint orthogonalitysignalmodel. Section3 shows the deriva-
tion of theML estimatorof mixing parametersandsourcesignals,
andits implementationby aniterative procedure.Section4 exper-
imentallyhighlightsthecapabilityof thesystemto dealwith noisy
echoicdata,andits scalingproperties.Experimentswith two, four,
six andeight inputsshow increasedseparationcapabilityandde-
creasedartifactswith an increasein thenumberof inputson data
rangingfrom anechoicto echoic.

2. MIXING MODEL AND SIGNAL ASSUMPTION

2.1. The Mixing Model

Considerthe measurementsof � sourcesignalsby a equispaced
linear arrayof � sensorsunderfar-field assumptionwhereonly
thedirectpathis present.In this case,without lossof generality,
we can absorbthe attenuationand delay parametersof the first



mixture �����
	�� , into thedefinitionof thesources:
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where 9 ��:<;<;<;<: 9�= arethe sensornoises,and �
>@? * �BADC ? * � � arethe
attenuationanddelayparametersof sourceE to sensorF . For the
far-field modelandequispacedsensorarray, theattenuations> ? * �
anddelays

C ? * � arelinearlydistributedacrossthesensors(i.e. with
respectto index F ). Thuswecandefinetheaverageattenuation> � ,
anddelay

CG�
, sothat

>,? * �IH �
F@JLKM�
> � : C ? * �NH �
F@JOKP� CG� : KOQRFSQT� : KLQTEUQT� (2)

Clearly othermixing modelscanbeconsideredat theexpenseof
increasingthemodelcomplexity. WeuseV to denotethemaximal
possibledelaybetweenadjacentsensors,andthus W C � W�QXV , Y�E .

We denoteby Z ? ��[ :%\ � , ] � ��[ :%\ � , ^ ? ��[ :%\ � the short-time
Fourier transformof signals� ? �
	<� :�_ � �
	�� , and 9 ? �
	<� , respectively,
with respectto awindow `a�
	<� , where [ is theframeindex, and\
thefrequency index. Thenthemixing model(1) turnsinto

b ? ��5#0dc'�@�e�� � � � �%$I&f��g'&f$+��(
� ��hGiIj�kIl ? i �Dmon�pBq � ��5#0
c����sr ? ��5#0
c'� (3)

Whenno dangerof confusion,we shalldrop thearguments[ :%\
in Zt? : ] � and̂S? .

Ourproblemis: givenmeasurements�
� � �
	<� , ;<;<; , �u=v�
	��w� �wxIy%x{z
of the system(1) we want to determinethe ML estimatesof the
mixing parameters�
> � : CG� � �wx � x � and the sourcesignals � _M� �
	<� ,;<;�; , _ � �
	��w� �wxIy%x{z . Whenthenumberof sourcesis greaterthanthe
numberof mixturesthe problemis degenerate.In orderto solve
this werely on theW-disjointorthogonalityassumption.

2.2. The Stochastic W-Disjoint Orthogonal Signal Model

In [4] wecalledtwo signals_ � and _�| W-disjointorthogonal, for a
givenwindowing function `a�
	<� , if thesupportsof thewindowed
Fouriertransformsof _M� and _ | aredisjoint, thatis:

] � ��[ :%\ ��] | ��[ :%\ � HT} : Y~[ :�\ (4)

For � sources] � , ;<;�; , ] � theassumptiongeneralizesto:

] j ��[ :%\ ��]{�<��[ :%\ �
HT} : Y8KsQR�L�HR� QT� : Y![ :%\ (5)

Sucha deterministicconstraintis not only rarelysatisfied,but
it also implies that the signalsare in generalstatisticallydepen-
dent1, which is not the casefor voice signals. Yet, in [9] it has
beennoticedthat relation(4) is satisfiedin anapproximatesense
by realspeechsignals.To reconcilethe inconsistentbasisfor the
theoreticaldevelopmentof thealgorithmwith thefact that theal-
gorithmworksin practice,we take acloserlook atourmodel,and
show that (4) can be seenas the limit of a stochasticmodel we
introducedin [7].

Webriefly review themodelandsignalclassfrom [7]. It states
thatthetime-frequency coefficient ]!��[ :D\ � of aspeechsignal _ �
	��

1Indeed,thisis easilyprovedby thefactthattheconditionaldistribution� � q � � � ��� q |L��R���v����� � � � is differentfrom theconditional� � q � �
� ��� q | ����� .

factorsasaproductof acontinuousrandomvariable,say �s��[ :%\ � ,
anda 0/1Bernoulli �L��[ :�\ � :]!��[ :%\ � H �L��[ :�\ ���s��[ :%\ � (6)

Denotingby � theprobabilityof � to be1, andby �{����� thep.d.f.
of � , thep.d.f. of ] turnsinto�#����]!� H �M�{��]u�N���wK�J��/�
����]!� (7)

with � , theDiracdistribution.For � independentsignals]~� :�;<;+;<: ] � ,the joint p.d.f. is obtainedby conditioningwith respectto the
Bernoulli randomvariables.To simplify thenotation,we assume
all �s��[ :%\ � have thesamedistribution �{����� , andall �L��[ :�\ � have
thesame� . We obtain:

� � q �<0�������0 q � ��� ��$'&f�G� � �� � � � ��� q
� �{�)�G��$u&f�G� � i �

� �� � � � � � q
� � ��� � � * ���� � ��� q � ���)� |D�'�� D¡ � q � 0�������0 q � � (8)

where ¢u£�¤w¥��w� containstermswith theconditionthatat leasttwo
sourcesareactive simultaneously. The first two elementsin the
sumcorrespondto theconditionthatat mostonesourceis active,
which is whatis usedin thedisjoint orthogonalitycondition.

Onthecontrary, if wedonotassumethatatmostonesourceis
activebut ratherapproximate(8) when� is verysmall,by ignoring
the � | factorandafterrenormalizationwe get:

�
WDO � q �<0�������0 q � �¦� $u&)�$u�t��§t&�$+��� �� � � � �P� q

� �
� �$u����§t&t$+��� �� � � � � � q

� � � ���� � ��� q � � (9)

This is the stochasticcounterpartof the deterministicconstraint
(4) for � sources.Equation(9) shows that thedeterministiccon-
strainton thesignals(5) is areasonableassumptionin thestochas-
tic limit, hencethe name� WDO. In this paperwe do assumethe
joint p.d.f. of thesourcesignalsin theshort-timeFourierdomain
is givenby (9), with theinterpretationthatthis is not aninconsis-
tentassumptionbut ratherthelimit of a stochasticmodel.

Thesecondingredientof our stochasticmodelis givenby the
assumptionthe sensornoisesare independentlydistributed and
have Gaussiandistributionswith zeromeanand̈ | variance.

3. THE MAXIMUM LIKELIHOOD ESTIMATOR OF
SIGNAL AND MIXING PARAMETERS

In this sectionwe derive the joint maximumlikelihoodestimator
of parametersandsourcesignalsunderassumption5. Thesource
signalsnaturallypartitionthetime-frequency planeinto � disjoint
subsets©ª� :+;�;<;<: © � , whereeachsourcesignalis non-zero(i.e. ac-
tive). Thusthesignalsaregivenby thecollection © � , ;�;<; , © � and
onecomplex variable ] thatdefinestheactive signal:] � ��[ :�\ � H ]!��[ :�\ �wKM«{p���[ :%\ � (10)

Let themodelparameters¬ consistof themixing parameters�
> � : CG� � , K­Q�EUQ�� , thepartition �w© � � �wx � x � and ] . Its likelihood
andmaximumlog-likelihoodestimatoraregivenby:® ��¯°���4± = i �? �#² ± �

� � � ± l ".* k m´³ « p �µP¶<· ��¸�¹Nº & �¶<· � » ? *
� ��5I0dc'� � |+¼½¯�¾ � � argmin¿�À = i �? �I² À �

� � � À l "+* k m´³ «�p � » ? *
� ��5I0´c'� � | (11)



whereÁ ? * � ��[ :%\ � H Z ?�Â � ��[ :%\ ��JUÃ ? * � � \ ��] � ��[ :%\ � andÃ ? * � � \ � H�wK2JÄFG> � �
Å i{j ? n p k . For any partition �w© ��:<;<;<;�: © � � we definethe
selectionmap ÆÈÇ TF-plane ÉËÊ�K :+;<;<;�: �sÌ , ÆÍ��[ :D\ � H E if f��[ :%\ ��ÎÏ© � . Clearly Æ definesa uniquepartition. Optimizing
over ] in (11)we obtain½q � $À =? � � ��$'&t��g2&t$+��(

� � |
=� ? � � Ð ? *

� b ? (12)

whereE H ÆÍ��[ :D\ � . Let usdenoteby Ñ � � \ � the � -vector:

Ñ � � \ � H KÒÃ � * � � \ �Ó���<�ÔÃ = i � *
� � \ � z

and by Z the � -vector of measurements,Õ Z ��:<;+;�;<: Zt=,Ö z . We
use× H �
> � : CG� � �wx � x � to denotethemixing parameters.Inserting
(12) into (11), theoptimizationproblemreducesto:� ½Ø 0 ½Ù �N� argmaxÚ * Û,Ü � Ø 0 Ù � (13)

where:Ü � Ø 0 Ù �N� �l ".* k m
$ÝßÞ Û l "+* k m ��c'� Ý | �áà Þ Û l ".* k m ��c'�%0 b ��5I0´c'��â � |

Note the criterion to maximizedependson a set of continuous
parameters× , and a selectionmap Æ . A typical optimization
algorithm for sucha criterion works as follows. The optimiza-
tion is donein two steps:first the optimizationover thecontinu-
ousparameters,andthentheoptimizationover theselectionmap
(or, equivalently, the partition). Sucha procedureis iteratedun-
til the criterion reachesa saturationfloor. Becausethe criterion
is boundedabove, we areguaranteedit will converge. Next we
describesolutionsfor thetwo optimizationproblems.

3.1 Optimal Partition
Given a set of mixing parameters,× H �
> � : C � � �wx � x � , the

optimalselectionmapis simplygivenby½Ù ��5#0
c'�@� argmax

� $ÝßÞ Û l ".* k m ��c'� Ý | �áà
Þ Û l ".* k m ��c'�D0 b ��5#0dc���â � | (14)

Thepartitionis thenimmediate:© �#H ÊM��[ :%\ ��W�ÆÍ��[ :D\ � H E�Ì .
3.2 Optimal Mixing Parameters
Now givena partition �w© � � �wx � x � , theoptimalmixing param-

etersareobtainedindependentlyfor eachE by:� ½( � 0 ½- � �@� argmaxã p * n p �
l ".* k m´³ «{p

$ÝßÞ � ��c'� Ý | �áà Þ
� ��c'�%0 b ��5#0
c'��â � | (15)

Expandingthe denominatorandnumerator, we obtainquadratic
expressionsin > � . Thecriterionbecomesä �
> � : CG� � H Ã~> |

� J�å�æN> � �èçé > |� JRå�ê�> � ��ë
whichcanbeeasilyoptimizedover > � . We obtainì> �IHîí.ï iNð�ñ<iNò l�ð�ñ<i í.ï m · i�ó+láô í iNðGõ m l�õ ï iIôPñ m| láô í iNðGõ m (16)

This value shouldthen be insertedin
ä

above and optimization
over

C��
shouldbecarriedover by agradientdescent,or anexhaus-

tive search(because

CG�
is betweenJsV and �OV ):ìC � H

argmaxn p Ãv�
CG� � ì> � | J�å�æU� CG� � ì> � ��ç!� CG� �é � CG� � ì> � | J�å�ê/� C�� � ì> � �èë#� CG� � (17)

Summingthesefindings,theoptimizationalgorithmbecomes:

3.3 ML Algorithm

ö Step0. Initialize �
> ² � : C ²� � �wx � x � with, for instancerandom
valuessothat W > ² � W#÷øK and W C ²� W#÷aV ; Set _ Hù} , ú~û Hü} ,
andchoosea stoppingthresholdý ;ö Step1. Find theoptimalpartition �w© û Â �� � �wx � x � , andselec-
tion map, Æ�û Â � by solving(14)with > �IH >,û� , CG�IHRC û� ;ö Step2. Find the optimal parameters�
> û Â �� : C û Â �� � from
(16,17)for eachK QXEªQX� , andsubsetof time-frequency
points ©�û Â �� ;ö Step3. Set _ H _ �þK , andcomputeú,û H ú,�
×fû : Æ�û�� . If��ú û J�ú û i � ��ÿPú û�� ý thengo to Step1; otherwise:ö Step4. Theexit valuesare> �IH > û� , CG�IHRC û� , and © �#H © û� ,
obtainedafter _ iterations.Thesourcesignalarethencom-
putedby convertingtheestimatedtime-frequency represen-
tationsbackinto thetimedomain.

Thealgorithmcanbemodifiedto dealwith anechoicmixing
model,or differentarrayconfigurationsattheexpenseof increased
computationalcomplexity. It requiresknowledgeof thenumberof
sources,however this numberis not limited to thenumberof sen-
sors.It worksalsoin non-squarecase.Thealgorithmis guaranteed
to convergeto a localminimumonly.

Sincewe used(9) asthestochasticlimit of (8), thesignales-
timatorwe derive is themaximumá posterioriwith respectto the
prior joint p.d.f. (9). However, if one adoptsthe deterministic
point of view regarding(5), our estimatoris truly the maximum
likelihoodestimator.

4. EXPERIMENTAL RESULTS

Weimplementedthealgorithmandappliedit onrealisticsynthetic
mixturesgeneratedwith a ray tracingmodel. Mixtures consisted
of four sourcesignalsin differentroom environmentsandGaus-
siannoise.Theroomsizewas��������� ; å m. Weusedthreesetups
correspondingto anechoicmixing, low echoic(reverberationtimeK
	��)¤ ), andechoic(reverberationtime K
� } �)¤ ). Themicrophones
formeda lineararraywith 2 cm spacing.Sourcesignalsweredis-
tributedin the room. Input signalsweresampledat 16KHz. For
time-frequency representationweusedaHammingwindow of 256
samplesand50%overlap.Noisewasaddedon eachchannel.The
average(individual) signal-to-noise-ratio(SNR) was

}
���

. The
averageinputsignal-to-interference-ratio(SIR)wasabout J�� ��� .
Eachtestwasperformedthreetimeswith independentnoisereal-
izations.

Theoptimizationproblem(17)wassolvedthroughanexhaus-
tive searchover a grid of 200 points (thus the precisionin esti-
mating

C
was roughly 0.005sample). Experimentally, the opti-

mizationalgorithmconvergedvery fast.In atmostsix iterationsit
reachedK } i���� of thelocalmaximum.

To compareresults,we usedtwo criteria: outputaveragesig-
nal to interferenceratio gain(includesothervoicesandnoise)and
signaldistortion,definedasfollows:

��� ��������� � $r� 
!#"� " � � $D��$�% � � ² �

Ý q#& Ý |Ý ½q & q & Ý |
Ý b & q j Ý |Ý q j Ý | � (18)

' �á %¡ %�( ¡)� % � � $r  
! "� " � � $D��$�% � � ²

Ý q#& & q j Ý |Ý q j Ý | (19)



D ×29#Å�*,+
-��.* �/-1032�*4+
-��5* 2�*4+
-��5*
2 -4.86(0.94) -4.93(0.80) -4.84(1.05)
4 -3.31(0.95) -2.88(0.90 -2.86(0.89)
6 -3.85(1.24) -3.36(1.02) -2.99(1.04)
8 -4.14(1.28) -4.14(1.16) -2.80(0.80)

Table 1. Distortionsfor 0dBinputSNR:mean(standarddeviation)
for � H å : � :76P: 	 .

where: ^  is thenumberof frameswherethesummandis aboveJsK } �#� for SIR gain, and J�� } �#� for distortion;
ì] is the esti-

matedsignal that contains ] & contribution of the original signal;Z is themixing atsensor1, and ] j is theinputsignalof interestat
sensor1. Thesummandsweresaturatedat �8� } ��� for SIR gain
and �OK } ��� for distortion. Ideally, 91:<¢�;=<?>A@ shouldbe a large
positives,whereas

� >�¤w¥CB
Dw¥C>AB
@ shouldbea largenegative.
We presentresultson noisy datafor which SNR level (com-

putedfor averagevoiceon a channel)is 0 dB. SIR gainsarepre-
sentedin Figure1 andthe distortionvaluesaregiven in Table1.
Resultsshow separationof all voicesparticularly for �FEG� (a
sampleof input andoutputsfor � H � is given in Figure2. Also
SIR gainstendto improve with an increasein thenumberof sen-
sors.This indicatesthatseparationpower of thesystemincreases.
Also, onecannoticea decreasein performanceaswe move from
anechoicto echoicdata. Artif actsas measuredby distortion do
decrease,with theexceptionof thetwo channelcase.In thatcase,
separationof all voicesdoesnot take place. Threeoutputsout of
four containmerelya mixture of the signals,thereforedistortion
measuresarebetterat thecostof decreasedseparation.

Fig. 1. SIR gainsfor 2-8 microphoneson threedatatypes(ane-
choic, low echoicand echoic). Eachbar includesone standard
deviation bounds.

5. CONCLUSIONS

Real sourceseparationscenariosare rarely square. On the con-
trary, situationsconstantlyvary betweenthesocalleddegenerate
caseandtheoverspecifiedcase.By beingableto dealevenlywith
suchcasesandin thepresenceof noise,thepresentapproachopens
thedoorto audiosourceseparationin realisticscenarios.

This was possibleby exploiting the time frequency sparse-
nessof signals. We showed that disjointnessin time-frequency,
althoughinconsistenttheoreticallyfor a deterministicmodel, is
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Fig. 2. Exampleof 4-channelalgorithmbehavior on mixture of
noiseandfour voices( J�	 ; � and J�� ; � dB input SIR). The sepa-
ratedoutputsshow anSIRgainof 7,4, 5.3and9.5dB respectively.

justifiablefrom a stochasticperspective. We modeledeachtime-
frequency coefficient asa productbetweena continuousrandom
variableanda discrete0/1 Bernoulli randomvariable.In thelimit
this correspondedto the deterministic W-disjoint orthogonality
modelasstudiedin [9].

Our sourceseparationalgorithm implementsthe maximum
likelihood estimatorfor both mixing parametersand sourcesig-
nals undera direct-pathmixing model and for a linear array of
sensors.We presentedaniterative procedureto optimizethelike-
lihood, similar in spirit to hybrid optimizationalgorithms. It is
worthy to outline thenicescalingpropertiesof theapproachboth
algorithmicallyandexperimentally. Theformerrefersto scalabil-
ity in thenumberof inputs(herewe usedtwo, four, six andeight
microphonelineararrays).The latterviews the increasedsepara-
tion power anddecreasedartifactswith anincreasein thenumber
of inputsonechoicdata.

Futurework could addressthe questionwhetheranything is
to be gainedby consideringan echoicmodel. This extensionis
naturallyfeasiblein thisapproach.
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