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Problem Formulation

Function Space Formulation

Let T : L?(R) — L2(R) be a linear operator of the form:
o0
TH) = [ KOy

Assume the following hold true:

O Kernel K € M}(R?) belongs to the modulation space M* (a.k.a. the
Feichtinger algebra, or the Segal algebra for the algebra of TF ops).
Note: This assumption imples that T is a trace-class compact
operator.

@ T is self-adjoint, i.e., K(x,y) = K(y, x), for every x,y, € R;

O T is positive semi-definite, i.e., [0 [0 K(x,y)f(y)f(x)dydx >0,
for every f € L?(R). Note: Assumption 2 is redundant in the complex
case.

In this talk we study rank-1 series expansions of
T =, 8k8k = i (-, k)&« that satisfy certain convergence properties.
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Problem Formulation

Function Space Formulation

The starting point of this study is a problem stated by H. Feichtinger at a

2004 Oberwolfach mini-workshop., and then reformulated and extended by
Heil and Larson (2004, 2008).

Let (fx)k>0 be an orthogonal set of eigenfunctions, normalized so that
Thi = |fll3fx and T = 3", fif;". Then

tr(T) =D IIfillz = Y- Ifellive < 1Kllpn < oo

k>0 k>0

Fact: It is known [HeilLars04/08] that f, € M*(R) for each k.
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Problem Formulation

Function Space Formulation

The starting point of this study is a problem stated by H. Feichtinger at a

2004 Oberwolfach mini-workshop., and then reformulated and extended by
Heil and Larson (2004, 2008).

Let (fx)k>0 be an orthogonal set of eigenfunctions, normalized so that
Thi = |fll3fx and T = 3", fif;". Then

2 2
tr(T) =D Ifilla = D Il < 1K llpm < oo
k>0 k>0

Fact: It is known [HeilLars04/08] that f, € M(R) for each k.
Problem 1 [Feichtinger2004]: Does ", [l < oo ?
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Problem Formulation

Function Space Formulation

The starting point of this study is a problem stated by H. Feichtinger at a
2004 Oberwolfach mini-workshop., and then reformulated and extended by
Heil and Larson (2004, 2008).

Let (fx)k>0 be an orthogonal set of eigenfunctions, normalized so that
Thi = |fll3fx and T = 3", fif;". Then

2 2
tr(T) =D Ifilla = D Il < 1K llpm < oo
k>0 k>0

Fact: It is known [HeilLars04/08] that f, € M(R) for each k.
Problem 1 [Feichtinger2004]: Does ", [l < oo ?

Problem 2 [HeilLarson04]: If the answer is negative to Problem 1, is there
a decomposition T =, gkgs, not necessarily spectral, so that

2
2 k>0 |8kl < o0 ?
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Overview of results

I. We construct explicitely an operator T with simple functions that
satisfies the previous assumptions and additionally:

Q lts eigenfunctions (fi)k>0 satisfy >4~ [ fllan = oo.

@ There exists a decomposition T =}, -, gkgj so that

Sizo llgllin < oo
[I. We introduce a finite-dimensional inequality /hypothesis. We prove the
following results:
@ If the hypothesis is false then there exists a non-negative operator T
with kernel in M! that does not admit a decomposition
T =Y 150885 50 that Y=o llgll 3 < oo
@ On the other hand, if the hypothesis is true, then the set of
non-negative operators T with kernel in M! that admit a
decomposition T = ", 8k&% so that >°,~¢ Hgk||i,,1 < o0 is dense
in the set of non-negative operators with kernel in M?.
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Problem Formulation
Interlude: Modulation space M*

The Feichtinger space M1 is defined as follows. Let g : R — R,
g(x) = e=™ be the Gaussian window. Let

Fes o Vf(t,w) = / e~ 2T (x)g(x — t)dx

be the windowed Fourier transform of f with respect to g. Then

ML(R) = {f € LP(R) , [fllyp = /_O; /_O; IV, F(£, w)|de dw < oo}.
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Problem Formulation

Interlude: Modulation space M*

The Feichtinger space M1 is defined as follows. Let g : R — R,
g(x) = e=™ be the Gaussian window. Let

Fes o Vf(t,w) = / e~ 2T (x)g(x — t)dx

— 00

be the windowed Fourier transform of f with respect to g. Then

ML(R) = {f € LP(R) , [fllyp = /_O:O /_O; IV, F(£, w)|de dw < oo}.

Fact: [FeichtGrochWaln92] The Wilson ONB is an unconditional basis in

M*. Let (wp)n>0 denote this Wilson basis. Then we can identify M! with
I1(N) space, with equivalent norms:

MY R) = {f =3 cown , [Ifllpn ~ D leal}.

n>0 n>0
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Problem (Re)Formulation
Matrix Language

Consider an infinite matrix A = (Am,n)m,n>0 so that

1AlA = [[AllLy = > [Amal < oo

m,n>0

This implies that A acts on /?(N) as a trace-class compact operator.
Assume additionally A = A* > 0 as a quadratic form.

Let (ex)k>0 denote an orthogonal set of eigenvectors normalized so that
A =3 ,>0eke;. Itis easy to check that e, € /1(N), for each k.
Equivalent reformulations of the two problems:
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Problem (Re)Formulation
Matrix Language

Consider an infinite matrix A = (Am,n)m,n>0 so that

1Al = 1All1 = Y~ [Amal < oo
m,n>0

This implies that A acts on /?(N) as a trace-class compact operator.
Assume additionally A = A* > 0 as a quadratic form.

Let (ex)k>0 denote an orthogonal set of eigenvectors normalized so that
A =3 ,>0eke;. Itis easy to check that e, € /1(N), for each k.
Equivalent reformulations of the two problems:

Problem 1: Does it hold 3,0 [lex]|? < oo ?
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Problem (Re)Formulation
Matrix Language

Consider an infinite matrix A = (Am,n)m,n>0 so that

1AlA = [[AllLy = > [Amal < oo

m,n>0

This implies that A acts on /?(N) as a trace-class compact operator.
Assume additionally A = A* > 0 as a quadratic form.

Let (ex)k>0 denote an orthogonal set of eigenvectors normalized so that
A =3 ,>0eke;. Itis easy to check that e, € /1(N), for each k.
Equivalent reformulations of the two problems:

Problem 1: Does it hold 3,0 [lex]|? < oo ?

Problem 2: If negative to problem 1, is there a factorization

A= Yuso fifi 50 that Sy (|l < 00 ?

Radu Balan (UMD) Rank 1 Expansions



The (Counter)Example
©00000

The Good, the Bad ...

Consider the identity matrix /, and two possible decompositions:

n n—1
*
In = E 5k5k = E emke;’k
k=1 k=0

where {dy } is the canonical ONB, and {ey x }« is the Fourier ONB:

enk = i [ 1 ef27rik/n . 6727rik(n71)/n T

Jn
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The Good, the Bad ...

Consider the identity matrix /, and two possible decompositions:
n n—1
/,, = Z 5k5/t = Z e,,7ke:’k
k=1 k=0

where {dy } is the canonical ONB, and {ey x }« is the Fourier ONB:

T

e =
n,k \/ﬁ

[ 1 ef27rik/n 6727rik(n71)/n

Notice: .
Z 164]|3 = n — "good decomposition”
k=1
n—1
Z Hen,kHi = n® — "bad decomposition”
k=0
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The (Counter)Example

We construct an example that answers negatively problem 1, but positively
problem 2.

Consider the form: T=T1oTo®--- BT, D,

T 3
T
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The CounterExample
.. and the Ugly

Each block T, is diagonalized by the Fourier ONB, and has positive simple
eigenvalues:

14 k
Tn = F kZ:O (1 + np) en,ke:;k.
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The CounterExample
.. and the Ugly

Each block T, is diagonalized by the Fourier ONB, and has positive simple
eigenvalues:

14 k
Tn = F kZ:O (1 + np) en,ke:;k.

Thus:
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Problem 1

Negative Answer

The eigendecomposition of T is

n—1 1 P
T:Zankak ) fnk—? 1+ﬁen,k
n>1 k=0
Then
n—1 ) n—1 1 k 1
PIDIIIHED DD DIETCESIED IS
n>1 k=0 n>1 k=0 =1

Hence the answer to problem 1 is negative: There is an operator
S:f— Sf(x) = [ K(x,y)f(y)dy with K € M}(R?) and S = S* >0, so
that its spectral decomposition S = 7,4 (-, fi)fx satisfies

Sl fllin = oo
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Problem 2

Positive Answer

We show now that same operator T we constructed earlier admits a

decomposition T = )", gmgn, so that >, HgmH? < 00.
Notice:

1 n—1 k 1 n—1 1 n—1
Tn = ﬁ I;) (1 + np) enden’k = ﬁ I;)(skdk + m I;) kemken’k

Thus the induced decomposition

n—1 n—1
Th = Z 81,0 kE1.nk T Z 82,n.k85.n k
k=0 k=0
satisfies
n—1
1 1 nn—=1) 1 1
2 2 _ - N 7T i _
l;l!gl,n,k\\l tleznklli= 5+ =5 S5t
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Problem 2

Positive Answer - cont’d

Thus:
n—1
* *
T=E g1.nk8ink+ 82.nkE5nk
n>1 k=0
satisfies

n—1
1 1
2 2
Z Z Hgl,n,kHI + Hg27,,7k\|1 < g ﬁ + ﬁ < 00
n>1 k=0 n>1
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Problem 2

Positive Answer - cont’d

Thus:
n—1
T=P gink&ink + &2nk&nk
n>1 k=0
satisfies
n—1 1 )
2 2
Z Z Hgl,nka]_ + ng,n,k |1 S Z ﬁ —|— ﬁ < 0
n21 k=0 n>1

Hence the answer to the second problem is affirmative: There is an
operator S = S* >0, f — Sf(x) = [ K(x,y)f(y)dy with K € M(RR?)
that admits a decomposition S = 37,1 (-, 8k)8« that satisfies

Yok Hgk||%/,1 < 00, but whose spectral decomposition does not satisfy the
same localization condition.
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Tensor Products

Consider A € C"™". We seek "optimal” decompositions of A into a sum of
rank-1 operators: A = >, uxv;.

In this talk we assume A to be positive semi-definite: A = A* > 0.
Criterion 1:

1. (A) = inf fl2.
+(A) A:ZL"zlfkf:kZ:l"k"l
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Tensor Products

Consider A € C"™". We seek "optimal” decompositions of A into a sum of
rank-1 operators: A = >, uxv;.

In this talk we assume A to be positive semi-definite: A = A* > 0.
Criterion 1:

Ji(A) = _inf ST

A= Zk 1f’< k k=1
Criterion 2:

Jo(A) = inf Z 1fill3

*Zk L=

where ¢, € {+1,-1}.
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Tensor Products

Consider A € C"™". We seek "optimal” decompositions of A into a sum of
rank-1 operators: A = >, uxv;.

In this talk we assume A to be positive semi-definite: A = A* > 0.
Criterion 1:

Ji(A) = _inf ST

A= Zk 1f’< k k=1
Criterion 2:

Jo(A) = inf Z 1fill3

*Zk L=

where ¢, € {+1,-1}.
Criterion 3:

J(A) = Z 1ficll1 gk ll1

A= Zklkgkk 1
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What we know

J(A)=  _inf ([ ficll1 l gk ll1
A= Zk 1 fugy Z

inf Z Ak

= i
A= Zk 1kt =1

Jp(A)= _inf f
+(A) AZ'“MZHkHl
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What we know

J(A)=  _inf ([ ficll1 l gk ll1
A= Zk 1 fugy Z

inf Z Ak

= i

A= Zk 1kt =1
J+(A)=  _inf Z el
A= Zk 1 kk =

1. Jn, Jo, J are positive, homogeneous, and convex on Sym™(C").
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What we know

J(A)=  _inf ([ ficll1 l gk ll1
A= Zk 1 fugy Z

inf Z Ak

= i
A= Zk 1kt =1

Ji(A) =  _inf Z Iill5-
A= Zk =
1. Jn, Jo, J are positive, homogeneous, and convex on Sym™(C").
2. J, Jo extend to norms on Sym(C").
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What we know

J(A)=  _inf ([ ficll1 l gk ll1
A= Zk 1 fugy Z

inf Z Ak

= i
A= Zk 1kt =1

Jp(A)= _inf f
+(A) AZ'“MZHkHl

1. Jn, Jo, J are positive, homogeneous, and convex on Sym™(C").
2. J, Jo extend to norms on Sym(C").
3. The following hold true:

2ijlAil =t Al = J < b(A) < 2[|All;; , VA € Sym(C").
Al = J < Jo(A) < Je(A) < nllAlly, , VA€ Sym™(C").
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Hypothesis

We posit the following hypothesis: There is a universal constant Cp < oo
so that for any n > 1 and every positive semidefinite A € C"™*",

Ji(A) = inf 112 < Go A
A=Y e e kzz:l ' idz—:l !

(H)
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Hypothesis

We posit the following hypothesis: There is a universal constant Cp < oo
so that for any n > 1 and every positive semidefinite A € C"™*",

Ji(A) = inf 112 < Go A
A=Y e e kzz:l ' idz—:l !

(H)

In a different formulation: The sequence (C,)n>1,

m

C, = sup inf Zufkni
AESH(C) : Al =1 A=) AT

is bounded.

Notice the sequence is monotonically increasing, C, < C,4+1 by a simple
bordering argument. Hence the hypothesis is equivalent to:

lim C,=Go< oo (H)
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Consequences of the Hypothesis
If the Hypothesis is False

Theorem (A)

If Hypothesis (H) is false, then there exists an operator A € Sym* (/?(N))
with ||Al|; ; < oo so that for any operator-norm convergent expansion

A=Y o1 fiff, the series Y= || fill7 = oo is divergent .

In the T-F language:
Theorem (B)

If Hypothesis (H) is false, then there is a positive trace-class operator
T € Sym™(L2(R)) with kernel K € M'(R?) so that for any operator-norm

convergent expansion T = 3,1 (-, fx)fx, the series 3~ | fill3 = oo is
divergent.

Radu Balan (UMD) Rank 1 Expansions
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If the Hypothesis is False
Proof of Theorem A

Proof of Theorem A:

For each n=1,2,... let A, € Sym*(C") so that [|Apl|;; =1,

Cn = J+(Ap) and limp_o0 J4(Ap) = 00. Let (wp)n>1 be a sequence of
non-negative numbers so that > ,~; w, < 0o but Y~ w,C, = 0co. Then
consider the operator N -

A= (wiA1) ® (WA2) @ & (WpAp) D ---

acting on /2(N). A direct computation shows A € Sym™(/?(N)) and
[All;; = >-n>1 Wn < 00. On the other hand, let A= 3"~ fkf;" a

decomposition of A into rank-1 matrices and let Py, Pp,---, Py, -+ the
orthogonal projections onto the corresponding block in matrix A. Thus
PAP=0¢ ---¢00A,90&--- and PL+Po+---+ P, +--- =1

Radu Balan (UMD) Rank 1 Expansions
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If the Hypothesis is False

Proof of Theorem A - cont'd

Let fk,n = P,fi. Then

A= D D funfim =D D fakfyk

nm>1k>1 n>1k>1

because the off-diagonal blocks must vanish. But then

Sist Illf = Yps1 Xks1 Ifakl7 which implies that the optimal
decomposition of A involves expansions of each block A, independently.

Therefore
J(A) =D Ji(An) =D winCp = <.
n>1 n>1

This shows Theorem A.

Theorem B is an immediate consequence.
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Consequences of the Hypothesis
If the Hypothesis is True

Theorem (C)

If the hypothesis (H) is true, then for any operator A € Sym™*(I?(N)) with
[|All;; < oo, and any e > 0 there are vectors fx, gk € (N), k=1,2,..
so that the operator-norm convergent expansion

A= Zk21 fkfk* - Zk21 gkg,’(k satisfies

2 2
YoNGNE < GollAlls +e , > llaklli <e
k>1 k>1

In particular, the set
S={A € Sym™(P(N)),[|All11 < o0, Ak : A= fifi, > Il < o0
k>1 k>1

is dense in {A € Sym*(I?(N)) , [Ally; < oo}
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Consequences of the Hypothesis
If the Hypothesis is True

Theorem (D)

If the hypothesis (H) is true, then for any operator T € Sym™(L?(R)) with
kernel K € M*(R?), and any £ > 0 there are vectors fi, gx € M*(R),
k=1,2,..., so that the operator-norm convergent expansion

T =3k>1 (5 f) e — k>t (5 8k) 8k satisfies

2 2
Y Mfllin < GllKlIwngey +e » D llelin <e
k>1 k>1

In particular, the set

S ={T & Sym™ (L’(R)), K llunezy < 00,3+ A= fidfio D il < oo}

k>1 k>1

is dense in {T € Sym™(L%(R)) , K € M}(R?)}.

v
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If the Hypothesis is True
Proof of Theorem C

Proof of Theorem C:

Fix A= A* > 0 with [|A[|;; < oo, and € > 0. Let n be large enough so
that the central [0, n] x [0, n] block A, of A carries the norm within ¢/ Cy:
[AllL1 = Yo<kjcn lAkgl > [|AllLy — &- Then let f1,-- -, frp be a
decomposition of A,

m
An =" fiff so that ||} < GollAn
k=1

Let B=A— A, € Sym(/>(N)) be the residual operator. Using the fact
that Jo(B) < 2[|Blly; < & < ¢ let fmi1, fny1, -+, 81,8, € [1(N) be

< Gol[Ally,y-

so that:
B= ) =) e
k>m+1 k>1
and DA+ el <e.
k>m+1 k>1
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If the Hypothesis is True
Proof of Theorem C

Putting together the two expansions, it follows

* * 2 2
A=Y hfi = agi » Y IRl < GolAl+e, Y llaklli <e
k>1 k>1 k>1 k>1

Theorem D follows similarly.
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THANK YOU!!

QUESTIONS?
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