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Abstract

For diffeomorphisms of smooth compact finite-dimensional manifolds, we consider
the problem of how fast the number of periodic points with period n grows as a
function of n. In many familiar cases (e.g., Anosov systems) the growth is expo-
nential, but arbitrarily fast growth is possible; in fact, the first author has shown
that arbitrarily fast growth is topologically (Baire) generic for C? or smoother diffeo-
morphisms. In the present work we show that, by contrast, for a measure-theoretic
notion of genericity we call “prevalence”, the growth is not much faster than exponen-
tial. Specifically, we show that for each p,d > 0, there is a prevalent set of C'** (or
smoother) diffeomorphisms for which the number of period n points is bounded above

149) for some C independent of n. We also obtain a related bound on the

by exp(Cn
decay of hyperbolicity of the periodic points as a function of n, and obtain the same
results for 1-dimensional endomorphisms. The contrast between topologically generic
and measure-theoretically generic behavior for the growth of the number of periodic
points and the decay of their hyperbolicity shows this to be a subtle and complex
phenomenon, reminiscent of KAM theory. Here in Part I we state our results and
describe the methods we use. We complete most of the proof in the 1-dimensional
C?-smooth case and outline the remaining steps, deferred to Part II, that are needed
to establish the general case.

The novel feature of the approach we develop in this paper is the introduction
of Newton Interpolation Polynomials as a tool for perturbing trajectories of iterated

maps.
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Chapter 1

A Problem of the Growth of the
Number of Periodic Points and
Decay of Hyperbolicity for (Generic
Diffeomorphisms.

1.1 Introduction

Let Diff"(M) be the space of C" diffeomorphisms of a finite-dimensional smooth
compact manifold M with the uniform C"topology, where dim M > 2, and let
f € Diff"(M). Consider the number of periodic points of period n

Po(f)=#{zeM: z=[f"(2)} (1.1)
The main question of this paper is:

Question 1.1.1. How quickly can P,(f) grow with n for a “generic” C" diffeomor-
phism f?

We put the word “generic” in brackets because as the reader will see the answer
depends on notion of genericity.
For technical reasons one sometimes counts only isolated points of period n; let

P(f)=4{zeM: z=f"(z) andy # f"(y)

1.2
for y # x in some neighborhood of x}. (12)



We call a diffeomorphism f € Diff"(M) an Artin-Mazur diffeomorphism (or simply
A-M diffeomorphism) if the number of isolated periodic orbits of f grows at most
exponentially fast, i.e. for some number C' > 0 we have

Pi(f) <exp(Cn) foralln € Z,. (1.3)
Artin & Mazur [AM] proved the following result.

Theorem 1.1.2. For 0 < r < oo, A-M diffeomorphisms are dense in Diff" (M) with
the uniform C" —topology.

We say that a point = € M of period n for f is hyperbolic if df"(x), the lineariza-
tion of f™ at z, has no eigenvalues with modulus 1. (Notice that a hyperbolic solution
to f"(z) = = must also be isolated.) We call f € Diff"(M) a strongly Artin-Mazur
diffeomorphism if for some number C' > 0,

P,(f) <exp(Cn) forallneZ,, (1.4)

and all periodic points of f are hyperbolic (whence P,(f) = Pi(f)). In [K1] an
elementary proof of the following extension of the Artin-Mazur result is given.

Theorem 1.1.3. For 0 < r < oo, strongly A-M diffeomorphisms are dense in
Diff" (M) with the uniform C"—topology.

According to the standard terminology a set in Diff" (M) is called residual if it
contains a countable intersection of open dense sets and a property is called (Baire)
generic if diffeomorphisms with that property form a residual set. It turns out the
A-M property is not generic, as is shown in [K2|. Moreover:

Theorem 1.1.4. [K2] For any 2 < r < oo there is an open set N° C Diff" (M)
such that for any given sequence a = {ay, }nez, there is a Baire generic set R, in N
depending on the sequence a,, with the property if f € R, then for infinitely many
ny € Zy we have P, (f) > an,.

Of course since P,(f) > Pi(f), the same statement can be made about P,(f). But
in fact it is shown in [K2] that P,(f) is infinite for n sufficiently large, due to a
continuum of periodic points, for at least a dense set of f € N.

The proof of this Theorem is based on a result of Gonchenko-Shilnikov-Turaev
[GST1]. Two slightly different detailed proofs of their result are given in [K2| and
[GST?2]. The proof in [K2] relies on a strategy outlined in [GST1].



However, it seems unnatural that if you pick a diffeomorphism at random then
it may have an arbitrarily fast growth of number of periodic points. Moreover, Baire
generic sets in Euclidean spaces can have zero Lebesgue measure. Phenomena that
are Baire generic, but have a small probability are well-known in dynamical systems,
KAM theory, number theory, etc. (see [O], [HSY], [K3] for various examples). This
partially motivates the problem posed by Arnold [A]:

Problem 1.1.5. Prove that “with probability one” f € Diff" (M) is an A-M diffeo-
morphism.

Arnold suggested the following interpretation of “with probability one”: for a
(Baire) generic finite parameter family of diffeomorphisms {f.}, for Lebesque almost
every € we have that f. is A-M (compare with [K3]). As Theorem 1.3 shows, a result
on the genericity of the set of A-M diffeomorphisms based on (Baire) topology is likely
to be extremely subtle, if possible at all 1. We use instead a notion of “probability
one” based on prevalence [HSY, K3|, which is independent of Baire genericity. We
also are able to state the result in the form Arnold suggested for generic families using
this measure-theoretic notion of genericity.

For a rough understanding of prevalence, consider a Borel measure ;1 on a Banach
space V. We say that a property holds “u—almost surely for perturbations” if it holds
on a Borel set P C V such that for all v € V we have v +w € P for almost
every w with respect to pu. Notice that if V = R* and pu is Lebesgue measure, then
“almost surely with respect to perturbations by u” is equivalent to “Lebesgue almost
everywhere”. Moreover, the Fubini/Tonelli Theorem implies that if u is any Borel
probability measure on RF, then a property that holds almost surely with respect
to perturbations by 1 must also be hold Lebesgue almost everywhere. Based on this
observation, we call a property on a Banach space “prevalent” if it holds almost surely
with respect to perturbations by u for some Borel probability measure p on V', which
for technical reasons we require to have compact support. In order to apply this notion
to the Banach manifold Diff"(M), we must describe how we make perturbations in
this space, which we will do in the next Section.

Our first main result is a partial solution to Arnold’s problem. It says that for
a prevalent diffeomorphism f € Diff" (M), with 1 < r < oo, and all § > 0 there exists

IFor example, using technique from [GST2] and [K2] one can prove that for a (Baire) generic finite-
parameter family {f.} and a (Baire) generic parameter value € the corresponding diffeomorphism f.
is not A-M. Unfortunately, how to estimate the measure of non-A-M diffeomorphisms from below is
a so far unreachable question



C = C(9) > 0 such that for alln € Z,
P,(f) < exp(Cn'™?). (1.5)

The results of this paper have been announced in [KH].

The Kupka-Smale Theorem (see e.g.[PM]) states that for a generic diffeomor-
phism all periodic points are hyperbolic and all associated stable and unstable mani-
folds intersect one another transversally. [K3] shows that the Kupka-Smale Theorem
also holds on a prevalent set. So, the Kupka-Smale Theorem, in particular, says that
a Baire generic (resp. prevalent) diffeomorphism has only hyperbolic periodic points,
but how hyperbolic are the periodic points, as function of their period, for a Baire
generic (resp. prevalent) diffeomorphism f? This is the second main problem we
deal with in this paper.

Recall that a linear operator L : RY — R is hyperbolic if it has no eigenvalues
on the unit circle {|z| = 1} C C. Denote by | - | the Euclidean norm in C. Then we
define the hyperbolicity of a linear operator L by

v(L) = ¢é1[%fl) |11)|n:f1 |Lv — exp(2mip)v|. (1.6)
We also say that L is y—hyperbolic if v(L) > ~. In particular, if L is y—hyperbolic,
then its eigenvalues {)\j}j-vzl C C are at least y—distant from the unit circle, i.e.
min; [|A;] — 1] > . The hyperbolicity of a periodic point = f"(x) of period n,
denoted by 7,(z, f), equals the hyperbolicity of the linearization df"(x) of f™ at
points x, i.e. Y,(x, f) = v(df™(z)). Similarly the number of periodic points P,(f) of
period n is defined, one can define

W)= min (. f). (1.7)

The idea of Gromov [G] and Yomdin [Y] of measuring hyperbolicity is that a ~—
hyperbolic point of period n of a C? diffeomorphism f has an M, *"~y-neighborhood

(where My = ||f||lc2) free from periodic points of the same period?. In Appendix A
we prove the following result.

Proposition 1.1.6. Let M be a compact manifold of dimension N, let f: M — M
be a CYP diffeomorphism, where 0 < p < 1, that has only hyperbolic periodic points,

2In [Y] hyperbolicity is introduced as the minimal distance of eigenvalues to the unit circle. This
way of defining hyperbolicity does not guarantee the existence of a My 1~ neighborhood free from
periodic points of the same period; see Appendix A.



and let My, = max{||f|ci+s,2/7}. Then there is a constant C = C(M) > 0 such
that for each n € Z, we have

Pa(f) < O (Myg,)" 000, (f) NP, (1.8)

Proposition 1.1.6 implies that a lower estimate on a decay of hyperbolicity 7, (f)
gives an upper estimate on growth of number of periodic points P,(f). Therefore, a
natural question is:

Question 1.1.7. How quickly can v,(f) decay with n for a “generic” C" diffeomor-
phism f?

For a Baire generic f € Diff"(M), the existence of lower bound on a rate of
decay of 7, (f) would imply the existence of an upper bound on a rate of growth of
the number of periodic points P, (f), whereas no such bound exists by Theorem 1.1.4.
Thus again we consider genericity in the measure-theoretic sense of prevalence. Our
second main result, which in view of Proposition 1.1.6 implies the first main result,
is that for a prevalent diffeomorphism f € Dift" (M), with 1 < r < oo, and for any
d > 0 there exists C'= C(0) > 0 such that

Wn(f) = exp(=Cn'*?). (1.9)

Now we shall discuss in more detail our definition of prevalence (“probability
one”) in the space of diffeomorphisms Diff"(M).

1.2 Prevalence in the space of diffeomorphisms
Diff" (M)

The space of C" diffeomorphisms Diff" (M) of a compact manifold M is a Banach
manifold. Locally we can identify it with a Banach space, which gives it a local lin-
ear structure in the sense that we can perturb a diffeomorphism by “adding” small
elements of the Banach space. As we described in the previous Section, the notion of
prevalence requires us to make additive perturbations with respect to a probability
measure that is independent of the place where we make the perturbation. Thus al-
though there is not a unique way to put a linear structure on Diff" (M), it is important
to make a choice that is consistent throughout the Banach manifold.

The way we make perturbations on Diff" (M) by small elements of a Banach space
is as follows. First we embed M into the interior of the closed unit ball BY c RY,



which we can do for N sufficiently large by the Whitney Embedding Theorem [W].
We emphasize that our results hold for every possible choice of an embedding of
M into RY. We then consider a closed neighborhood U C BY of M and Banach
space C™(U,RY) of C"™ functions from U to RY. Next we extend every element f €
Diff" (M) to an element F' € C" (U, RY) that is strongly contracting in all the directions
transverse to M?3. Again the particular choice of how we make this extension is not
important to our results; in Appendix C we describe how to extend a diffeomorphism
and what conditions we need to ensure that the results of Sacker [Sac] and Fenichel
[F] apply as follows. Since F' has M as an invariant manifold, if we add to F' a small
perturbation in g € C™(U,RY), the perturbed map F + ¢ has an invariant manifold in
U that is C"-close to M. Then F' + g restricted to its invariant manifold corresponds
in a natural way to an element of Diff"(M), which we consider to be the perturbation
of f € Diff'(M) by g € C"(U,RY). The details of this construction are described in
Appendix C.

In this way we reduce the problem to the study of maps in Diff"(U), the open
subset of C" (U, RY) consisting of those elements that are diffeomorphisms from U to
some subset of its interior. The construction we described in the previous paragraph
ensures that the number of periodic points P, (f) and their hyperbolicity ~,(f) for
elements of Diff"(M) are the same for the corresponding elements of Diff"(U), so
the bounds that we prove on these quantities for almost every perturbation of any
element of Diff"(U) hold as well for almost every perturbation of any element of
Diff"(M). Another justification for considering diffeomorphisms in Euclidean space is
that the problem of exponential /superexponential growth of the number of periodic
points P,(f) for a prevalent f € Diftf" (M) is a local problem on M and is not affected
by a global shape of M.

The results stated in the next Section apply to any compact domain U C RY,
but for simplicity we state them for the closed unit ball BY. In the previous Section,
we said that a property is prevalent on a Banach space such as C"(BY) if it holds
on a Borel subset S for which there exists a Borel probability measure p on C™(BY)
with compact support such that for all f € C"(BY) we have f + g € S for almost
every g with respect to u. The complement of a prevalent set is said to be shy. We
then say that a property is prevalent on an open subset of C"(B") such as Diff"(B")
if the exceptions to the property in Diff"(BY) form a shy subset of C"(BY).

In this paper the perturbation measure i that we use is supported within the
analytic functions in C"(BY). In this sense we foliate Diff" (BY) by analytic leaves

3The existence of such an extension is not obvious, as pointed out by C. Carminati.



that are compact and overlapping. The main result then says that for every analytic
leaf L C Diff"(BY) and every § > 0, for almost every diffeomorphism f € L in the
leaf L both (1.5) and (1.9) are satisfied. Now we define an analytic leaf as a “Hilbert

Brick” in the space of analytic functions and a natural Lebesgue product probability
measure f on it.

1.3 Formulation of the main result in the multidi-
mensional case

Fix a coordinate system z = (z1,...,zy) € RY D B and the scalar product (z,y) =
> iy Let a = (a, ..., an) be a multiindex from Z%, and let |a| = >, a;. For a
point x = (z1,...,xy) € RY we write 2% = sz\il x;". Associate to a real analytic

function ¢ : BY — R the set of coefficients of its expansion:

Hr) =Y Eaa” (1.10)

Denote by Wy, v the space of N-component homogeneous vector-polynomials of de-
gree k in N variables and by v(k, N) = dim W}, y the dimension of Wy n. According
to the notation of the expansion (1.10), denote coordinates in Wy x by

& = ({atial=r) € Win- (1.11)

In Wy, y we use a scalar product that is invariant with respect to orthogonal trans-
formation of RY D BY (see Appendix B), defined as follows:

G =3 (1) (i Tl = (ah) " (112

Denote by
Bév(’f‘) = {gk < Wk,N : Hé}g”k < 7”} (113)

the closed r—ball in W), x centered at the origin. Let Leb; xy be Lebesgue measure on
Wy v induced by the scalar product (1.12) and normalized by a constant so that the
volume of the unit ball is one: Leby x(BiY (1)) = 1.



Fix a nonincreasing sequence of positive numbers ¥ = ({r }32,) such that r, — 0
as k — oo and define a Hilbert Brick of size I
HBN(F) :{5: {ga}aEZf : forall k € Z+, Hgk”k < ’I"k}
:B[J)V(T‘()) X B{V(T’l) X X B,iv(rk) X .. (114)
C WO,N XWLN X"'XW&N X,

Define a Lebesque product probability measure pf associated to the Hilbert Brick
H B (T) of size ¥ by normalizing for each k € Z, the corresponding Lebesgue measure
Leby x on Wy to the Lebesgue probability measure on the ry—ball By (ry,):

Ly = r /0N Leby v and  pd = X oy, - (1.15)

Definition 1.3.1. Let f € Diff (BY) be a C" diffeomorphism of BY into its interior.
We call HB™(F) a Hilbert Brick of an admissible size ¥ = ({ry}32,) with respect to
fif

A) for each &€ HBY(Y), the corresponding function ¢=(z) = Zaezf Eux® is analytic
on BV

B) for each € € HBY(F), the corresponding map f=(x) = f(z) + ¢=(z) is a diffeomor-
phism from BN into its interior, i.e. {feteemny e C Diff" (BY);

C) for all 6 > 0 and all C > 0, the sequence rj, exp(Ck'*®) — oo as k — oo.

Remark 1.3.2. The first and second conditions ensure that the family { fe}zcup~ i)
lie inside an analytic leaf within the class of diffeomorphisms Diff"(BY). The third
condition provides us enough freedom to perturb. It is important for our method to
have infinitely many parameters to perturb. If ri’s were decaying too fast to zero it
would make our family of perturbations essentially finite-dimensional.

An example of an admissible sequence ¥ = ({ry}2,) is rx = 7/k!, where 7
depends on f and is chosen sufficiently small to ensure that condition (B) holds.
Notice that the diameter of HBY(¥) is then proportional to 7, so that 7 can be
chosen as some multiple of the distance from f to the boundary of Diff"(BY).
Main Theorem. For any 0 < p < oo (or even 1 + p = w) and any C*° diffeomor-
phism f € Diff'**(BY), consider a Hilbert Brick HB™ (¥) of an admissible size ¥ with
respect to f and the family of analytic perturbations of f

{fe(z) = f(z) + (2) Yeemr () (1.16)

with the Lebesgue product probability measure pY associated to HBY(F). Then for
every 6 > 0 and pf —a.e. & there is C = C(£,6) > 0 such that for alln € Z,

Yo (f2) > exp(—Cn1+5), P,(fz) < exp(C’n1+5). (1.17)



Remark 1.3.3. The fact that the measure p depends on f does mot conform to
our definition of prevalence. However, we can decompose Diff"(BY) into a nested
countable union of sets S; that are each a positive distance from the boundary of
Diff"(BY) and for each j € ZT choose an admissible sequence T; that is valid for
all f € S;. Since a countable intersection of prevalent subsets of a Banach space is
prevalent [HSY], the Main Theorem implies the results stated in terms of prevalence
in the introduction.

Remark 1.3.4. Recently the first author along with A. Gorodetski [GK] applied the
technique developed here and obtained partial solution of Palis’ conjecture about finite-
ness of the number of coexisting sinks for surface diffeomorphisms.

In Appendix C we deduce from the Main Theorem the following result.

Theorem 1.3.5. Let {f.}cepm C Diff'*?(M) be a generic m—parameter family of
CY* diffeomorphisms of a compact manifold M for some p > 0. Then for every
d > 0 and a.e. € € B™ there is a constant C = C(g,6) such that (1.17) is satisfied
for everyn € Z. .

In Appendix C we also give a precise meaning to the term generic. Now we formulate
the most general result we shall prove.

Definition 1.3.6. Lety > 0 and f € Diff"*?(BY) be a C*** diffeomorphism, for some
p > 0. A pointz € BY is called (n,~)-periodic if | f*(x)—x| <~ and (n,~)-hyperbolic
if (@, f) = y(df"(x)) = .

(Notice that a point can be (n,~)-hyperbolic regardless of its periodicity, but this
property is of interest primarily for (n,~)-periodic points.) For positive C' and 9 let
Y (C,0) = exp(—Cn'™9).

Theorem 1.3.7. Given the hypotheses of the Main Theorem, for every é > 0 and for
p ~a.e. £ there is C = C(&,8) > 0 such that for all n € Z.., every (n,%l/p(C, 9))-
periodic point x € BY is (n,v,(C,d))-hyperbolic. (Here we assume 0 < p < 1; in a
space Diff' **(BN) with p > 1, the statement holds with p replaced by 1.)

This result together with Proposition 1.1.6 implies the Main Theorem, because any
periodic point of period n is (n,7y)-periodic for any v > 0.

Remark 1.3.8. In the statement of the Main Theorem and Theorem 1.3.7 the unit
ball BN can be replaced by an bounded open set U C RN. After scaling U can be
considered as a subset of the unit ball BY .

9



One can define a distance on a compact manifold M and almost periodic points
of diffeomorphisms of M. Then one can cover M = U;U; by coordinate charts and
define hyperbolicity for almost periodic points using these charts {U;}; (see [Y] for
details). This gives a precise meaning to the following result.

Theorem 1.3.9. Let {f.}cepm C Diff'*?(M) be a generic m-parameter family of
diffeomorphisms of a compact manifold M for some p > 0. Then for every d > 0 and
almost every e € B™ there is a constant C' = C(g,0) such that every (n,wl/p(C’, d))-
periodic point x in BY is (n,y,(C,8))-hyperbolic. (Here again we assume 0 < p <1,
replacing p with 1 in the conclusion if p > 1.)

The meaning of the term generic is the same as in Theorem 1.3.5 and is discussed
in Appendix C.

1.4 Formulation of the main result in the 1-dimen-

sional case

The proof of the main multidimensional result (Theorem 1.3.7) is quite long and
complicated. In order to describe the general approach we develop in this paper we
apply our method to the 1-dimensional maps which represent a nontrivial simplified
model for the multidimensional problem. The statement of the main result for the
1-dimensional maps has another important feature: it clarifies the statement of the
main multidimensional result.

Fix the interval I = [—1,1]. Associate to a real analytic function ¢ : I — R the
set of coefficients of its expansion

be(x) = egat. (1.18)

For a nonincreasing sequence of positive numbers ¥ = ({r;}32,) such that r, — 0 as
k — oo following the multidimensional notations we define a Hilbert Brick of size r

HB'(Y) ={e ={a}32,: forall ke€Z,, |ex <ri} (1.19)

and the product probability measure ul associated to the Hilbert Brick HB'(F) of
size ¥ which considers each ¢; as a random variable uniformly distributed on [—ry, 7]
and independent from the other ¢;’s.

10



Main 1-dimensional Theorem. For any 0 < p < 0o (or even 1 + p = w) and any
CY™* map f: I — I of the interval I = [—1,1] consider a Hilbert Brick HB(F) of
an admissible size ¥ with respect to f and the family of analytic perturbations of f

{fe(z) = f(@) + ¢e(2) }eemmrr) (1.20)

with the Lebesque product probability measure uk associated to HB'(F). Then for
every § > 0 and pi-a.e. e there is C = C(g,8) > 0 such that for alln € Z,

Tl fe) > exp(—C’n1+5), P,(f:) < exp(C’n1+5). (1.21)

Moreover, for ul-a.e. €, every (n,exp(—Cn'*®))-periodic point is (n, exp(—Cn'*0))-
hyperbolic.

In [MMS] Martens-de Melo-Van Strien prove a stronger statement for C? maps.
They show that for any C? map f of an interval without flat critical points there are
v > 0 and ng € Z, such that for any n > ng we have |y,(f)] > 1+ ~. This also
implies that the number of periodic points is bounded by an exponential function of
the period. The notion of a flat critical point used in [MMS] is a nonstandard one
from a point of view of singularity theory, in particular, if 0 is a critical point, then
distance of f(x) to f(0) does not have to decay to 0 as x — 0 faster than any degree
of z.

In [KK] an example of a C"—unimodal map with a critical point having tangency
of order 2r + 2 and an arbitrary fast rate of growth of the number of periodic points
is presented.

Let us point out again that the main purpose of discussing the 1-dimensional case
in details is to highlight ideas and explain the general method without overloading
presentation by technical details. The general N-dimensional case is highly involved
and excessive amount of technical details make understanding of general ideas of the
method not easily accessible.
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Chapter 2

Strategy of the Proof

Here we describe the strategy of the proof of the Main Result (Theorem 1.3.7). The
general idea is to fix C' > 0 and prove an upper bound on the measure of the set of
“bad” parameter values & € HBY () for which the conclusion of the Theorem does
not hold. The upper bound we obtain will approach zero as C' — oo, from which it
follows immediately that the set of & € HBY(F) that are “bad” for all C' > 0 has
measure zero. For a given C' > 0, we bound the measure of “bad” parameter values
inductively as follows.

Stage 1. We delete all parameter values £ € H BY () for which the corresponding
diffeomorphism fz has an almost fixed point which is not sufficiently hyperbolic and
bound the measure of the deleted set.

Stage 2. We consider only parameter values for which each almost fixed point
is sufficiently hyperbolic. Then we delete all parameter values £ for which fz has an
almost periodic point of period 2 which is not sufficiently hyperbolic and bound the
measure of that set.

Stage n. We consider only parameter values for which each almost periodic point
of period at most n — 1 is sufficiently hyperbolic (we shall call this the Inductive
Hypothesis). Then we delete all parameter values € for which f= has an almost
periodic point of period n which is not sufficiently hyperbolic and bound the measure
of that set.

The main difficulty in the proof is then to prove a bound on the measure of
“bad” parameter values at stage n such that the bounds are summable over n and
that the sum approaches zero as C' — oco. Let us formalize the problem. Fix positive
p, 0, and C, and recall that 7, (C, ) = exp(—=Cn'*?) for n € Z,. Assume p < 1; if
not, change its value to 1.
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Definition 2.0.1. A diffeomorphism f € Diff'**(BN) satisfies the Inductive Hypoth-
esis of order n with constants (C,0,p), denoted f € IH(n,C,§,p), if for all k < n,
every (k,’y,i/p(()’, d))-periodic point is (k,vx(C,d))-hyperbolic.

For f € Diff'™ (M), consider the sequence of sets in the parameter space HBY (T

Bu(C.0,p,F. f) = {£€ HBV(¥)

ngIH(n—l,C,(S,p) bUt fggéIH(n?C’é?p)} (21)

In other words, B, (C, 4, p,T, f) is the set of “bad” parameter values &€ HBY(F) for
which all almost periodic points of fz with period strictly less than n are sufficiently
hyperbolic, but there is an almost periodic point of period n that is not sufficiently
hyperbolic. Let

My= sup max{||fellor, | /= e };

FEH BN (F)

) (2.2)
M1+P - Sup maX{Hf5||Cl+p7M172 p}'
ScHBN (F)
Our goal is to find an upper bound
/LIJ*'V {Bn(ca 5ap71_:7 f)} S ,un(ca 57 P, Fa M1+p)' (23)

for the measure of the set of “bad” parameter values. Then the sum over n of (2.3)
gives an upper bound

¥ {2 Ba(C,6,p,F, 1)} < ) pia(C, 6, p, T, M) (24)

n=1

on the measure of the set of all parameters & for which fz has for at least one n an
(n, 7}/"(0, d))-periodic point that is not (n, v,(C, d))-hyperbolic. If this sum converges
and

Z,un(C, 9, p, T, Myy,) = u(C,6,p, %, My;,) = 0as C — o0 (2.5)

n=1

for every positive p, §, and M, ,, then Theorem 1.3.7 follows. In the remainder of this
Chapter we describe the key construction we use to obtain a bound p,,(C, 6, p, ¥, M14,)
that meets condition (2.5).
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2.1 Various perturbations of recurrent trajectories
by Newton interpolation polynomials

The approach we take to estimate the measure of “bad” parameter values in the
space of perturbations HBY(T) is to choose a coordinate system for this space and
for a finite subset of the coordinates to estimate the amount that we must change
a particular coordinate to make a “bad” parameter value “good”. Actually we will
choose a coordinate system that depends on a particular point z, € BY, the idea
being to use this coordinate system to estimate the measure of “bad” parameter
values corresponding to initial conditions in some neighborhood of zg, then cover BY
with a finite number of such neighborhoods and sum the corresponding estimates.
For a particular set of initial conditions, a diffeomorphism will be “good” if every
point in the set is either sufficiently nonperiodic or sufficiently hyperbolic.

In order to keep the notations and formulas simple as we formalize this approach,
we consider the case of 1-dimensional maps, but the reader should always have in mind
that our approach is designed for multidimensional diffeomorphisms. Let f : [ — [
be a C' map on the interval I = [—1,1]. Recall that a trajectory {zj}rez of f is
called recurrent if it returns arbitrarily close to its initial position — that is, for all
v > 0 we have |zg — z,,| < v for some n > 0. A very basic question is how much one
should perturb f to make x( periodic. Here is an elementary Closing Lemma that
gives a simple partial answer to this question.

Closing Lemma. Let {z;, = f*(x0)}7_, be a trajectory of length n + 1 of a map
fil—1. Letu= (x0—x,)/ [}t (@n_1 — x1). Then xq is a periodic point of period
n of the map

fulz) = f(2) +u1:[(x — ) (2.6)

Of course f, is close to f if and only if u is sufficiently small, meaning that |z — x|
should be small compared to Z;g |z,_1 — x1|. However, this product is likely to
contain small factors for recurrent trajectories. In general, it is difficult to control the
effect of perturbations for recurrent trajectories. The simple reason why this is so is
because one can not perturb f at two nearby points independently.

The Closing Lemma above also gives an idea of how much we must change the
parameter u to make a point xy that is (n,~y)-periodic not be (n,~)-periodic for a
given v > 0, which as we described above is one way to make a map that is “bad”
for the initial condition xy become “good”. To make use of the other part of our
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alternative we must determine how much we need to perturb a map f to make a
given zg be (n,~)-hyperbolic for some v > 0.

Perturbation of hyperbolicity. Let {z, = f*(x0)}!Z, be a trajectory of length n
of a Ct map f: 1 — I. Then for the map

n—2

folx) = f(x) + v(z — 20_1) H(x — x3)? (2.7)

k=0

such that v € R and
I[(f) (wo)] — 1| =
n—1

T1 7o)+ [[ (s — ) T £/

k=0

(2.8)

=1 >7

we have that xo is an (n,~y)-hyperbolic point of f,.

One more time we can see the product of distances HZ;S |z,—1 — x| along the
trajectory is an important quantitative characteristic of how much freedom we have
to perturb.

The perturbations (2.6) and (2.7) are reminiscent of Newton interpolation poly-
nomials. Let us put these formulas into a general setting using singularity theory.

Given n > 0 and a C' function f : I — R we define an associated function
gtnf I — I" x R?™ by

jl’nf(l‘o, Ce ,ZL’n_l) = <$0, ey lp—1, f(ZL'()), ey f(ll'n_l),
f(@o)s- s fzn)).

In singularity theory this function is called the n-tuple 1-jet of f. The ordinary
1-jet of f, usually denoted by j'f(x) = (x, f(z), f'(z)), maps I to the 1-jet space
JMI,R) ~ I x R% The product of n copies of J!(I,R), called the multijet space, is
denoted by

(2.9)

jlyn(LR):{j%[aR)X"'le(jaR)a (210)
n times

and is equivalent to I™ x R?" after rearranging coordinates. The n-tuple 1-jet of f
associates with each n-tuple of points in I™ all the information necessary to determine
how close the n-tuple is to being a periodic orbit, and if so, how close it is to being
nonhyperbolic.

16



The set

An(l) = {{xo, e Tty X TP X R C TY(R)
(2.11)
3¢ # j such that x; = xj}

is called the diagonal (or sometimes the generalized diagonal) in the space of multijets.
In singularity theory the space of multijets is defined outside of the diagonal A, (1)
and is usually denoted by J!}(I,R) = J""(I,R) \ A,(I) (see [GG]). Tt is easy to
see that a recurrent trajectory {xy}rez, is located in a neighborhood of the diagonal
A (I) € JY(I,R) in the space of multijets for a sufficiently large n. If {xy}} =5 is
a part of a recurrent trajectory of length n, then the product of distances along the
trajectory

n—2
[T 121 — 2l (2.12)
k=0

measures how close {z;}7—; to the diagonal A, (I), or how independently one can
perturb points of a trajectory. One can also say that (2.12) is a quantitative charac-
teristic of how recurrent a trajectory of length n is. Introduction of this product of
distances along a trajectory into analysis of recurrent trajectories is a new point of
our paper.

2.2 Newton interpolation and blow-up along the
diagonal in multijet space

Now we present a construction due to Grigoriev and Yakovenko [GY] which puts
the “Closing Lemma” and “Perturbation of Hyperbolicity” statements above into
a general framework. It is an interpretation of Newton interpolation polynomials
as an algebraic blow-up along the diagonal in the multijet space. In order to keep
the notations and formulas simple we continue in this section to consider only the
1-dimensional case.

Consider the 2n-parameter family of perturbations of a C! map f: I — I by
polynomials of degree 2n — 1

fe(x) = f(x) + ¢ (2), Pe(x) = i e (2.13)
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where ¢ = (gg,...,c2,-1) € R*". The perturbation vector € consists of coordinates
from the Hilbert Brick H B'(F) of analytic perturbations defined in Section 1.3. Our
goal now is to describe how such perturbations affect the n-tuple 1-jet of f, and since
the operator j1™ is linear in f, for the time being we consider only the perturbations
¢. and their n-tuple 1-jets. For each n-tuple {xk}z;é there is a natural transformation
Jhm I x R*™ — J17(1,R) from e-coordinates to jet-coordinates, given by

TV (g, .. gy, €) = F (20, . Tnt). (2.14)

Instead of working directly with the transformation J", we introduce interme-
diate u-coordinates based on Newton interpolation polynomials. The relation between
e-coordinates and u-coordinates is given implicitly by

2n—1 2n—1 k—

de(z) = Z ezt = Z U,
k=0 k=0 J

Based on this identity, we will define functions D™ : I™ x R?" — I" x R?*" and
b I x R — JUVY(ILR) so that J5" = 71" o DY or in other words the
diagram in Figure 1 commutes. We will show later that D™ is invertible, while 71"

is invertible away from the diagonal A, (/) and defines a blow-up along it in the space
of multijets J'"(I,R).

1
(% = Zj(mod n))- (2.15)
0

DDYY(I,R) =1 x --- x I xR?"

n times
DLn
7.(.l,n
jl,n V
Ix - xIxR>™ TVILR) =1 x --- x I xR??
— S —
n times n times

Figure 2.1: Algebraic Blow-up along the Diagonal A, (1)

The intermediate space, which we denote by DD""(I,R), is called the space
of divided differences and consists of n-tuples of points {fEk}Z;é and 2n real coefhi-

cients {uk}z’i_ol. Here are explicit coordinate-by-coordinate formulas defining 7' :
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DD (I,R) — J4™(I,R). This mapping is given by

7T1’n(5€07 e T 1, Ugy - Uy 1) =
. , (2.16)
(xlh CIE ,$n71,¢5<l’0), s 7¢6(37n71)7 ¢5(£I}0>, s ,¢E<l’n,1)>,
where
¢e($0) =Uog,
be(21) =up + wr (21 — 20),
be(w2) =g + ur (2 — x0) + uz(T2 — 20) (T2 — 21),
Ge(Tn-1) =uo + ur(Tpn-1 — x0) + ...
1 (Tn1 — T0) -+ (Tny — Tpo2), (2.17)
a 2n—1 k
¢;( 0) _8_ <Z Ut H(x T j(mod n))) ‘:v:x )
k=0  j=0 0

)
LT=Tn—1

| 9 2n—1 k
¢(xn-1) T or (Z Uk H(af ~ Lj(mod n)))

k=0  j=0

These formulas are very useful for dynamics. For a given base map f and initial
point zg, the image f.(zo) = f(xo) + ¢<(x) of xy depends only on ug. Furthermore
the image can be set to any desired point by choosing ug appropriately — we say then
that it depends only and nontrivially on ug. If xg, x1, and ug are fixed, the image
fe(z1) of z1 depends only on uy, and as long as x¢ # x; it depends nontrivially on u;.
More generally for 0 < k < n — 1, if distinct points {z;}}_, and coefficients {u; ?;&
are fixed, then the image f.(xy) of x; depends only and nontrivially on wy.

Suppose now that an n-tuple of points {z;}"_, not on the diagonal A,(I) and
"~y are fixed. Then derivative f!(zo) at zo depends only and
nontrivially on u,. Likewise for 0 < k < n—1, if distinct points {z;}"~; and Newton

coefficients {u; ?:*é“’l are fixed, then the derivative f!(xy) at x, depends only and

Newton coefficients {u;

nontrivially on u,, .
As Figure 2 illustrates, these considerations show that for any map f and any
desired trajectory of distinct points with any given derivatives along it, one can choose

Newton coefficients {uy };";! and explicitly construct a map f. = f + ¢. with such a
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Zo T Ty T

-/’ﬁJ R

u u

T T
fl(xo) “’1 fu(xr) “’1

Figure 2.2: Newton Coefficients and their action

trajectory. Thus we have shown that 7" is invertible away from the diagonal A, (1)
and defines a blow-up along it in the space of multijets J'"(I,R).

Next we define the function D' : I" x R?>® — DDY(I,R) explicitly using
so-called divided differences. Let g : R — R be a C" function of one real variable.

Definition 2.2.1. The first order divided difference of g is defined as

g(71) — g(x0) (2.18)

Ag(x();xl) = T, — T

for x1 # xo and extended by its limit value as ¢'(xo) for x1 = xg. Ilerating this
construction we define divided differences of the m-th order for 2 < m <,

A"g(zo, ..., Tm) =
A™ gz, ... Tmen, ) — A (20, . Ty Tyn1) (2.19)

Tm — Tm—1

for x,_1 # x,, and extended by its limit value for x, 1 = x,,.

A function loses at most one derivative of smoothness with each application of
A, so A™qg is at least C"™ if g is C". Notice that A™ is linear as a function of g,
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and one can show that it is a symmetric function of xy, ..., z,,; in fact, by induction
it follows that

m

g9(zi)

A"g(xg, ... Ty) = -
=0 Hj;éi(xi - z;)

(2.20)

Another identity that is proved by induction will be more important for us, namely

A™ 2F(x0, ... Tm) = Pem(Tos -, Tim), (2.21)
where pg (o, ..., Zy) is 0 for m > k and for m < k is the sum of all degree k —m
monomials in xg, ..., x,, with unit coefficients,

Pem(T0y -y Tm) = Z ngj (2.22)
ro+--+rm=k—m  j=0
The divided differences are the right coefficients for the Newton interpolation
formula. For all C'"™ functions g : R — R we have

g(x) =Ag(20) + Alg(zo, 21)(x — 20) + . ..
+ A" g(20, .. ) (T —T0) . (7 — Tp) (2.23)
+ A"g(xg, ..., Tpo1,x) (T — x0) ... (T — Xpq)

identically for all values of x, xg, ..., x,_1. All terms of this representation are poly-
nomial in x except for the last one which we view as a remainder term. The sum of
the polynomial terms is the degree (n — 1) Newton interpolation polynomial for g at
{ack}z;é. To obtain a degree 2n — 1 interpolation polynomial for ¢ and its derivative
at {zx}7Z5, we simply use (2.23) with n replaced by 2n and the 2n-tuple of points
{Zk(mod n) Fio

Recall that D™ was defined implicitly by (2.15). We have described how to
use divided differences to construct a degree 2n — 1 interpolating polynomial of the
form on the right-hand side of (2.15) for an arbitrary C'*° function g. Our interest
then is in the case g = ¢., which as a degree 2n — 1 polynomial itself will have no
remainder term and coincide exactly with the interpolating polynomial. Thus D" is
given coordinate-by-coordinate by

2n—1
Um =A™ (Z Ekxk) (%0, -+ Tm (mod n))

2n—1

=Em + E 5kpk;,m(51307 ey Im (mod n))
k=m+1

(2.24)
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form=0,...,2n— 1.

Equation (2.24) defines a transformation (uq, . .., us,—1) = Lx (€) on R*"*, where
X, = (zg,...,2,-1) € I". We call L% the Newton map. This map is simply a
restriction of DM to its final 2n coordinates:

DY(X,,6) = (X, L (2)). (2.25)

Notice that for fixed X,,, the Newton map is linear and given by an upper triangular
matrix with units on the diagonal. Hence it is Lebesgue measure-preserving and
invertible, whether or not X,, lies on the diagonal A, (I).

Furthermore, the Newton map £%(n preserves the class of scaled Lebesgue product
measures introduced in (1.15). In general, a measure y on R?*" is a scaled Lebesgue
product measure if it is the product pt = g X - -+ X p19,,—1, where each fp; is Lebesgue
measure on R scaled by a constant factor (which may depend on the coordinate j).
Since the £%(n only shears in coordinate directions, we have the following lemma.

Lemma 2.2.2. The Newton map L'%(n given by (2.24) preserves all scaled Lebesgue
product measures.

This lemma will be used in Chapter 3. In the next section, we will introduce
the particular scaled Lebesgue product measure that the lemma will be applied to.
We call the basis of monomials

k
1@ = 2jgmod m) for E=0,....2n—1 (2.26)

J=0

in the space of polynomials of degree 2n — 1 the Newton basis defined by the n-
tuple {xk}’g;é The Newton map and the Newton basis, and their analogues in di-
mension N, are useful tools for perturbing trajectories and estimating the measure
pn(C, 6, p, ¥, Mi,) of “bad” parameter values &€ HB (r).

2.3 Estimates of the measure of “bad” parame-
ters and Fubini reduction to finite-dimensional

families

We return now to the the general case of C*** diffeomorphisms on RY. In order
to bound p¥{B,(C,4,p,¥, f)} we decompose the infinite-dimensional Hilbert Brick
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HBY(¥) into the direct sum of a finite-dimensional brick of polynomials of degree
2n — 1 in N variables and its orthogonal complement.

Recall that ¥ = ({r,,}2°_,) denotes the nonincreasing sequence {r, }mez, of sizes
of the Hilbert Brick. With the notation (1.11) and (1.12), define

HBE(F) ={{&n}mek : for every 0 <m <k, ||En]lm < 1}

:B (o) X -+ X Bliv—l(rk—l) CWon xWin X X Wi_in;
HB]>V,€ {{5m}m>k for every m >k, ||€n]|m < rm} (2.27)
—BN(’I“k) X Bk+1(Tk+1) - C Wk,N X Wk-Jrl’N X oo

HBY(¥) =HBZ,(F) ® HBL,(T).
Each parameter £ € HBY(¥) has a unique decomposition into

&= (5<k75>k> € HBZ, (*) @ HBY,(Y),
0=(x) =@z (¥) + Gy (X) = Y Eat® + Y E0a”, (2.28)

la|<k la|>k

where ¢z_, () is a vector-polynomial of degree k—1 and ¢z, () is an analytic function
with all Taylor coefficients of order less than k£ being equal to zero. Recall the notation
(1.15), and decompose the measure " on the brick HB™ () into the product

N k-1 00 N N _ N N
M<k,i" = Xpp= 0 /‘Lm Tm? :u>kr = X =k Mm,rwﬁ My = :u<k,f" X Mzk,f"' (229)

Thus, each component of the decomposition of the brick HBZ) (F) (resp. HBZ(T)) is
supplied with the Lebesgue product probability measure ,ugkj (resp. [Lgkf). Denote
by

W<kN = >< WmNa WZk,N = Xﬁ:k Wm,N (2-3())

the spaces to which the brick HBY) (F) and the Hilbert Brick HBY) (F) belong.
Consider the decomposition with k = 2n — 1. Suppose we can get an estimate

/“Lan,r" {BTL(C7 67 P, Fv fu 52271)} S /’LT“L(C? 67 P, M1+p) (231)
of the measure of the “bad” set

Bu(C,6,p,T, f,E50n) = {E<on € HBL,,(F) :

(2.32)
f-€ TH(n —1,0.5,p) but f-¢ IH(n,C,5,p)}.

in each slice HBY,, () x {€52,} € HBY(F), uniformly over &5, € HBY, (F). Then

by the Fubini/Tonelli Theorem and by the choice of the probability measure (2.29),
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estimate (2.31) implies (2.3). Thus we reduce the problem of estimating measure of
the “bad” set (2.1) in the infinite-dimensional Hilbert Brick H B™(F) to estimating
measure of the “bad” set (2.32) in the finite-dimensional brick HBY, (F) of vector-
polynomials of degree 2n — 1. Now our main goal is to get an estimate for the
right-hand side of (2.31).

Fix a parameter value €59, € H BJZV%(F) and the corresponding parameter slice
HBY,,(¥) x {£52,} in the Hilbert Brick HBN(¥). Let f = f(.,,) be the center of
this slice. In this slice we have the finite-parameter family )

{fg<2n}g<2n€HBN (F) = {f(€<2n,522n)}§<2n€HB§2n(I_") (233>

<2n

of perturbations by polynomials of degree 2n — 1. This is the family we consider
at the n-th stage of the induction. We redenote the “bad” set of parameter values

Bn(07 57 P Fa f7 gZQn) by Bn(ca 57 P, F? fN)

2.4 Simple trajectories and the Inductive Hypoth-
esis
Based on the discussion in Section 2.1, we make the following definition.

Definition 2.4.1. A trajectory xq,...,r,_1 of length n of a diffeomorphism f €
Diff" (BY), where x), = f*(x0), is called (n,v)-simple if

n—2

H |xp—1 — zg| > A /AN (2.34)
k=0

A point zy is called (n,v)-simple if its trajectory {xy = f*(x0)}iZy of length n is
(n,v)-simple. Otherwise a point (resp. a trajectory) is called non-(n,~y)-simple.

If a trajectory is simple, then perturbation of this trajectory by Newton Interpo-
lation Polynomials is effective as the Closing Lemma and Perturbation of hyperbolic-
ity examples of Section 2.1 show. To evaluate the product of distances it is important
to choose a “good” starting point xo of an almost periodic trajectory {xy}x in order
to have the largest possible value of the product in (2.34); for some starting points
the product of distances may be artificially small.

Consider the following example of a homoclinic intersection: Let f : B* — B>
be a diffeomorphism with a hyperbolic saddle point at the origin f(0) = 0. Suppose
that the stable manifold W#(0) and the unstable manifold W*(0) intersect at some
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point ¢ € W*(0) N W*(0). Then for a sufficiently large n there is a periodic point x
of period n in a neighborhood of ¢ going once nearby 0. It is clear that the trajectory
{f*(x)}7_, spends a lot of time in a neighborhood of the origin. Choose two starting
points #, = f¥(x) and 2{f = f*'(x) for the product (2.34). If z, is not in an exp(—en)-
neighborhood of the origin for some ¢ > 0, but z; is, then it might happen that

P2 () — F(ah)| ~ exp(—on) and [T72 |7 () — f5(af)] ~ exp(—'m?) for
some §,8 > 0. Indeed, if we pick out of {f*(x)}?_, only the n/2 closest to the origin,
then a simple calculation shows that all of them are in an exp(—en)-neighborhood of
the origin, where ¢ is some positive number depending on the eigenvalues of df (0). So
the first product might be significantly larger than the second one. This is because the
trajectory {f*(zf)}7Z, has many points in a neighborhood of the origin and all of the
corresponding terms in the product are small. This shows that sometimes the product
of distances along a trajectory (2.34) might be small not because the trajectory is too
recurrent, but because we choose a “bad” starting point. This motivates the following
definition.

Definition 2.4.2. A point x is called essentially (n,~y)-simple if for some nonnegative
j < mn, the point fi(x) is (n,7)-simple. Otherwise a point is called essentially non-
(n,y)-simple.

Let us return to the strategy of the proof of Theorem 1.3.7. At the n-th stage
of the induction over the period we consider the family of polynomial perturbations
{fecontesnenny, i of the form (2.33) of the diffeomorphism f € Diff'"*?(BN) by

polynomials of degree 2n — 1. Consider among them only diffeomorphisms f= _,, that
satisfies Inductive Hypothesis of order n — 1 with constants (C, 4, p), i.e. fg<2n €
IH(n —1,C,4,p) as we proposed earlier. To simplify notations we redenote the set
B,(C,6,p, ¥, f,E59,) by Bn(C,0,p,T, f) with f = fz.,,. Our main goal is to estimate
measure of “bad” parameter values B, (C,9,p,T, f;, given by (2.32), for which the
corresponding diffeomorphism has an (n,%l/ ?(C,6))-periodic, but not (n,,(C,d))-
hyperbolic, point z € BY.

We split the set of all possible almost periodic points of period n into two classes:
essentially (n, Vi/N(C, d))-simple and essentially non—(n,%l/N(C, d))-simple. Decom-
pose the set of “bad” parameters B, (C, 9, p, T, f) into two sets of “bad” parameters
with simple and nonsimple almost periodic points that are not sufficiently hyperbolic:

By™(C,0,p, ¥, f) = {€'€ HBN(¥) : feo,, € IH(n—1,C.5,p),
f€<2n has an (n,v/?(C, §))-periodic, essentially (2.35)
(n,7YN(C, §))-simple, but not (n,7,(C,§))-hyperbolic point z}
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and
B™(C,5,p,7, f) = {€€ HBN(¥) : f-_, € [H(n—1,C.5,p),
f=_,, has an (n,~}/?(C, 6))-periodic, essentially (2.36)
non-(n, 7/~ (C, §))-simple, but not (n, v, (C, §))-hyperbolic point 2}

It is clear that we have
B,(C,5,p,T, f) = BS™(C, 6, p, T, f) U B2(C, 6, p, T, f). (2.37)

We shall estimate the measures of the sets of simple orbits BS™(C, 4, p, T, f) and
nonsimple orbits BR*(C, 4, p, T, f ) separately, but using very similar methods.

Let f, € IH(n—1,C,6,p) be a diffcomorphism that satisfies the Inductive
Hypothesis of order n — 1 with constants (C,d, p). It turns out that if f~g<2n has
an (n,yi/p(C, d))-periodic and essentially non—(n,vi/N(C, J))-simple point z(, then
the trajectory of zy has a close return f;fdn (xg) = xy for k < n such that distance
|zog — x| is much smaller of all the previous |z — z;|, 1 < j < k. Let us formulate

more precisely what we mean here by “much smaller”.

Definition 2.4.3. Let g € Diff'"?(BY) be a diffeomorphism and let D > 1 be some
number. A point xo € BN (resp. a trajectory xg, ..., x, 1 = g" *(xg) C BY of length
n) has a weak (D,n)-gap at a point vy, = g*(xo) if

|z, — o] < D’”0 m<1]£1 ) |zo — xj]. (2.38)
<JSk—

and there is no m < k such that xo has a weak (D,n)-gap at x,, = g™ (xo).

Remark 2.4.4. The term “gap” arises by considering the sequence —log|zo —
x1|, —log|xg — xa|,...,—log|xg — xx|. Definition 2.4.3 implies that the last term
1s significantly larger then all the previous terms.

Let’s show that n should be divisible by £ for an almost periodic point of period
n with a weak gap at z;. This feature of a weak gap allows us to treat almost periodic

trajectories of length n with a weak gap at x as n/k almost identical parts of length
k each.

Lemma 2.4.5. Let g € Diff'"?(BY) be a diffeomorphism, M, be an upper bound
on Cl-norm of g and g', D > M2, and let xy have a weak (D,n)-gap at xp and
|zg — x| < |xg — xk|. Then n is divisible by k.
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Sketch of Proof: Denote by ged(k,n) the greatest common divisor of k£ and n.
Then using the bound on C'-norm of g and ¢~ for any z,y € BY we have

M g7 e) = g7 (W) < |lv =yl < My Jg(@) — g(y) (2.39)
Using the Euclidean division algorithm developed in Part II of this paper, one can
show that

|20 — Tged(em| < M{"D7" o Din  |ao — - (2.40)

Since D > M}, we cannot have ged(k,n) < k, so n must be divisible by k. Q.E.D.
In Part II of this paper we prove the following result.

Theorem 2.4.6. Let g € Diff""?(BY) be a diffeomorphism for some p > 0 and
satisfy the Inductive Hypothesis of order n—1 with constants (C., 9, p), i.e. g € IH(n—
1,0, 8, p) and let My, = max{||g~||c1, |lgllcr+e, 27}, C > 100p~ 16~ log My, ,, and
D= max{Mf%p, exp (C/100)}. Suppose the diffeomorphism g has an (n, 7" (C,5))-
periodic and essentially non—(n,%l/N(C, §))-simple point xg € BYN. Then either xg
is (n, v, (C, 8))-hyperbolic or zy has a weak (D,n)-gap at x), = g~(xo) for some k
dividing n and x; is (k:,wl/N(C, 0))-simple for some j < n.

Remark 2.4.7. As a matter of fact we need a sharper result, but Theorem 2.4.6 is a
nice starting point.

Theorem 2.4.6 implies that the set of “bad” parameters with an essentially non-
simple trajectory can be decomposed into the following finite union: Define the set
of parameters with an almost periodic point of period n with a weak gap at the k-th
point of its trajectory.

BYeP R (C 5 p. ¥, f; D) ={e€ HBN(¥) : f=c IH(n—1,C, 4, p),
f=has an (n,?(C,8))-periodic, but not (2.41)
(n, v, (C, §))-hyperbolic point zg with a weak (D, n)-gap at xj = falf(x)}

Then for D = max{Mf’g/pp, exp(C/100)}, Theorem 2.4.6 gives

BI(C,6,p,%, f) € (Ui BY=r(C,6, ., f D)) (242)

Combining inclusions (2.35) and (2.42), we have

Bn(cﬁ 57 pv Fa f) g

) - - 2.43
BY™(C, 0, p, T, f) U <Uk|an‘;vgap(k)(C7 8, p, T, f; D)) . ( )
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Thus we need to get estimates on the measures of bad parameters associated
with essentially simple trajectories BS™(C, §, p, T, f ) and trajectories with a weak gap
By gaLp(k)(C, 8, p,T, f; D), where k divides n. In Chapter 3, we describe the Discretiza-
tion method for the 1-dimensional model problem. This method will allow us to
estimate the measure of parameters BS™(C, 6, p, T, f ) associated with simple almost
periodic points. At the end of Chapter 3, we show how using the Discretization
method one can estimate the measure of parameters By, gap(k)(C, 5, p,T, f; D) associ-
ated with almost periodic trajectories with a weak gap. Loosely speaking, it is because
those trajectories have simple parts of length k (see the end of Theorem 2.4.6), and
hyperbolicity of simple part of length £ enforces hyperbolicity of the trajectories of

length n.
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Chapter 3

A Model Problem: C?-smooth
Maps of the Interval [ = |—1, 1]

In Section 2.4 we concluded that the key to the proof of Theorem 1.3.7 (which implies
the Main Theorem) is to get an estimate of the measure of “bad” parameters. Recall
that the set of “bad” parameters (2.32) consists of those parameters &€ H B () for
which the corresponding diffeomorphism fz: BY < B¥ has an almost periodic point
x of period n that is not sufficiently hyperbolic. In this chapter we present a detailed
discussion of C%-smooth 1-dimensional noninvertible maps (N = 1 and p = 1) with
a Hilbert Brick of a “nice” size. This 1-dimensional model gives a useful insight
into the general approach of estimating the measure of “bad” parameters for the N-
dimensional C'*?-smooth diffeomorphisms and allows us to avoid several technical
complications that will arise in Part IT of this paper [K5]. These complications are
outlined in the next chapter.

3.1 Setting up of the model

Let C?(I,I) be the space of C*-smooth maps of the interval I = [—1,1] into its
interior. Consider a C*-smooth map of the interval f € C?(I,I) and the family of
perturbations of f by analytic functions represented as their power series

fe(x) = f(x) + Zakxk. (3.1)

Fix a positive 7 > 0. Define a range of parameters of this family in the form of
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a Hilbert Brick
st _ [e%¢] . L
HBY () = {{en}icg: Ym 20, fenl < T} (32)

We call HB®(7) a Hilbert Brick of standard thickness with width 7. If we choose 7
small enough, then the whole family {f.}.cyps() C C?*(I,I) consists of C*-smooth
maps of the interval I.

Define the Lebesgue product probability measure, denoted by 5, on the Hilbert
Brick of parameters H B (7) by normalizing the 1-dimensional Lebesgue measure
along each component to the 1-dimensional Lebesgue probability measure

!

m —
Mi)i,’r = (E) Lebh lus<tk,7' = Xl:nzlo /’LTS’fL,T ,uit = XS:L):O ILLf':L,T' (33>

The main result of this Chapter is the following 1-dimensional analogue of Theorem
1.3.7.

Theorem 3.1.1. Let f € C*(I,I) be a C*-smooth map of the interval I into its inte-
rior and let T > 0 be so small that the family of analytic perturbations { fe}ecupst(r) C
C?(I,1) consists of C?-smooth maps of the interval I. Then for any § > 0 and -
a.e. € € HB®(7) there exists C' = C(e,d) > 0 such that the number of periodic points
P.(f:) of f- of period n and their minimal hyperbolicity v, (f:), defined in (1.7), for
alln € Z, satisfy

Yol fe) > eXp(—C’n1+5), P.(f:) < exp(C’nH‘S). (3.4)

The strategy for the proof of this Theorem is the same as the strategy of the proof
of Theorem 1.3.7 described in Chapter 2. Denote the supremum C? and C'-norms of
the family (3.1)

My = sup A{[[feller}, Mp= sup  {|fellc2, My, 2} (3.5)
e€HBs () e€HBs(T)

By analogy with the direct decomposition of the Hilbert Brick in the N-dimen-
sional case (2.27), for each positive integer k € Z, define the direct decomposition of
the Hilbert Brick of standard thickness H B(1)

s _ T
HB, (r) :{{gm L0 <m <k, |en| < m}.

m=0
(3.6)
e

HBSZtk<7-) :{{gm}fyj:k :Vm > ]{,‘7 |€m| < %}
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We call HB%,(7) a (k-dimensional) Brick of standard thickness with width 7. The
product measure ' on the whole Hilbert Brick HB®**(7) induces the measure of
product of Lebesgue probability u%, = on the k-dimensional Brick H B, (7).

Fix n € Z, and consider the n-th stage of the induction over the period (see the
beginning of Chapter 2). Let

flo) = f@)+ > e (3.7)
k=2n

for some {ex}32,, € HB,,(7), and consider the 2n-parameter family of pertur-

bations by polynomials of degree 2n — 1 with coefficients in the brick of standard

thickness HB%, (1),

f(z) = f(z) + Z_ ext®, &= (co,...,Em_1) € HBY,, (7). (3.8)
k=0

The bounds M; and M, from (3.5) apply to this subfamily of (3.1).

Using the Fubini reduction to finite-dimensional families from Section 2.3 right
after (2.31), for the proof of Theorem 3.1.1 it is sufficient to estimate the measure of
“bad” parameters in each such a family.

To fit the notations of our model we choose a sufficiently small positive 7, and
we introduce sets of all “bad” parameters (compare with (2.32))

B (C,6, f,m) ={e € HB, (1) : f. € IH(n —1,C,5,1),

- 3.9
fe has an (n,~,)-periodic, but not (n,,)-hyperbolic point x}, (3.9)

and define the sets B,S;fff(C’, 6, f,7n) and Bror(C, 6, f,7n) of “bad” parameters with
essentially simple (respectively nonsimple) trajectories as in (2.35) and (2.36):

BE™(C, 6, f,vn) = {€€ HBY,, (1) : f. € IH(n —1,C,6,1),
f- has an (n, 7, )-periodic, essentially (3.10)
(n, v, )-simple, but not (n, 7, )-hyperbolic point x,},

and
Br™C, 6, o) = {8 € HBY,, (1) : f. € [H(n —1,C,6,1),
f- has an (n, 7y, )-periodic, essentially (3.11)
non-(n, 7y, )-simple, but not (n, v, )-hyperbolic point z¢}.
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For sufficiently small ~,, e.g., v, < 7,(C,0), similarly to (2.37) we have the
following decomposition

Byt (C,68, f,m) = By(C,6, f,om) U B (C, 6, f,m)- (3.12)
The main result of the next three sections is the following estimate.

Proposition 3.1.2. Let {fE}EGH35<t27L(T) be the family of polynomial perturbations (3.8)
with bound My on the C*-norm. Then with the notation above, for any C > 2, § > 0,
and T > 0 and a sufficiently small positive 7y, e.g., Yn < Y. (C,9), the following esti-
mate on the measure of parameters associated with maps fg with an (n,~y,)-periodic,

essentially (n,y,)-simple, but not (n,~,)-hyperbolic, point holds

S 81m n n n—1! (2n—1)!
1 A BE(CL 6, foym) } < 67" MY a - ) . ) N4, (3.13)

It is clear that for any C' > 0 and § > 0, if 7, = exp(—Cn'*?), then the
right-hand side of (3.13) tends to 0 as n — oo superexponentially fast in n. An
estimate on the measure of essentially nonsimple trajectories 1%, T{Bgon(c, 5, f, %)}
is obtained in Section 3.5, Proposition 3.5.1. Application of these two Propositions
and arguments (2.3-2.4) will prove Theorem 3.1.1. The method of obtaining an
estimate for p <2nT{Bn°n (C,8, f\Ym )} is similar to the one we shall develop now to
prove (3.13).

3.2 Decomposition into pseudotrajectories

In this section, we decompose the set of “bad” parameters BZ}’T(C, o, f, ) for which
there exists a simple, almost periodic, but not sufficiently hyperbolic trajectory into a
finite union of sets of “bad” parameters. Each set will be associated with a particular
simple, almost periodic, but not sufficiently hyperbolic pseudotrajectory. In the next
section we will estimate the measure of “bad” parameters associated with a particular
trajectory, and in the subsequent section we will extend this estimate to the set of
“bad” parameters associated with all possible simple trajectories, obtaining estimate

(3.13).

Fix a sufficiently small ~,, > 0 and 7,, = v, M, “". Consider the 27,-grid in the
interval [

I, ={x €1l: 3k € Zsuch that x = (2k + 1)%,} C [ (3.14)
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Definition 3.2.1. We call a k-tuple {x]‘}?;& ell a Yn-pseudotrajectory associated
to e (or to the map f.) if for each j = 1,... . k—1 we have |f-(z;-1) —x;| <Ay, and we
call it a A, -pseudotrajectory associated to HBY,, (1) (or to the family {fg}seHBit%(T))
if it is associated to some € € HB%, (7).
A A, -pseudotrajectory xg, ..., x,_1 of length n associated to some parameter ¢ €

HB%, (1) for some~y >0 is

o (n,7)-periodic if | f-(xn_1) — xo| < 7,

o (n,7)-simple if [T}=g lwn-1 — ;] = /4,

e (n,v)-hyperbolic if ’H?;Ol ‘(fs)'(wj) — 1) > .

Remark 3.2.2. For fited ¢ € HB%,, (7), each initial point xy € I5, generates a
Yn-pseudotrajectory To, T1,...,Tn_1 of length n as follows. For each successive k =
1,...,n —1, choose &y, € I5, such that |Ty — f.(Zx—1)| < An. Notice that this choice
1S unique unless fs(fk,l) happens to lie halfway between two points of I~ . It may be
helpful in understanding the upcoming arguments to think of each initial point xo € I,

as generating a unique v,-pseudotrajectory for a given f., though for a measure zero
set of € there are exceptions to this rule. In fact, for our estimates it is important only
that the number of 7, -pseudotrajectories per initial point be bounded by an exponential
function of n, which is true in this case even if there is a choice of two grid points at
each iteration.

We would like to contain the set of “bad” parameters BS™(C, 4, f,v,) in a fi-

\T
nite collection of subsets each of “bad” parameters corresponding to a single 7,,-

pseudotrajectory
BTSLi;r_lﬁn<f’ Tns M2a Loy« - 7:1:71—1) - {8 S HBS<th(T) :
{zx}7Z) is a J,-pseudotrajectory associated to e and is (3.15)

(n, %) -simple and (n, M3'v,)-periodic, but not (n, M3"y,)-hyperbolic}
Introduce the union of all “bad” sets associated with 7,-pseudotrajectories
Bzi’rﬂr_l,’yn (.fv Tns MZ) = U{mo,...,mnfl}CH;n Bzi;l:l’:m (.]?7 Tns M27 Zo, - .- 7xn—1)- (3]-6>

Most of the sets in the right hand side are empty, and one of our goals is to estimate
the number of nonempty ones.

In comparison to the definition (3.10) of Bfli’T(C', 8, f, ), we increase periodicity
and hyperbolicity for pseudotrajectories and decrease simplicity. This will allow us
to prove that

B™(C, 6, fovm) C B (f, Ay, Ma). (3.17)

\T
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Intuitively this is true because each trajectory of length n can be approximated by a
pseudotrajectory of length n which has almost the same periodicity, simplicity, and
hyperbolicity as the original one. We will make this argument precise at the end of
Section 3.4.

Remark 3.2.3. Unlike BS”“(C 8, f.7m), we do not assume in the definition (3.15) of
B,S;’T”"(f,vn, M,) that f. € TH(n—1,C,6,1). This is because we only need the Induc-
tive Hypothesis to estimate the measure of “bad” parameters in the case of nonsimple
trajectories.

Our goal is then to estimate the measure u<2nT{BSIm’% 1 %,Mg)} in order
to prove Proposition 3.1.2. Loosely speaking, this measure will be estimated in two
steps:

Step 1. Estimate the number of different 7,,-pseudotrajectories #,(7,, 7) associated
to HB<2TL( )

Step 2. Estimate the measure

Ms<t2nT{lem,'yn f Tns MQ; Loy .- axnfl)} S :un(M% Tns :)/na T) (318)

uniformly for an (n,y,)-simple ¥,-pseudotrajectory {zo,...,&,—1} € I .

Then the product of two numbers #,,(V,, 7) and i, (Ms, Vn, 7n, T) that are obtained
in Steps 1 and 2 gives the required estimate (3.13).

Actually the procedure of estimating p <2nT{BSImW" £\ s Mg)} is a little more
complicated. Based on the definition (3.15) of the set Bf;ff”"(f, Vs Moy Toy .o Tp1)
of parameters ¢ for which the diffeomorphism f, has a prescribed 7,-pseudotrajectory
{zo,...,xp_1} € IZ that is almost periodic and not sufficiently hyperbolic, define a
set of parameters e for which only a part of the 4,-pseudotrajectory {xq, ..., Zm_1} €
I3 is prescribed for f.:

Bzi’r?,%d’ Yoy Ma; o, .., T1) = {€ € HB,,(7) : there exist

Ty, -, Tn_1 € I5, such that {xj}j:() is a 4,-pseudotrajectory (3.19)
associated to e, and € € Bfi‘fﬁ"(f, Vs Ma; oy ooy Tpo1) }
For each m =1,2,...,n — 1 it is clear that

B'rszi,{lrlﬁn (f~7 Tns M27 Zoy - .- 7xm—1) == UmeIqHBZi’I:—lﬁn(f7 Tns M27 oy - - - ,ZEm>. (320)
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Inductive application of this formula to the definition (3.16) yields
Bii’lql_lﬁn (f7 Tns MQ) = ULTTOGI:M szlj}rlﬁn (f7 Tns MQa jO) (321>

The estimate of Step 1 then breaks down as follows:

- # of initial # of 4,-pseudotrajectories
Ho (G, 7) & X (3.22)

points of I5, per initial point

And up to an exponential function of n, the estimate of Step 2 breaks down like:

Measure of Measure of

periodicity hyperbolicity
Mn(MQa’Yn)P?n?T) ~ (323)

# of A,-pseudotrajectories

per initial point

(Roughly speaking, the terms in the numerator represent respectively the measure of
parameters for which a given initial point will be (n,,)-periodic and the measure
of parameters for which a given n-tuple is (n,~,)-hyperbolic; they correspond to
estimates (3.30) and (3.33) in the next section.) Thus after cancellation, the estimate
(C, 5, f, ) associated to simple, almost periodic,
not sufficiently hyperbolic trajectories becomes:

of the measure of “bad” set By

Measure of bad <
parameters -
(3.24)
# of initial o Measure of « Measure of
points of I, periodicity hyperbolicity

The first term on the right hand side of (3.24) is of order 7, ! (up to an expo-
nential function in n). In Section 3.3, we will show that the second term is at most
/ 4, and the third term is at most of order (2n)!’y}/ 2, so that the product

on the right-hand side of (3.24) is of order at most n!(2n)!fy71/ * (up to an exponential

of order n!fy,?i

function in n) and is superexponentially small in n. These bounds use the change of
parameter coordinates by Newton interpolation polynomials that was introduced in
Section 2.2, and they do not depend on whether the parameters are associated with
the brick HB,, (7), except in that we use the bound M, on the C? norm of the maps
involved.
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In Section 3.4, we complete the proof of Proposition 3.1.2 by bounding the
total measure of “bad” parameters for all pseudotrajectories associated to HB%,, (7).
Since we use the Fubini theorem in the Newton coordinates uyg, ..., us,_1, we need
to know the maximum range of each of these parameters in the image of HB%, (1)
under this coordinate change. In the “Distortion Lemma”, we show that the image
of HB%,,(7) is contained in a brick 3 times as large in each direction. Then, in the
“Collection Lemma”, we show in effect that the cancellation in going from (3.22)
and (3.23) to (3.24) is valid. In fact, the number of 4,-pseudotrajectories for a given
initial point may depend significantly on the initial point, and we do not bound it
explicitly. Rather, we show that in the decomposition (3.21), the measure of each
term B3 ( £, A, My; &) is bounded (up to a factor exponential in n) by the product
of the “measure of periodicity” and “measure of hyperbolicity” derived in Section 3.3,
thus yielding a final estimate of the form (3.24).

3.3 Application of Newton interpolation polyno-
mials to estimate the measure of “bad” pa-
rameters for a single trajectory

In this section we fix an n-tuple of points {z; };‘;01 € I", denoted by X,,, and estimate
the measure of “bad” parameters B3 (f, y,, Ma; T, . .., T,—1) } associated with this
particular trajectory. Recall that 7, = My 2"y,,.

Problem 3.3.1. Estimate the measure of e € HBY, (7) for which the n-tuple {z;}"~]
18

A) a A,-pseudotrajectory, i.e., |f5(:17]) — 24| <A, for j=0,...,n—2;

B) (n,7,)-periodic, i.e., |fo(zn_1) — 20| < m; and

(3.25)
TT10Y )l 1

C') not (n,,)-hyperbolic, i.e., < Y.

Recall the definitions and notation of Sections 2.2 and 2.3. In particular, W.gy,
is the space of polynomials of degree 2n — 1 with the standard basis {#™}?*~}. The

m=0

measure 4%, . defined on the brick HBY,, (1) € W, by (3.3) extends naturally
to Wcg,,1 using the same formulas. Denote by WZ;}L”I the same space of polynomials

of degree 2n — 1, but with the Newton basis (2.26). Lemma 2.2.2 implies that the

st
<2n,T*

Newton Map L% : Weoy1 — Wi‘;,f”l defined by (2.24) preserves the measure p

36



In other words, the definition (3.3) produces the same measure whether the standard
basis or Newton basis is used.

Now we will estimate the measure of “bad” parameters for a particular trajectory
using the Newton basis, without regard (except in the final hyperbolicity estimate)
to whether the parameters u = (ug, uy, . .., us,_1) lie in the image Lx (HBitzn( )) of
the brick we are concerned with. For a ﬁxed n-tuple of points X,, = {:BJ Fis o, consider
the Newton family of polynomial perturbations

2n—1 m—1
fuxo(@) = F@) + > um [ [ (= = 5 (moa m)- (3.26)
m=0 7=0

Notice that in (2.17) and Figure 2.2, the image f, x, () of 2o is independent of
uy, for all k > 0. Therefore, the position of f, x, (o) depends only on uy. Recall that
tyy » 18 1-dimensional Lebesgue measure scaled by m!/(27). This gives

st
Ho - {U’O

Fix ug. Similarly, the position of f,(z1) depends only on uy (see (2.17) and Fig. 2.2).

0! 0,

(3.27)

Fux, (@0) = a1| = | Fla) +uo — 1

T

Thus, we have

,uslT{lh : qun $1) —$2‘ =

(3.28)

3 1A,
f(x1)+uo+ul(x1—9:o)—x2‘ <Ayt < g

T ’fﬂl — .Z'o‘

Inductively for kK =2,...,n—1, fix ug,...,ur_1. Then the position of f%Xn (k)

depends only on uy. Moreover, for k = 2,...,n — 2 we have
:uth{uk fNU,Xn (xk) - xk-l-l‘ =
m—1 5 3.29)
- k! An (
)+ D um || @k —x5) — Tepa S%}S— ;
| Z jH) T I, o — ]
and for £k =n — 1 we have
~ n - 1 ! n
it Faxa @) — o <y < BT (3.30)

T IS ey — a5
In particular, the parameter w,_; is responsible for (n,~,)-periodicity of the n-tuple

X,,. Formula (3.30) estimates the “measure of periodicity” discussed in the previous
section.
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Choose uyg,...,u,—1 so that the n-tuple X,, is a *,-pseudotrajectory and is
(n, v,)-periodic. Notice that parameters uy,, tpi1,. .., Uz,—1 do not change the 7,-
pseudotrajectory {xk}z;é Fix now parameters ug, ..., us,_o and vary only ug,_1.
Then for any C'-smooth map g : I — I, consider the 1-parameter family

|
I\

n

Gusar (¥) = 9(2) + (& — 20) | [ (2 — 2)° (3.31)

.
I
=)

2

Since the corresponding monomial (x — x, 1) [[}_ (= — 2;)? has zeroes of the second

order at all points xy, except the last one x,,_1, we have

[0 ) = <g'<xn_1> | xjf) Mo 62

j=0 j=0

To get the final estimate, we use the fact that we are interested only in maps
from the family {f.}.cups, (). Therefore, we have |f; x (zn-1)| < M1 < M,. For

condition (C) of (3.25) to hold, H;:Ol %, (7))

occurs for any ug, 1 = €9,—1 € HB3 (7), then ‘H"*2 Z,xn(xj)‘ > (1 —,)/M; for

must lie in [1 — ~v,, 1+ 7,]. If this

j=0
all ug,_1, because this product does not depend on uy, ;. Using (3.32) and the fact
that 1 —~, > 1/2, we get

n—1
Hon—1,r {Uzn—l AT 1 (fuxn) ()] = 1] < %} <
C ' (3.33)
2M2(n ) n—2 ! 2:4M2(n ) n—2 ! 2°
27 szo |$n—1 - x]-| T Hj:() |9Un—1 - $j|

This formula estimates the “measure of hyperbolicity” discussed in the previous sec-
tion.
By Lemma 2.2.2; we can combine all these estimates and get

:us<tn,7 X ll;tn_m{(uo, e Up—1, u2n—1) € Wg;z),(ln X W;r;,)—(il :
fux, satisfies conditions (3.25) and || fux, |lc2 < Ma} < (3.3
(n—1)! 7, Cn—1Dlv, m! A '

AM, - 11

3 3 1
T H?:o | Tyt — $j| T H?:o |Tn—1 — xj| m=0 T H;‘nzo |Tm — $j|’

X X : : o . :
where the spaces W2 'y" and Wy 71, are discussed in the beginning of this section.

This estimate corresponds loosely to (3.23) in the previous section. The final term
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is an upper bound on measure of parameters for which X,, is a 4,-pseudotrajectory
for f,x,. Roughly speaking, since almost every initial point z( has exactly one
Yn-pseudotrajectory X, € I7 for each set of parameters, and the total measure of
parameters in HB%, (1) is 1, the sum over all 4,-pseudotrajectories X,, associated
to xo and HB%,, (1) of the parameter measure associated with X,, should be 1. Thus
the final term on the right-hand side of (3.34) also represents an upper bound on
the inverse of the number of 7,-pseudotrajectories per initial point, which appears in
(3.23). However, we need the upper bound to be sharp in order to cancel this term
with that in (3.22), and the heuristic explanation of this paragraph is complicated by
the fact that the parameterization we are using depends on the 7,-pseudotrajectory
X,,. These challenges will be resolved in the Collection Lemma of the next section.

3.4 The Distortion and Collection Lemmas

In this section we formulate the Distortion Lemma for the Newton map Lk , and
complete the estimate of the measure of all “bad” parameters with a simple, almost
periodic, but not sufficiently hyperbolic trajectory (3.13) by collecting all possible
“bad” pseudotrajectories (see the Collection Lemma below).

Consider an ordered n-tuple of points X,, = {z;}"23 € I" and the Newton

7=0
map Ly : Weoys — WE’Q)SE, defined by (2.24). We now estimate the distortion

of the Newton map E%(n as the map from the standard basis {8k}i261 in Weap 1 to
the Newton basis {uy}7"," in Wz;,i"l It helps to have in mind the following picture

characterizing the distortion of the Newton map.

1 : /
€0 £Lx, : / E Ug
=> - '

E2k—1
©
©

Figure 3.1: Distortion by the Newton map
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The Distortion Lemma. Let X,, = {z; }‘:—& € I" be an ordered n-tuple of
points in the interval I = [=1,1] and L% : Weop1 — W;‘Q)s"l be the Newton map,
defined by (2.24). Then the image of the Brick of standard thickness HB%,, (1) with

width T > 0 is contained in the Brick of standard thickness H B, (37) with width 37 :

Lx, (HBZ,, (1)) € HB%,(3r) € Wiy, (3.35)
In other words, independently of the choice of an n-tuple {xj}?;é e I"™ for any 0 <
m < 2n, the coefficient u,, has at most the range of values |uy,| < % in the image

Lx,(HBZy, (7).

Remark 3.4.1. For this lemma, the sides of the Brick HB%, (T) have to decay at
least as fast as a factorial in the order of the side, i.e., r, < = for some 7 > 0. If
the sides of a Brick under investigation decay, say, as an exponential function, i.e.,
T, = exp(—Kn) for some K > 0, then the Distortion Lemma fails and there is no
uniform estimate on distortion. In terms of formula (2.24), if the range of values of
gx does not decay fast enough with k, then u,, depends significantly on € with k much
larger than m.

Proof: Recall that for {e,,}2"- € HB%,, (1) we have for each m that |z,,| <

m=0

7/m!. By definition (2.24) of the Newton map L% we have

2n—1

Uy = Em T Z 5kpk,m($0, ey I (mod n))a (336)

k=m+1
where py,,, is the homogeneous polynomial of degree k —m defined by (2.22). Notice
that every monomial of py ,, is uniformly bounded by 1, provided all points {xj}?:_ol
are bounded in absolute value by 1. Therefore, |py | is uniformly bounded by the
number of its monomials (f@) This implies that

2n—1

k

< <

ol < enl + 3 el () <
b 3 (3.37)

T T

— |1 —_— | < —.

m! ( i Z (k;—m)!) — m!

k=m+1

This completes the proof of the Lemma. Q.E.D.
For a given n-tuple X,, = {xj}?:_& € I", the parallelepiped

S<t2n7Xn (1) = E%(n(HBit%(T)) - WEQ)& (3.38)
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is the set of parameters (uq, . . . , us,_1) that correspond to parameters (eq, ..., €9,_1) €
HB%,, (7). In other words, these are the Newton parameters allowed by the family
(3.8) for the n-tuple X,,. We already knew by Lemma 2.2.2 that P¥,, x (7) has the
same volume as HB%, (7), but the Distortion Lemma tells us in addition that the
projection of P, x () onto any coordinate axis is at most a factor of 3 longer than
the projection of HB%, (7).

Let X, = {xj}jzo be the m-tuple of first m points of the n-tuple X,,. We now
consider which Newton parameters are allowed by the family (3.8) when X,,, is fixed
but x,,,...,x,_1 are arbitrary. Since we will only be using the definitions below for
discretized n-tuples X,, € IZ , we consider only the (finite number of) possibilities

Ty oo, Tt € 15, Let

ﬂ-i’Q)?{;:gm Wi‘fﬁ”l - ngrf and ”Zzyfznm Wgzﬁ%ﬁ - Wu X
be the natural projections onto the space W;‘,ff 1"~ R™ of polynomials of degree m
and the space W" Xm ~ R of homogeneous polynomials of degree m respectively.
Denote the unions over all z,,, ..., x,_ ) € Iy, of the images of P¥,, x (7) under the

respective projections 7TUX and T b
p proj <2n,<m <2nm y

X X

7D<2'n, <m Xm( ) = Uﬂﬂmp--,ﬂcn—lGL‘yn ian<m(P<2n Xn( )) - ngT
X X

7)<2nme( ) = U$m ,,,,, Tp—1€l5, T[-Zanm(P<2n Xn< )) - Wu "

For each m < n, the set P%,, _,, x, (7) is a polyhedron and P%,,, | x (7)is a segment
of length at most 67/m! by the Dlstortlon Lemma. Both depend only on the m-

(3.39)

tuple X,,, and width 7. The set P¥,, ., x, (7) consists of all Newton parameters
{u;}in, € Wi Xm that are allowed by the family (3.8) for the m-tuple X,,.
For each m < n, we introduce the family of diffeomorphisms

where u(m) = (uo,.. um) € 73<2n <mx,, (7). For each possible continuation X,
of X,,, the family fu(m x,, includes the subfamily of f,x, (with u € 73<2nX (1))
corresponding to U, 11 = Upmao = -+ = Ug,—1 = 0. However, the action of fu,Xn on
xo, ..., Ty doesn’t depend on Uy, 41, ..., Uz,—1, so for these points the family fim) x,,
is representative of the entire family f, x,. This motivates the definition
<’2’Yrr;<m T(f Loy -3 Tmn—15Tm, xm—l—l) -
»Xm .
{ulm) € Py, <, (1) C WD (3.41)

[ Futm) X (@51) = 2] < Fu for j =1, ;m+1}.
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The set Ti;;;<m T(f' Ty -+ y L1, Tm,y Tm1) Tepresents the set of Newton parameters
u(m) = (uo, . m) allowed by the family (3.8) for which xq,...,Zpmy1 IS & Fp-
pseudotrajectory of fu (m)X,, (and hence of fu x,, for all valid extensions v and X,, of
u(m) and X,,).

In the following lemma, we collect all possible 7,-pseudotrajectories and esti-
mates of “bad” measure corresponding to those 7,-pseudotrajectories.

The Collection Lemma. With the notations above, for all xg € I5, the measure

of the “bad” parameters satisfies

MS%’DQ”T{BSHH’Y” f 7”7M2;x0>} <
-l @n—1)! - (3.42)
v

n

62 fin+1 (n

2 T T

Proof of the Collection Lemma: We prove by backward induction on m that for
Zo, - - m € [’Yn7

,us<th T{BSlm ’Yn f s M2; To, - - - 7$m)}
< 62n—mM4n+1 (n B 1)' (277, - 1)'

t 1 5/4
Ms<mT{T<;7;L<m 17—fx07---, }7/

resulting when m = 0 in (3.42).
Consider the case m = n — 1. Fix an (n,~,/2)-simple n-tuple X,, = {xj}}‘:_& €
IZ . Using formulas (3.30) and (3.33), we get

(3.43)

gy Attt | fux, (@no1) — 0| < My} <

(=D Mg 2PMEG 1), (3:44)
T H:Ln_:Qo [Tn1— Tm| T "
and

n—1
w1 Auans | [T 1(fux,) ()] = 1] < M3™y,} <

7=0 X (3.45)
M, (2n —1)! 2 M3my, < 252 M3t (20 — 1)! Ny

T Hnm_zo |Tn—1 — Tml|? T "

The Fubini Theorem, Lemma 2.2.2, and the definition of the product measure p%,,
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imply that
:us<t2n,7' {B;i,l;['lﬁn<f~> Tns M27 Lo, - - - 7In71)} S

st 17;?774 ~.
:u<n71,7— {T<2n,§n—277-(fa oy .- - 7xn—1>} X

2n—2
ity { s s | Fua (@nc) = 0| < Mg} x TT st AP, (7))
poln (3.46)
n—1
o v+ [T 1) @) = 1] < M3,
=0
-1 (2n—1)!
§211/43n—1M§n+1 (TL ) ( n Ns<tn 1T{T<,£,£<n . f 20, .-+ s T 1 }75/4

T T
The last inequality follows from the Distortion Lemma, which says that for each
s=nn+1,...,2n—2

Nzt,‘r ?2n,s,Xn (T)} S 3. (347>

Since 211/43"~1 < 6"*!  this yields the required estimate (3.43) for m =n — 1.
Suppose now that for m + 1, (3.43) is true and we would like to prove it for
m. Denote by Gﬁ;,’amﬁ(f,u(m — 1);20,...,2y) C I5, the set of points x,,41 of

the 29,-grid I5, such that the (m + 2)-tuple xzg,..., 2,11 1S a J,-pseudotrajectory
associated to some extension u(m) € P%y, ., x (1) of u(m — 1). In other words,

Gigﬁﬁmj(f,u(m — 1);20,...,%y) is the set of all possible continuations of the 7,-
pseudotrajectory xo, ..., z,, using all possible Newton parameters u,, allowed by the
family (3.8).

Now if zg, ...,z is a J,-pseudotrajectory associated to u(m) = (uq, ..., un),
then at most 2 values of z,,,1 € I are within 4, of fumm)x,,(%n). Thus for fixed
u(m — 1) = (ug,...,Um-1) € P, <m-1X, (1), each value of u,, € P%,  x, (T)
corresponds to at most 2 points in Ggg,’fme(f, (m—1);x0,...,2,). It follows that

Z MzmT{T<g7;L<mT f xo,...,$m+1)} <
Tm41 EGQ;Z mr (Fr(m=1);20,....xm) (3.48)

P<2nmxn( )} :u<m 1,7 <72,y17<m 1T(f;x07""xm)}'

The Distortion Lemma then implies that

Z <mT{T<,2,y1;L<mT f,$0,...,$m+1)} <

mm+1€G1<7’;Z7m’7.(fyu(m*1)§x07~--,1‘m) (3.49)
1LAn
<m 1T{T<;n <m-—1,7 f,l'o, e 7$m)}
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Inductive application of this formula completes the proof of the Collection Lemma.
Q.E.D.

Proof of Proposition 3.1.2: The number of starting points z9 C I5, for a 7,-
pseudotrajectory equals 1/4,. Therefore, multiplying the estimate (3.42) by 1/7, =
M3" /4, and using (3.21) we get

i E 1) 2n—1)!
(S A B (f o, M)} < 620 M (= D! @n= DU s, (3.50)

T T "

To prove the required inequality (3.13), it remains only to prove (3.17).

If a parameter ¢ belongs to By (C, 4, f.7m), then ¢ is associated with an es-
sentially (n,~,)-simple, (n,~,)-periodic, and not (n,~,)-hyperbolic trajectory {z; =
TE(20)}7Zs. Our goal is to show that ¢ € Bfli’r?(f, Yn, M>); recall the definitions (3.15)
and (3.16).

The bound M, on the C?-norm of fg implies that for all z,y € I we have
|f-(x) = f-(y)| < Ma]2 — y|. Essential simplicity of the trajectory {z,,}"} implies
that for some j < n, the shifted trajectory {z;,m = fI" (o)} is (1, v, )-simple
and (n, Mgvn)—periodic. Let’s approximate the shifted trajectory {:Ej+m}”m_:10 by a
Yn-pseudotrajectory {Z;jm}m_y € I associated to the (fixed above) parameter e.
Consider the ¥,-pseudotrajectory {Z; .} € IZ starting at ;. Choose Z; such

that |z; — &;| < #, and choose &, such that |f.(#;) — Z;11| < #n. Then
i1 — Tl < fe(zg) = fo(@)] 4 1£:(25) — 2544
O MZ—1. (3.51)

By induction on m, choosing Z; ., such that | f-(Z;1m-1) — j4m| < 3, We have

|xj+m - jj+m| < |f6($j+m—1) - fE(jj+m—1)| + |J?€(jj+m—1) - fj+m|
M (3.52)
< —— M
M, —1

Using this estimate with m = n — 1, we have

e (Egn1) — &3] < |fe(Fjina1) = Fel@jan) |+

|f6(m]+n_1) :EJ| + |$J $]| S My Y + My e S Mo Yn-

So, the ,-pseudotrajectory {7 m 1Y is (n, M3y,)-periodic.
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Next, since {24} is (n, v, )-simple, this means [T/ A T —Tjam| > e

Each term in the product must then be at least 2-("=2)~, A . For m <n —1, we have

already shown that |24, — Zj1m| < M34,. Then recalling that 7, = M, ",
|jj+n—1 - jj-&-m| > |xj+n—1 - xj+m| - QM;Vn
el o,
- 2—(n—2),}/1/4
(1 A 1M_n 3/4)|:Uj+n 1= :Ej-&-ml

> (1- 3/4)|:E]+n 1= Tjiml-

‘xj—l—n—l - xj+m’

(3.54)

Since v, < 7,(C,8) = exp(—=Cn'*®) with C' > 2, a simple calculation shows that

(1 — 43/*n=1 > 2-1/4 Then taking the product of (3.54) over m = 0,1,...,n — 2

proves that the approximating pseudotrajectory {7 m " is (n,7,/2)-simple.
Now consider the difference of derivatives

—j—

j-1
H (@ gm) [ FEnim) H . (3.55)
m=0

Since || f||c2 < My, for 0 <m < n—j — 1 we have
FUZjm) = FL@jpm)| < Ma|Tjym — @] < M35, < 3 (3.56)
and for 0 < m < j — 1 we have

|fé(fin+m> - fs/($m)| S M2|5;n+m - xm| S

~ on - . N (3.57)
M2<|xn+m - xn+m‘ + ‘anrm - xm|) S M2 fYn + M2 ’Vn S 2M2 771

Then since | f/(x)| < M, for all = € I, we get that the difference of derivatives (3.55) is
bounded by 2nM;" 17, < M3J" '~,. Therefore, if the initial exact trajectory {xk}?;ol
is not (n, 7y, )-hyperbolic, then the pseudotrajectory is not (n, M3y, )-hyperbolic, and
the parameter € belongs to the set B3 W (f A, M), Q.E.D.

3.5 Discretization Method for trajectories with a
gap

Recall that we consider the C%-smooth 1-dimensional model, defined in Section 3.1.
Our goal is to estimate the measure of the set (3.9) of all “bad” parameter values
B, .(C.6, f,vn). This set belongs to the union (3.12) of “bad” parameter values
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B,Szi?(C’, s, f, Yn) and Bpo(C, 6, 1, Yn) associated with essentially simple and essen-
tially nonsimple almost periodic points. In the last three sections, we developed the
Discretization Method and estimated the measure of the set B3 (C, 9, f.7m) associ-
ated with essentially simple almost periodic trajectories (3.13). In this and the next
section, we consider “bad” parameters B;°"(C,d, f ,7Vn) associated with essentially
nonsimple almost periodic trajectories (3.11) and get an estimate on the measure of

this set.

Proposition 3.5.1. Let {fNE}EEHBS'<t2n(T) be the family of polynomial perturbations (3.8)
and Mj be an upper bound on the C?-norm of the family. Then with the notation
above, for any § > 0, C > 1000 'log My, 7 > 0 and a sufficiently small positive
Yy €95 T < Yn(C,0), we have the following estimate on the measure of parameters
associated with maps f. with an (n,vn)-periodic, essentially non-(n,~y,)-simple, but
not (n,v,)-hyperbolic point:

1 A BN (CLS, )} < 1601067 MO exp(—Cin/200). (3.58)

Remark 3.5.2. Though we have stated Proposition 3.5.1 only for the C? case in
R, we will make our upcoming definitions for the general C'** case in RN so that
they may be used later. For the time being, the reader may keep in mind the case
p= N = 1. The scheme of the proof of this Proposition is in Section 3.5.2.

According to the decomposition (2.42), the set B;"(C, 4, f.7m) of parameters
associated with essentially nonsimple trajectories can be decomposed into a finite
union of sets of parameters with a trajectory that has a weak gap. This decomposition
follows from Theorem 2.4.6. We need to improve this theorem. Let us sharpen
Definition 2.4.3 of a weak gap for almost periodic trajectories.

Definition 3.5.3. Let g € Diff'™?(BY) be a C'*7-smooth diffeomorphism of the ball
BN (respectively g € C**P(I,I) be a CY*P-smooth map of the interval 1) and let
¥ = {r.}2, be a nonincreasing sequence of sizes of the Brick HBY(T) that tend
to zero, and D > 2 be some number. A point vg € BY (respectively vy € I) or a
trajectory To, . .., Tn_1 = 9" (x0) in BY (respectively I) of length n has a (D,n,ra)-
gap at a point x, = g*(zo) if

2K — 20| <
k—2
3.59
min {D—nlogzn mln |l’0 - .T]’, T;l](cN+N2)7 H |'rk—1 o Ij|4(N+2)} . ( )
0<j<k—1 0
‘]:

In the case of the model when ry, = 77, we denote a (D, n,ry)-gap by a (D,n,7)-gap.
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This definition is designed to fit the induction over the period n outlined in
Chapter 2. Recall that the first term in the minimum (3.59) corresponds to Definition
2.4.3 of a weak (D,n)-gap. For D = Mf%p, if a trajectory {z;}1=) is (n, |z — 20l)-
periodic and has a weak (D, n)-gap at zy, then by Lemma 2.4.5 the fraction p = n/k is
an integer, and one can split the trajectory of length n into p almost identical parts of
length k each. Then by perturbing the linearization dg¥(z,) at x;_; using the family
gu(x) = g(z) + u(x — x4_1) Hf;g(:v — ;)% one can reach sufficient hyperbolicity for
dg¥(x¢). Moreover, the first and the third terms in the minimum (3.59) allow us
to extract sufficient hyperbolicity of dg?(x¢) from sufficient hyperbolicity of dg®(x).
Roughly, it is because we have dg?(zo) ~ (dg¥(z))".

The second and the third terms guarantee that with respect to the normalized
Lebesgue measure ', “bad” parameters occupy a small measure set; loosely speak-
ing, they counteract terms like (2n — 1)!/7 and H;‘:_g |Tn—1 — x;|7" in (3.30) and
(3.33).

Recall that in our notation, v, (C,d) = exp(—Cn'*°) for each n € Z,. Notice
that we use both 7;(C, §) and ~,(C,0) in the definition below.

Definition 3.5.4. Let g € Diff'™?(BY) be a C'**-smooth diffeomorphism of the ball
BN (respectively g € C*P(I,1) be a C'*P-smooth map of the interval I) for some
p > 0. Let also C > 0, 6 > 0 and k < n be positive integers. We say that a
point xo has a (k,n,C, 8, p)-leading saddle if |to — x| < n~Ye~yNP(CL6). Also if xo
is (n,’y,ll/p(C, J))-periodic, we say that xo has no (n,C,J, p)-leading saddles if for all
k < mn we have that xy has no (k,n,C, ¢, p)-leading saddles.

Lemma 3.5.5. Let a CY*P-smooth diffeomorphism (respectively C*T°-smooth map)
g satisfy the Inductive Hypothesis of some order n — 1 with some constants p > 0,
C > 30ptlog Mi4p, and § > 0, i.e., g € IH(n —1,C,0,p). Assume that g has a
point o € BN (respectively x € 1) that has a (k,n,C, 9, p)-leading saddle. Then there
is a periodic point * = g*(x*) of period k such that |z* — xo| < 2n_1/”fy,§’N/p(C’, J).
Moreover, by the Inductive Hypothesis, x* is (k,~v,(C,))-hyperbolic.

This lemma follows from a lemma in Part IT of this paper [K5] that is used to
prove Theorem 2.4.6 and the Shift Theorem below. It turns out that Theorem 2.4.6
can be improved to

The Shift Theorem. Let g € Diff'**(BY) be a C'**-smooth diffeomorphism
(respectively g € C'P(I,1) be a CY*P-smooth map of the interval I) with some p > 0,
My, = max{|lg7c1, |lgllci+e, 27}, and let ¥ = {ry}32, be an admissible sequence
(see Definition 1.3.1). Assume that g satisfies the Inductive Hypothesis of some order
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n — 1 with some constants § > 0, p > 0, and C > 100p~ 6 log My, i.e., g €
IH(n—1,C,68,p). If a point xg € BN (respectively xo € I) is (n,’y}/p(C, 9))-periodic,
then either g is (n, v,(C, 6))-hyperbolic, or for some j < nlog, n the point x; = ¢*(x)
has no (n,C, 0, p)-leading saddles.

Moreover, if xg has no (n,C, 6, p)-leading saddles, then either it is (n,~,(C,0))-
simple or it is (k,v,(C,0))-simple and has a (D,n,ro)-gap at xy. for some k dividing
n and D = maX{Mi?/pp, exp(C'/100)}.

Remark 3.5.6. The Shift Theorem is the key for splitting all almost periodic trajecto-
ries of period n into groups and is the main reason why the estimate on the number
of periodic points is exp(Cn'*?), not say exp(Cnlogn). In view of the importance of
the theorem, we present an outline of its proof.

Outline of the proof of the Shift Theorem: Let xq be (n, ’y%/p(C, J))-periodic.

o If 2y has a (k,n,C,J, p)-leading saddle, then by Lemma 3.5.5 there is a pe-
riodic point z* = ¢F(z*) such that |zg — *| < 2n~YPy2N?(C,6), and by
the Inductive Hypothesis z* is (k,7x(C,0))-hyperbolic. If z,, remains in the
Qn_l/p%:jN/p(C, d)-neighborhood of z* for 1 < p < n/k, then the approximation
df"(zo) ~ df"(x*) = (df*(z*))"/* is good enough to extract from (k,v4(C,¥))-
hyperbolicity of z* sufficient hyperbolicity of df"(x). (If n/k is not an integer,
we use a similar argument with k replaced by ged(n, k); the Euclidean Algorithm
in Part II of this paper [K5] shows that z is almost ged(n, k)-periodic.)

o If 2y has a (k,n,C,d, p)-leading saddle, but z, leaves the 2n_1/”’yZN/p(C, 5)-
neighborhood of z* for some p < n/k, then we show (choosing the smallest k
and then the smallest p with these properties) that z,, has no (k',n,C,J, p)-
leading saddles for &' < 2k. If z,, has a (k',n,C,dp)-leading saddle for some
k" > 2k, then we proceed inductively. Either we can bound the hyperbolicity of
df"(xp) sufficiently well to conclude that g is (n, v, (C, 0))-hyperbolic (because
xp 1s still quite close to zg), or with a further shift we can eliminate all leading
saddles of period less than 2k’. Thus, either we prove the necessary hyperbolicity
at some step of the induction, or after at most log, n shifts of at most n > pk
iterates per shift we eliminate all (n, C, ¢, p)-leading saddles.

e If we cannot prove (n,~,(C,§))-hyperbolicity of =, using the arguments above,
then for some j < mlog,n we have that x; = %, has no (n,C,d, p)-leading

saddles. Notice that Z, is a (n, Mﬂ;& "~w/?(C, §))-periodic point. Put D =
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max{Mi?/pp, exp(C/100)}. It turns out that Zo can have at most N weak (D, n)-
gaps at Ty, ..., Tk, for ky <--- < kg <n, s < N. The reason is that each weak
(D,n)-gap &, after the first one at k; implies that the linearization df* (i)
has an almost eigenvalue that is a k;/k;-root of unity, and the same is true for
ksi1 = n. (The Euclidean Algorithm from Part II of this paper [K5] implies that
k; is divisible by k;_; for all j.) Heuristically, this follows from replacing f*:
in a neighborhood of %, by its linearization, and observing that its (k;/k1)-th
iteration nearly fixes (T, — Zo).

One can prove that for all k& < n, if there is a (D, n,rq)-gap at Zj but no
(D,n,rop)-gap at Ty for k' < k, then Zy is (k,7,(C, J))-simple; this completes
the proof of the theorem in this case. Otherwise, Ty, has at most N weak
(D, n)-gaps, none of which is a (D, n, o )-gap. In this case, we show that Zg is
(n, v (C, J))-simple.

First we show that &, is (n,v,(C,d))-simple assuming that &, has no weak
(D, n)-gaps; later we will extend the argument to the general case. With no
weak (D, n)-gaps, the Euclidean Algorithm gives that

: 5o _ 5| > p—nlogan
o Jin |Zo — z;| > D 2 (3.60)

Consider concentric balls By, centered at o of radii R, = D~*1°82% A pigeon-
hole argument shows that the number of visits my, of {Z; };‘:_11 to By is not too
large. To be precise, let

Ak:{1§]<n |£I~Z'0—57]’<Rk}

be the collection of indices of points of the trajectory {Z;}}_, which visit the
Ry-ball By, around Zy. In part II of this paper [K5] we show that

16NC n
plog D (klog, k)T

my = #{Ax} < (3.61)

Otherwise, there are consecutive visits Z; and 4, to By, with £ being small, of
order (klog, k;)lfé Thus, Z; has an (¢,n, C, 9, p)-leading saddle and, therefore,
a periodic point I} = q" (77) close to Z; and also to . This implies that 7, has
an (¢,n,C,J, p)-leading saddle too, which is a contradiction.
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e Knowing that there are no visits to B, by (3.60), and given the bound (3.61)
on the number of visits my to By for 1 < k < n, we can get a lower estimate on
H;:ll |Zo — Z;| according the following scheme. By (3.60) we have A, = () and
m, = 0. Rewrite the product of distances as follows

n—1
112 =&l =] 15 — %l JI 1% &l J] & -3l (362
j=1 JjE¢AL JEAI\A2 JEAn—1

By definition of A, for each j € Aj_; \ Ay we have |Zo — Z,;| > Rj. Put
ar = klogy k. Then the product (3.62) admits the following lower bound

R;Lflfml Rémfmz o R;nnflfmn
- exp(— log D [ay(n — 1 — my)+ (3.63)
a2(m1 — m2> + -+ an<mn71 - mn)])

Using Abel’s resummation and a; = m,, = 0, we can rewrite the last expression
in the form

exp (—log D [my(az — a1) + ma(ag — az) + -+ - + mp_1(an — an—1)]) .(3.64)

By definition of ax, we have ap1; — ar < 3log, k for k > 2, while for £k =1 we
simply estimate mq(ay — a;) < 2n since m; < n. Using inequality (3.61) above,
we get the following lower bound for the product (3.64)

A8NC o
exp(— ; nloanZk 1+6>

k=1

> oxp <_%<51+5)n1+%5 log, n) (3.65)
p

Cn1+6
> €exp (— ) ;
4N

2
where 192N2%(1 + 6) n"TE log, n < pd for sufficiently large n. This shows that
Zo is (n,v,(C, d))-simple.
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e We return now to the case where 7y has at most N weak (D, n)-gaps. It turns
out that if k'*° < ”g’—gDn and Zo has a weak (D,n)-gap at &y, then zg is
(n,v,(C, §))-hyperbolic. Indeed, in this case |Tg — Zx| < D" < 7,1/’7(0, dt) and,
therefore, by inductive hypothesis Zg is (k, 7 (C,d))-hyperbolic. Points Z; and
Ty are so close that n is divisible by k, so we can approximate df™(Zo) with
(df*(Z0))™'* as we do in the first item of the proof. Since 7 is shifted from z
by at most nlog, n iterates, we get sufficient hyperbolicity of df"(zq) as well.

e Let 7y have weak (D,n)-gaps at Tg,, Tky,...,ZTk, = Zn, none of which is a

(D, n,ro1)-gap. Then s < N and k™ > plogDn An estimate similar to (3.61)

leads to a lower bound of the form

ki1—1

48NC(1+6
H |To — Zj| > exp (—%klnli_é log, n) . (3.66)
=0

Notice that because of the lower bound on ky, the exponent on the right-hand
side of (3.66) is as least of order nlog,n; thus multiplication below by factors
that are exponential in n or nlog,n do not affect the general form of the esti-
mate. Next, Ty, is so close to Zy that the Euclidean Algorithm from Part II of
this paper [K5] implies that ks is divisible by ki; denote p; = ko/k;. Moreover,
Ty, 1s so close to Zy that the following approximation holds true:

ko—1 p1 1
H |[To — 75| > 5 H |To — Zo, | (H |Zo —%|> (3.67)

Absence of a (D, n, ro, )-gap at xy, implies that
|j0 - jrk1|

k1 —2
: —nlogy,n . ~ ~ 4(N+N?) 4(N+2)
>min < D" min |Tg — T, T2k1 | | | g, 1 —x]|

0<j<ki—1

Since the next weak (D, n)-gap is at Zy,, we have

: S > p—nlogn|s % )
| uin |Zo — Zor, | > D |Zo — T, | (3.68)

Combining (3.66), (3.67), and (3.68) we get a lower bound on Hf;l |Zo — 7.
To see that such a lower bound has the same form as (3.66), notice that since
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kito > 2 1;51) n, all three terms on the right-hand side of (3.67) are bounded from

below by exp(—C Kkini+ s log, n) for some constant K = K (N, p,d). Therefore,
H’€2 "|Zo — Z;| has a lower bound of the same form eXp(—CK’anl;ié log, n) for
some constant K’ = K'(N,p,0). Iterating this argument s times and letting
ksi1 = n, we obtain the lower bound

n—1
H |To — 2| > exp(—C’K"nH% log, n) (3.69)

J=1

for some constant K" = K"(N, p,d). This proves (n,~,(C))-simplicity of Z, as
before.

e Unfortunately, using this scheme only for v,(C,5) = exp(—=Cn'*°) we can
prove that above Ty = x; is (n,v,(C,J))-simple. For example, if 7, (C,J) =
exp(—Cnlogn), then %y as above might be non-(n,v,(C,Jd))-simple. In Ap-
pendix D, we construct examples of trajectories of a full shift on two sym-
bols that have no (n, C, d, p)-leading saddles and are not (n,~,(C,d))-simple for
Y (C,6) = exp(—Cnlogn). This shows that additional ideas are required to
improve 7, (C, §) = exp(—Cn'*°) to v,(C, §) = exp(—Cnlogn) or better.

3.5.1 Decomposition of nonsimple parameters into groups

With the notations of the general problem (2.42) and (2.43), for any D > 2 we
introduce the set of parameters associated with an almost periodic point of period n
having a gap at the k-th point of its trajectory:

BEP M) (0, 6,p,F, f; D) = {€€ HBN(F) : f-€ IH(n —1,C. 4, p),

f=has an (n,?(C,§))-periodic, but not (n,v,(C, §))-hyperbolic (3.70)

point o with a (D, n, ry)-gap at z, = f5(z)}

Choose D = max{M; +i)p ,exp(C'/100)}. Theorem 2.4.6 implies existence of in-

clusions (2.42) and (2.43). Similarly, the Shift Theorem implies that the following
inclusions hold:

B;LIOH(C, 57 P I_:a f) g Uk|nB§ap(k)<O7 5a P, I_:v fv D)

. | . (3.71)
B(C.0,p. %, ) € By™(C,6,p.% ) U (U BEPW (C,6,0.7, 3 D) ).
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Return to our C?-smooth 1-dimensional model, N = p = 1. To fit the notation
of the model, for a sufficiently small v, e.g. v, < v,(C,0), we introduce the set

BEP M) (O, 6, f, 7 D) = {e € HB,,(7) : f- € IH(n —1,C,6,1),
f- has an (n, y,)-periodic, but not (n, y,)-hyperbolic (3.72)
point o with a (D, n, 7)-gap at =, = f(z)}

and rewrite inclusion (3.71) in the notation of the 1-dimensional model
Brr;?:l(ca 57 fa ’Yn) g Uk|n Bgi?(k)(C, 5, f, Yns D),

r sim r a < (373)
By (C.0, ) CBI(C, 6, fom) U (Ui BER(C,0, 70 D))

This inclusion shows that to prove Proposition 3.5.1, it is sufficient to prove

Proposition 3.5.7. With the conditions of Proposition 3.5.1, let k be some integer
that divides n. Then for D = max{M3° exp(C/100)} and a sufficiently small posi-
tie Yn, €.9., Yn < Y (C,9), we have the following estimate on the measure of maps
fo’s associated with an (n,~y,)-periodic, but not (n,~y,)-hyperbolic point that has a
(D,n,T)-gap at the k-th point of its trajectory.

Ms<t2n,7'{BrgL,a7}')(k C 5 f /Y’ru } <

3.74
< 128n° 62" M3t exp(—Cnlog, n/200). (3.74)

Let us give a name to the right-hand side of the inequality (3.59) for the Brick
of parameters HB%,, (1) of the standard thickness. Let X = {xj}f;é be a k-tuple
and D > 2 be some number. We call the number

Aztn T{Xk’ D} =
: —nlogs n : o T _ o |AN+2) ( ’
min {D 82 0<r;1§1}£1_1 |q}0 :E]|, <—(2k‘)'> , jl:([) |:L‘k_1 :L‘Jl }

the (D,n,T)-gap number associated to the k-tuple X and the Brick HB%, (7) of
standard thickness. In the case under current consideration, N = 1. Similarly, one
can define the (D,n,ry)-gap number for a nonincreasing sequence r = {r,}5°_,
replacing 7/(2k)! by roy.

Let Xy (xo,9) = {gj<$0)}§:é. By the definition of the (D, n,7)-gap number, if
xo has a (D,n, 7)-gap at x, then xg is (k, A}, {Xk(70,9), D})-periodic. Introduce
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the set of “bad” parameters
BEPWAY(CL 5, f, My; D) = {e € HB%,,(7): f. € IH(n—1,C,5,1),
f- has a point zo that is (n, v, (C, d))-periodic,
has a (D, n,7)-gap at x, = f5(x), is (k,7,(C,))-simple,
and is not (k, M3"A3, {Xy(zo, f-), D})-hyperbolic}.

(3.76)

In Section 3.6 using the Shift Theorem above we shall prove the following lemma.

Lemma 3.5.8. Let C > 0, 6 > 0, and k,n € Z, be some positive integer, and
let k divide n. Then with the notation above for any v, < v,(C,d) and D =
max{ M3 exp(C/100)} we have

BEPW(C, 5, f, 4,3 D) C BEPWAT(C, 6, f, My; D). (3.77)
The proof is postponed until Section 3.6.

Remark 3.5.9. B,%af(k (C 0, f Ms; D) depends only on properties of trajectories
of length k, whereas Brr k)(C 8, fm; D) depends on properties of those of length n.
This reduces consideration of sufficiently recurrent, nonsimple, and not hyperbolic,
trajectories of length n to studying only their initial “simple” parts of length k, where
. 18 a point of the first sufficiently close return to xo with n divisible by k. In this
case one can effectively perturb such a trajectory at the k-th return using the Newton

family f(x) +uo +ui(x — o) + - -+ 4+ wop—1(x — 4_1) Hf;g(fﬂ — ;)%

3.5.2 Decomposition into i-th recurrent pseudotrajectories

We now split the set B2 (€5, f, My; D) into a finite union. Let 5,,4(C, 5, p) =
M)

Definition 3.5.10. Let g € Diff'*?(BY) be a C'*°-smooth diffeomorphism (respec-
tively g € CYP(1,1) be a C**P-smooth map), C > 0,5 > 0, 7 > 0, and D > 2 be
some constants. We call a point xg € BN (respectively xo € I) i-th recurrent with
constants (C, 6, p, 7, D) if for Xi(zo,9) = {¢’(z0) ?;& we have

M2n/p ’?n 2(07 67 p) < A?ct,n,T{Xk(an ) D} < M2n/p ’?n H—l(O? 57 P) <378)

Remark 3.5.11. Recall that the (D, n,ra)-gap number is defined by replacing in the
definition of the (D,n,T)-gap number 7/(2k)! by rop. Similarly, we define an i-th
recurrent point with constants (C, 4, p, rar, D) by replacing in Definition 3.5.10 above
the (D,n, 7)-gap number Ay, {Xy, D} by the (D, n,ro)-gap number.
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For the purpose of this section, p = 1, and for brevity redenote 4,,; = 4,.:(C, J, 1).
Define the set of parameters from BEF*®2" (€5, f, My; D, i) associated to i-th order
recurrent with respect to (C, 9, 1, D) trajectories that satisfy conditions (3.76):

BEPWAY(C 5 f My, D,i) = {e € HB%,, (1) : f. has a point

n,T

3.79
as in (3.76) and i-th recurrent with constants (C,0,1,7, D)}. (3.79)

Lemma 3.5.12. With the notations of Lemma 38.5.8, for L = Cn’/(4log M) we
have

B AT (O, f, My D U BEPWAT (O, fi My, D, i). (3.80)

Lemma 3.5.13. Let C > 0, § > 0, and n € Z, be some numbers, and let k € Z,
divide n. Then with the notation as above, for D = max{M;" exp(C/100)}, any
T < Vn(C,9), and any i € Z, such that 0 < i < L we have

15, ABEPWAT (O, f, My; D,i)} < 128 - 628 MO+t pnioean/2, (3.81)

We postpone the proof of these lemmas until the next section.

Proofs of Propositions 3.5.1 and 3.5.7: Since there are at most nm numbers
k < n dividing n, Proposition 3.5.1 is an easy corollary of Proposition 3.5.7. To
prove Proposition 3.5.7, we combine the Shift Theorem, Lemmas 3.5.8, 3.5.12, and
3.5.13 as follows. Let 7, be sufficiently small, e.g., v, < 7,(C,6), and let D =
max{M3° exp(C/100)}. Then

e By the Shift Theorem, the set of all parameter values B;"(C, 0, 1, V) as-
sociated to maps f. with an (n,v,)-periodic, essentially non-(n, v, )-simple, but not
(7, Yn)- hyperbolic point, is contained in the union (3.73) over all k£ dividing n of
ByY k)(C 0, f.7m; D) associated to maps f. with an (n, 7, )-periodic, but non-(n, v, )-
hyperbolic point with a (D, n, 7)-gap at xy.

e By Lemma 3.5.8, we have that B (C, 6, f,~va; D) is contained in the set
of parameters Bgap (k). A% (C, 0, f, Ms; D) associated to maps f- which have a non-
(K, AY AX (0, f-), D})-hyperbolic pomt To with a (D, n, 7)-gap at xy.

e By Lemma 3.5.12, in turn, BEP® (C 5, f, My; D) is contained in the union
of {BEPWAY (5, 7, My; D, i)}; L1 guch that the i-th set BEX®A7(C, 5, F, My; D, i)
is associated to maps f. that have a non-(k, A, AX%k (20, f-), D})-hyperbolic point
xo with a (D,n,7)-gap at zj, and such that the k-tuple {z; = fJ(x) ;‘-7:01 is i-th
recurrent.
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o Lemma 3.5.13 then estimates the measures of BE2®2" (€5, f, My; D, 4) suf-
ficiently well to prove Proposition 3.5.7 and hence Proposition 3.5.1. Q.E.D.

In the next section, we shall prove Lemma 3.5.13 using the Discretization Method
and then we shall prove Lemmas 3.5.8 and 3.5.12 using simple approximation argu-
ments similar to the one given in the proof of Proposition 3.1.2.

3.6 The measure of maps /. having i-th recurrent,
non sufficiently hyperbolic trajectories with a
gap and proofs of auxiliary lemmas

We shall prove Lemma 3.5.13 in three steps.

Step 1. Reductz’on to polynomaal perturbations of degree 2k — 1.

The measure ;%,, . is Lebesgue product probability measure and each of its
components 4, is Lebesgue probability measure (see (3.3))

Hs<t2n,r = Ns<t2k,r X (Xi? 21kl“’Lm T) . (3.82)

Therefore, by Fubini/Tonelli Theorem it is sufficient to prove that

Ms<t2k,T {Bgap Abt(c 0, f, Ma; D) N {(ea, - . 75271—1)}}
<128 62k M210n+1 DfnlogQ n/2'

uniformly over {(ea,...,com—1)} € HBS(7) x HB3 (1) x --- x HBS, (7). To
simplify notations we omit (eg,...,e2,-1) and write as if the set of parameters
B%?Tp(k)’mt(C’, 6, f, My; D, i) is a subset of the Brick HB%,, (7).

From now on we consider the 2k-parameter family of polynomial perturbations

) 2%k—1
{fe(%—l) )+ Z EmT } (3.83)

where e(2k —1) = (eq, ..., e-1) € HBYy (T ) Recall that HB%,, () is supplied with
the Lebesgue product probablhty measure j4? <2k -

Step 2. An estimate of the measure of parameters associated with a trajectory
{z; ;L:_& with a gap at xy that is i-th recurrent and not sufficiently hyperbolic.

With the notations of Section 3.2 we give the following

o6



Definition 3.6.1. Let D > 2. We say that a 7, -pseudotrajectory X;, = {xj}k 1 Ir
associated to some map g : I — I has a (D,n,T)-gap at a point v = g(xk_1) if (5. 59)
is satisfied and there is no m < k such that xo has a (D,n,T)-gap at x,.

By analogy with (3.15), for each 7 satisfying 0 < i < L of Lemma 3.5.12 we
define
BEPMAT(f %i,MQ;D,@';xO, o ap) = {e € HB,, (1) :
Xy = {zm )it C Ik , is a ¥, ;-pseudotrajectory associated to e (3.84)
that is i-th recurrent with constants (C, 4, 1,1, D),

(k,2M3 A, {X4, D}) -periodic and not (k, ZMQ?’”A?’%T{X;C, D}) -hyperbolic}
To show an analogy with the simple trajectory case consider the following

Problem 3.6.2. Estimate the measure of ¢ € HB,, (1) for which the k-tuple X; =
{a;}520 is
A) a 7, -pseudotrajectory, i.e., ]fs(a:’j) —Zjp| < Any for j=0,...,k—2;
B) i-th recurrent with constants (C, 4, 1,7, D), i.e.,
My s < Al AXi, DY < M3"7 Fp i

k,n,m
C) (k, 2M"AZ€H7T{X;€, D})-periodic, i.e.,
[fe(wir) — wo| < 2M"AY, (X, D}

D) not (n, 2M3" A {X,, D})-hyperbolic, i.e.,

(3.85)

k.n,T
k—1 ~
[T )| = 1] < 20573, X0, DY
7=0

For a fixed k-tuple of points X, = {z; }j —o, consider the Newton family of
polynomial perturbations

2k—1 m—1

fu,Xk = + Z Um H T — 5 (mod k)) (386)

Recalhng (2.17) and Fig. 2.2, we notice that for any m < k and s > 0 the image
fux, (zm) (respectively derivative f (7)) of (respectively at) the point w,, is in-
dependent of the Newton coefﬁc1ents Ums (respectively wy, xis) with s > 0. This
implies that the Newton coefficients wy, ..., ur_» determine if property (A) holds.
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Fix ug, ..., ux_2. Now the Newton coefficient u;_; determines if property (C) of al-
most periodicity holds. Once uy_; is fixed, the Newton coefficient uo;_1 determines
if property (D) of almost nonhyperbolicity holds.

Following formulas (3.27), (3.28), and formulas (3.30), (3.33) with n replaced
by k and 7, replaced by 2M™ Ay, {Xy, D} for periodicity and 2M*" A3, _{X;, D}
for hyperbolicity, we have that for fixed Xy, the measure of (ug, ..., ug_1, usg_1) with
conditions (3.85) is bounded as in (3.34). Then we apply the Distortion Lemma with

k.n,T

n replaced by k. This gives an additional factor 6*. Thus we get a bound

,us<t2kj{u(2k —-1)e Wg;,il . fux, satisfies conditions (3.85)} <

—2 15
4 M, 6" H UGRLE;

m—l
Zo [Tm — x4

(3.87)

(k —1)! 2MnA;tm{Xk, D} (2k —1)! 2M5™ Ay, {Xy, D}
T TS ek — o T 10 e —

Consider the last two terms in the right-hand side product. Definition of the (D, n, 7)-
gap number and the inequality min(a, b, c) < a'/? b'/* ¢!/ show that these two terms
are bounded by

4nk_' <2k)' (Abktn T{Xk7 D})2

5 < 2M4nD nloan/QAst
T (szo |[Te—1 — 24])?

kn,T

(X, D} (3.88)

Therefore,

[ {u(?k -1)e Wg;,?i . fux, satisfies conditions (3.85)}

k=2 ml 5 (3.89)
<32 Myt et | “ Mym DTos 2 A (X, DY
m=0 " H ‘xm - j‘

The next step of the proof of Lemma 3.5.13 as in the case of simple trajectories
(Section 3.2) is to collect all possible “bad” pseudotrajectories and make sure that
those pseudotrajectories indeed approximate sufficiently well all “bad” true trajecto-
ries.

Step 3. Collecting of “bad” i-th recurrent, not sufficiently hyperbolic trajectories
{:Uj} ~ with a gap at ), using grids {I5, ,}; of variable size in i.

In the case of simple trajectories in Section 3.2, we considered only one 7,-grid
of a fixed size and collected all simple “bad” trajectories in the Collection Lemma
(Section 3.4). In the case of i-th recurrent trajectories with a gap at x; we define
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grids {Is,,}; of ¢ dependent size 7,;. Then we prove that ¥, ;-pseudotrajectories
approximate real ¢-th recurrent trajectories with a gap at x;, sufficiently well. Finally,
we collect all possible i-th recurrent 7, ;-pseudotrajectories with a gap at z; and sum
the estimates of the measures of “bad” sets. Let’s realize this program. Recall that
Yni = My"~,(C,6) and call the i-th grid

Is,, = {x € I : 3k € Z such that = = (2k + 1)} C I. (3.90)

Definition 3.6.3. Let {xj}k € I’“ be a k-tuple for some i € Z,. Then the k-tuple
X ={z; k,l 1s called i-th recurrent with constants D > 2 and My > 1 if
1
3 M3"™ Ang < A, AXk, DY <2 M3™ 441 (3.91)
For simplicity if the k-tuple X = {xj}k o 1s a 4, ;-pseudotrajectory associated
to some parameter ¢ € HB%,, (1) which is i-th recurrent with some constants D > 2
and the C%-norm M, of the family (3.7), then we say that Xj, is an i-th recurrent
ni-pseudotrajectory.

Remark 3.6.4. Definition of an i-th recurrent pseudotrajectory is reasonable only for
a grid of a sufficiently small size. Indeed, for any i-th recurrent trajectory we need to
find a 7, ;-pseudotrajectory whose periodicity, hyperbolicity, and product of distances
along itself approximate well enough those of the trajectory.

Define a discretized version of the set BE*™2™ (€, 8, f, My; D, i), given by (3.79)
associated with all i-th recurrent trajectories of length k which has a weak (D, n, 7)-
gap at zp and is not M3"AS {Xy(x, f.), D}-hyperbolic.

k,n,T

BEPWAY (O, f, My, Ay i D, i 20) =

a st (392)
ka:{xj};:%e[gnl BEE p(k),A (C, 9, f My, Ani; D,y iy 2oy . ooy Tp—1).

Similarly to the case of simple trajectories, we prove that after discretization all real
“bad” trajectories can be sufficiently well approximated by pseudotrajectories of a
certain grid so that quantities of periodicity, hyperbolicity, existence of a gap, and
product of distances along the trajectory are almost the same. Namely,

Lemma 3.6.5. In the notation above, we have

Bgap (k), Abt(c 5 f D Z) C UJJOEI Bgap k), Abt(c 5 f M27’7n i D 1 ZL'()) (393)
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The proof of this lemma is very similar to the proof of Lemma 3.5.8 and is
omitted.

To complete the proof of Lemma 3.5.13 we apply the Collection Lemma to (3.89)
to estimate the measure of BEP®*) (C 8, f Mo, 4 i; D, i; 10). We get

Ms<t2k,f B%?‘f(k)’“((l 9, JE7 Mzﬂn,i; DJ?%)} <

<32 62kM51n+1Dfnlog2 n/QAstn T{Xk7 D}

The number of grid points is 2% ;- By definition of ¢-th recurrent pseudotrajectory we
have 2y, IAY, {X,, D} < 4M6" This implies (3.81), which in turn implies Lemma
3.5.13.

Proof of Lemma 3.5.8: Fix a parameter ¢ € Bgap (C’, 0, f, Yy D); we wish
to show that ¢ € BE®A"(C, 5, f, My; D). By definition (3.72) there is an (1, 7,)-
periodic, non-(n, v, )-hyperbolic point z¢ with a (D, n, 7)-gap at xy = ff(mo) By defi-
nition (3.76), we want to show that 2o is not (k, M3" Ay, {Xy(zo, f-), D})-hyperbolic.

Since n is divisible by k, we can split the trajectory {z; = fg (x0) ;L;Ol of length
n into p = n/k parts of length k each. Consider the linearization

(F2) (o) = (B (@) - -+ - () () - (2) (o). (3.94)
Definition 3.5.3 of a (D,n, T)-gap at x), says that |zg — xx| < AY, {Xk (20, f-), D},
and hence for every 1 < 7 <p—1and 0 < s < k we have

2y — wjpes| < M AR, {X(@o, f2), D}. (3.95)

-1

This implies that the trajectory {J;]} of length n consists of p almost identical

parts of length k£ each. Thus, for each 0 § m < n we have

(o) (@) = (o) (m moa )| < ME AL, A (a0, f2), D} (3.96)

Considering the product over m = 0,1,...,n — 1 of each term on the left hand side
above, we get that

(Y () = () (20)) | < nME" AR, AXi(o, ), D}. (3.97)

Therefore, since H f” ) ()| — 1’ < Yn <7 (C,0), and by the proof of Lemma 3.5.12
below, 7,(C,68) < At _{Xy(xo, f-), D}, it follows that

k,n,T

1Y o)l =1 < (Y (@0) | = 1] < 200" A, (X0, ). D}, (398)
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and ¢ belongs to B%?f(k)’ASt(C, 5, f, My: D). QE.D.

Proof of Lemma 3.5.12: It follows from the Shift Theorem (last sentence) with
N =1 that if a point zy has no (n,C,d,1)-leading saddles and a (D,n,7)-gap at xy,
then xg is (k,v,(C, d))-simple. Therefore, for the (D, n, 7)-gap number (3.75) we have
the following bounds

Y (C,8) = exp (—Cn'*?) < AR AKX (o, f.).D} < 2D (3.99)

Thus since D = M3° > 2, each such zg with a (D,n,7)-gap at z; is i-th recur-
rent with constants (C, 4, p,7, D) for some i > 0. If i > L = Cn®/(4log M), then
A AXk(zo, f2), D} > My™,(C,6) > 1 > 2D~". This contradicts the above in-

equality. Q.E.D.
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Chapter 4

Comparison of the Discretization
Method in 1-dimensional and
N—dimensional Cases

In this section we discuss changes that one has to make and difficulties that arise
while generalizing the Discretization Method for C*-smooth 1-dimensional maps to
a Discretization Method for the C**—smooth N-dimensional diffeomorphisms. Many
of the arguments, such as the decomposition into pseudotrajectories of Section 3.2,
remain essentially the same. We focus primarily on the obstacles to generalizing the
estimates of Sections 3.3 and 3.4 for simple trajectories.

4.1 Dependence of the main estimates on N and p

Recall that the Inductive Hypothesis (Definition 2.0.1) asserts that points that are
(n, %1/'0(0, d))-periodic are also (n,v,(C, d))-hyperbolic. The reason for the exponent
1/p is as follows. In the Discretization Method, we approximate trajectories of length
n with 7,-pseudotrajectories on a grid. In order that v,-hyperbolicity of the pseudo-
trajectory imply hyperbolicity of the true trajectory for a C'*? map, we need that
T < vl (up to a factor exponential in n). In our heuristic estimate (3.24) on the
measure of “bad” parameters, the number of initial points in the 7,-grid is (again
up to an exponential factor) 7, % > ~, N/P - The best possible bounds one can get
(for nonrecurrent trajectories) on the “measure of periodicity” and the “measure of

hyperbolicity” in (3.24) are respectively the Nth power of the periodicity and the
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hyperbolicity 7,. Thus, in order for the right side of (3.24) to be small, we need that
the periodicity be at most roughly fyn/ L.

Next, we explain the exponent 1/4N in Definition 2.4.1 of simple trajecto-
ries. The actual estimate we obtain on the “measure of periodicity” discussed in
the previous paragraph is not the Nth power of the periodicity %le /p , but instead
P Ty (H?;Oz |21 —x;]) 7N, where {xj}?:_& is a trajectory and 7,_; is the width of
an admissible Hilbert Brick in the direction of degree n— 1 polynomials (see Definition
1.3.1). This estimate reduces to (3.30) in the case N =p=1and r,_y =7/(n — 1)},
and is obtained in a similar fashion, treating each of the N coordinates indepen-
dently. In Appendix A, we will show (Proposition A.5) that the analogue of the
bound (3.33) on the “measure of hyperbolicity” is, up to a factor exponential in n,
Yo 5N (H;L:_g |2n—1 — x;])72. Again ignoring exponential factors, with ,, = +/? the

number of initial points in (3.24) is v M7 making the right side of (3.24)

N-2
Yo T Toney (H |- 1_95]’) (4.1)

By Definition 1.3.1, for admissible Hilbert Bricks, v, decays faster than any
power of 7o,. Thus to make the bound (3.24) on the measure of “bad” parameters

small, we basically need v, to dominate (H;:g |Tp—1 — aj]) N2
1/4N

. This is certainly

true if H;:g |Tp—1 — x| > T Though our choice of the particular exponent 1/4N
is somewhat arbitrary, the factor of N in the exponent is necessary.

4.2 The multidimensional space of divided differ-

ences and dynamically essential parameters

In the 1-dimensional case, with a fixed n-tuple of points {xj} 0 C I, the space of
Newton Interpolation Polynomials (the Divided Differences Space) is 2n—dimensional.
In Section 2.2, in formulas (2.17), we noticed that there is a simple relation be-
tween parameters of Newton Interpolation Polynomials and dynamical properties of
the trajectory. In terms of the family (3.86), we have that uy determines the posi-
tion of fy2n—1);x,(Z0), that u; determines the position of f,2n-1)x, (xl), provided
that uy (and hence fy(2,-1);x,(%0)) is fixed, and so on — for k = 2,. — 1, we
have that uj, determines the position of f,(2,—1);x, (), provided that {u]} 3 (hence
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{fun-1)x,, (7;) ?;é) are fixed. Similarly, for £ = 0,...,n — 1, we have that w4
determines the derivative (fu2n-1)x,) (2x), provided that {u; ?;ré“_l (hence the po-

sitions { fuzn-1)x, (2;)}1=g and derivatives {(fu@n-1)x,) (2;) f;é) are fixed.

This correspondence makes transparent estimates of the measure of parameters
associated with a particular (pseudo-)trajectory having a given property of periodicity
and hyperbolicity (see (3.27-3.33)). In the multidimensional case (N > 1), such a cor-
respondence between dynamical properties of trajectories and coefficients of Newton
Interpolation Polynomials becomes much less transparent.

In Section 2.2, we define the space of Divided Differences DD""(I,R) = I" x R*"
in the 1-dimensional case, where I = [—1,1]. In this case, we estimated the measure
of “bad” parameters in Sections 3.3-3.4.

Recall now the notation of Section 1.3. In N dimensions, we define the space of
Divided Differences

D,DN,n(BN’ RN) :{ (;EO, ey Tp—1; {ﬁa}|a|:0, ceey {ﬁaha‘zgn,l) €

BN N BN % RI/(O,N) N Ru(2n71,N)} —
~ ~ - 4.2
n times ( )
N N u, X0 u, X1 u,Xn, u, Xp, u, Xp,
BT X X BY X W x WGt X Wy X WG X X W,

n—

-
n times

where BY is the N-dimensional unit ball, v(k, N) is N times the number of
N-dimensional multiindices a with |a| = k, X;, = {z;}}=}, and W,Z’]f,(k(m(’d " is the
space of homogeneous polynomials of degree k from RY to RY with the Newton
basis defined below. There are two issues we face that were not a concern for the

1-dimensional Newton basis (2.26).

Nonuniqueness. It turns out that the choice of a basis in the space of Divided
Differences DD (BN, RY) and the definition of the Newton map

'C]Xvn : ({ga}\a|§2n—1) - ({ﬁa}|a|§2n—1) (43)

(defined by (2.24) for N = 1) for a multiindex o € Z¥ is far from unique. In

the 1-dimensional case, the standard basis is {2*};";' and the Newton basis is

2n—1
{H;:é |z — xj|} . In the N-dimensional case, (z —z;) € RY is an N-dimensional
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vector. For a fixed basis in RV, let (z — z;)s denote the s—th coordinate of the vector
(x — xj). The number of different monomials of the form

k—1
{H(l“k - %‘)i(a‘)} (4.4)
J=0 {i(0),...;i(k—1)}e{1,.. .N}¥

is N*, while the number of homogeneous monomials in N variables of degree k, i.e.
{2} 0=k, is bounded above by k¥, which is much smaller than N* for k& > N.
Therefore, among the monomials (4.4) we need to choose an appropriate basis
and define an appropriate Newton map £§n. The standard way to choose a Newton
basis [GY] is as follows. For v € Z%, let the Newton basis monomial for the multiindex

a be
a;—1
«
('Ta Loy -+ L(ja|—1) (mod n)) = H (Z‘ - xil)l X
11=0
as—1 any—1 (45)
H (X — Zaipiy)a X -+ X H (x — Tonv-144 )N,
19=0 in=0

where o/ = Zg:o a; for j =1,..., N — 1. The Newton basis for W,Z’])V(”, the space of
homogeneous vector-polynomials of degree k, consists of N such monomials (one for
each basis vector of RY) for each o with |a| = k.

Dynamically essential coordinates. After a Newton basis is chosen, one needs
to make sure that it is effective for dynamical purposes. In Section 3.3, we noticed
in (3.30) and (3.33) that in order to perturb by Newton Interpolation Polynomials in
an effective way, we need to make sure that the product of distances H;.L:_g |Tp—1 —
z;| is not too small. Similarly, in the multidimensional case we need at least one
Newton monomial (x;xg,. .., T, )" with |a] =n — 1 not to be too small. The most
natural way to choose a “good” monomial is by taking the maximal coordinates of
corresponding vectors. Let v € RN be a nonzero vector and |v]| = (32, v2)"/2,

Denote by

m(v) =min{i: 1 <i <N, || = m]\z[ifc\vﬂ}
]:

the minimal index of one of the largest components v; of v. Then

n—2 n—2

n—1
H(xn—l - :Bj)m(anf:rj) > N> H |[Tn—1 — ;). (4.6)
i=0 i=0
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This is a satisfactory estimate, because v, (C,d) is a stretched exponential in n,

so we can neglect factors that are exponential in n. For given X,, = {x; ?:_01, we call
the monomials
k—1
H(m—xj)m(zk_wj), k=0,...,n—1 (4.7)
j=0

dynamically essential. Using these monomials, we shall imitate estimates (3.27)—
(3.34) in the multidimensional Discretization Method.

The dynamically essential monomials do not necessarily belong to the standard
Newton basis (4.5), so we will need to define the basis differently depending on which
monomials are dynamically essential for the given pseudo-trajectory X,,. This is not a
major obstacle, since we already use a different basis for each X,, in the Discretization
Method, but it does further complicate the argument.

The necessity of altering the basis is illustrated by the following example for
N =2: 29 = (1,0), 1 = (0,1), 23 = (1,1). Then for all a with |a| = 2, we have

a

(x9; g, x1)* = 0. Thus, the monomial (x;zg,x1)® is useless to perturb the image of

9.

4.3 The multidimensional Distortion Lemma

One of the key ingredients of the Discretization Method is the Distortion Lemma
from Section 3.4. Fix an n-tuple of points X,, = {z; j:_Ol C BN. The Distortion
Lemma in dimension 1 shows that the Newton map £y : Weg,1 — Wg;inl expands
a brick HB?%, (1) of standard thickness along each direction by at most a factor of 3
in each direction. Since, the space of 1-dimensional divided differences Wy, 1 is 2n-
dimensional, this gives a total volume distortion of at most 3%". This factor is part of
the estimates (3.13) and (3.42), but is ultimately unimportant since it is exponential
in n.

In the multidimensional case, this naive approach does not work. One can,
indeed, show that the Newton map expands a brick of standard thickness along each
direction by at most a factor 3". However, the space of divided differences W, v
has dimension of order (2n)N. So, the naive estimate of distortion is 32" which
is highly unaffordable. In the multidimensional case, we need a more precise estimate
on distortion.

First, we define a Cubic Brick of at most standard thickness, which differs from
the brick HB%,, (F) defined by (2.27) in two ways. First, it is a parallelepiped for all
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N, whereas HB?, (T) is a product of balls whose dimension is greater than 1 when
N > 1. Second, we require that the side lengths of a Cubic Brick decay very rapidly.
We will estimate distortion of such Cubic Bricks by the Newton map, then in the
next section we will cover a brick with Cubic Bricks,

Definition 4.3.1. Let X<k = (Aoy.--, A1) € Ri be a vector with strictly positive
components. If for every 0 < m < k we have N, > Api1(m + 1), we call the
rectangular parallelepiped

CHBZ (Xek, 0) = {{&ajajer = VO <m <k,

. . 4.8
VaEZf, la| =m, ¥Vj=1,...,N, \gg—6g|§)\m} (4.8)

a Cubic Brick of at most standard thickness centered at 5 (here the superscript j
denotes the jth coordinate). Similarly, for A\, € Ry let

CHBY* (X, 0) = {{& = : ¥ a € ZY,

A (4.9)
Vil =k Vj=1,..,N, [e— & <N}

An example of a suitable thickness vector X<k is {\,, = W f,:o.

To formulate a multidimensional version of the Distortion Lemma, we extend
the definition of the parameters (3.38) and (3.39) allowed by the family (3.8) in
Section 3.4. Consider a C'**-smooth diffeomorphism f € Diff"*?(BY) of the unit ball
BY into its interior and some positive integer n. Let CHBLVQ‘Z(XQTL, 5) be a Cubic
Brick of at most standard thickness, which defines the family of diffeomorphisms of

the unit ball BY into its interior

flo)=fla)+ Y &t (4.10)

|o|<2n—1

€atial<an—1 Zom Rezm,
(Eal eCHBY; (R can 8)

Fix an n-tuple of points X = {x]}” "< BV, and fix the standard Newton
basis { T;T0, - T(jal—1) (mod n) }‘a|<2n_1 in the multidimensional space of divided

differences DDV ’"(BN ,RY), defined by (4.5). Denote by

ﬁjxvn : ({5a}\a|§2n—1) - ({ﬁa}|a|gzn—1) (4.11)
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the Newton map that corresponds to rewriting an N-vector polynomial of degree
2n — 1 given in the basis {2} |4j<2n—1 in the Newton basis (4.5).
Consider the reparametrization of family (4.10) by the Newton parameters

faen—nx, (@) = @)+ Y ez 20, T(jal-1) (mod m)*- (4.12)

|a|<2n—1

Denote by @(m) = ({tUa}|a<m) (respectively @, = ({Ua}jaj=m)) the set of all
Newton parameters of degree at most m (respectively of degree exactly m).

In order to state the Discretization Lemma in the N-dimensional case, we have
to define the set of values of Newton parameters #(2n — 1) that are allowed by the
family (4.10) and the Cubic Brick (4.8).

Let X, = {l‘j}?;l for 0 < k < n, and for convenience below let X, = X,, for
n<k<2n-—1. Let

7{21;?13 :Woyn — ngXJ@ and Wfﬁfk :Woin — Wé‘z’v(’“
be the natural projection onto the space WﬁkX]@ of N-vector polynomials in N variables
of degree k and the space W,f ]f[(’“ of homogeneous N—vector polynomials in NV variables
of degree k. As for N = 1, this projection depends only on Xy, not on X,, \ Xj.

Notice that the image of the Cubic Brick CH Bivéff(xdn, §) under the Newton
map E%n is a parallelepiped

Plinix, A<an: 8) = LX, (CHBZ; (Aean, 9)), (4.13)

because the map £¥ is linear.

We call the parallelepiped PiVQ’ff,Xn(an, g) the set of parameters allowed by the

family (4.10). Notice that the values of @(2n — 1) = (4, ..., Um—1) € W22)§7§V that

do not belong to Pivéffxn(xdn, g) are of mo interest for us, because they lie outside

of the range of the family (4.10) under consideration. Now we define the range of
allowed parameters u(k) € ngxj(“, for each 0 < k < 2n — 1.

Denote the images of the Cubic Brick CH BQEﬂde g) under composition of

N 3 3 Nou, X Nou, X
the Newton map Lx and the projections 7_y "2} and 7_5 7" by

-

q)) Wk (4.14)

N,st v A NauXg N N,st/\
P<2n,§k,Xk( <on,0) = Ton,<k O‘CXH(CHB<2n(>‘<2n7(5
— — 'LL
A<27’Z7 (5)) C Wk,N

N,st v _ _Nu,Xg N N,st
P<2n,k,Xk(>\<27l7 0) = Teonk © ‘CXn(CHB<2n(
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It follows from the definition of the Newton map E%n that for each 0 < k£ <
2n — 1, the sets Pivéfféhxk (X<on,6) and Pivéjikyxk(xdn, §) are polyhedra depending
on X;. We call Pivéfigkvxk(an,dﬂ) the set of parameters of order k allowed by the
family (4.10).

Similarly to the 1-dimensional Distortion Lemma from Section 3.4, its N-dimen-
sional generalization gives an estimate on the ratio of volumes of the polyhedra
Pfﬁigk,xk(xdn,g) of allowed Newton parameters #(k) and the corresponding Cu-
bic Bricks CHBY5 (X con, 6).

The Preliminary N-dimensional Distortion Lemma. Let X,, = {mj}?;(} C
BY be an n-tuple of points in the unit ball BN, and let E%n : Weann — Wg’;;:}v
be the Newton map (4.11) corresponding to the basis (4.5) for W“;é*}v Let Aeoy, =

<
(Ao, - -+ Aon—1) € RE™ be a vector with strictly positive components that defines a Cubic

Brick of C’HBivéff(an, 8) of at most standard thickness and Leb<y n (resp. Leby n)
be the Lebesgue measure on the space Wy n (respectively Wy ) of (respectively of
homogeneous) N -vector polynomials in N wvariable of degree k. Then for all 0 < k <
2n — 1, we have the volume ratio estimate

Leby,n (Pivéit,k,xk(xdm g))
Lebka (OHB]iV’St(Xk, g))

< gV, (4.15)

Remark 4.3.2. As in the 1-dimensional case, the Newton map L¥ is volume-
preserving, and hence the parallelepipeds Pivéfixn()\dn, J) and CHBgif()\Qn, 9) have
the same volume. However, the estimate (4.15) concerns the volumes of projections of

these parallelepipeds. Since C’HBgff(de g) is a rectangular parallelepiped (aligned

with the coordinate azes) and PQVZ;;{X”(XQH,X) is not, the projections of the latter
set have larger volume according to the amount of shear in the Newton map. The

Distortion Lemma bounds the effect of the shear.

The lemma above will be proved in Part II of this paper in a more general form
required for the proof of the Main Result (Theorem 1.3.7). The other main ingredient
of Section 3.4, the Collection Lemma, proceeds in much the same way for general N
as it does for N = 1.
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4.4 From a brick of at most standard thickness to
an admissible brick

In order to apply the method which we are developing in this paper to other problems
about generic properties of dynamical systems, we need to have a sufficiently rich
space of parameters (enough freedom to perturb). Various dynamical phenomena
have a “size” that is exponential in the period or number of iterations. Since we
perturb trajectories of length n with polynomials whose degree is proportional to n,
it seems essential to have a Hilbert Brick of parameters with sides decaying at most
exponentially in the period of the polynomials the respective parameters multiply.
That is, with the notations of Definition 1.3.1, we would like to have r, > exp(—Cn)
for some C' > 0. However, even for the 1-dimensional model, if we consider a brick of
parameters with exponentially decaying sides, then we cannot control the distortion
properties of the Newton map (see Remark 3.4.1).

In order to circumvent this problem, we do the following. Consider a Hilbert
Brick HBY(T) of an admissible size ¥ = {r;}32, (see Definition 1.3.1). Using Fubini’s
Reduction from Section 2.3 at the nth stage of induction over the period, we reduce
consideration of an infinite-dimensional Hilbert Brick H B (¥) to a finite-dimensional
brick HBY,, (F).

Recall that HBY,, (F) belongs to the space of N-vector polynomials of degree
2n — 1, denoted by W.g, n.

Definition 4.4.1. We call the Cubic Brick in Wco, v of at most standard thickness
centered at a point 5<2n € Weann and associated to the brick HBY,, (F) the one
denoted by CHBY; (X con(F), 0<20) and defined by (4.8) where A (F) = 7/ (m!)*N
and Xcon(F) = (Ao(F), . . ., Agn_1(F)).

Remark 4.4.2. It follows from the nonincreasing property of the sequence r,, (see
Definition 1.3.1) that

(m + 1>4N)‘m+1(F) - (m + 1)4N ((m:T_n—;;)zLN < (7;;;4N - )\m(f:)’ <4'16>

so that the Cubic Brick CHBLVQ‘Z(XQ?%(F), S<on) is of at most standard thickness.

We wish to cover the brick HBY,, (F) in W.a, x by a collection of Cubic Bricks
{CHBY (X con(F), 0<20)}5_, coe ©Of at most standard thickness associated with it.

First we define a grid in Wy, y on which the centers g<2n should lie in order that
the Cubic Bricks fit together without overlap.
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Recall that Wy, v = X2 W,, n, dim W,, x = v(m, N), and denote n(k, N) =
S ¢ w(m, N). Let

m=0

n(2n—1,N) _ —v(0,N) (1 N) o v(2n—1,N)
ZQ}‘<2n(r) ZZ}‘O( r) X Z A1 (F ) X ZQ}\%—I(F) (417>

CWonxXWin X X Wayi v =Weonn,

where Z;( o )) is the grid in R¥(™™) with spacing 2),,(F) in each coordinate. Let

G(F) = {0 € 21" HBY,, (F) 0 CHB! (X (1), 0c00) # 0} (418)
2>\<2n( r)

The Cubic Bricks with centers in G(r) are the ones needed for

our covering:

HBZ,,(F) C Use CH B (Acon(F), 6<2n). (4.19)

The Covering Lemma. The ratio of the volume of the covering (4.19) by Cubic
Bricks and the volume of the brick HBY,, (F) is bounded by e*™
Proof: We claim that the covering (4.19) is contained in the slightly larger

brick HBY,, ({(1 + (2‘63_N)rm 21~ 1), The amount that the covering extends beyond

HBY,, (F) in the direction of a given multiindex o with |a| = m is at most the di-
ameter in the o direction of one of the Cubic Bricks CH B3 (X oo (F), 0 <2n) which

<2n
by Definition 4.4.1 is 2/ N\, () = 2V Nr,,,/(m))*N. Recall the definitions (2.27)
of HBY, (r) and (1 12) of the norm used therein. In this norm, the diameter of
CHBYS (X2on(F),62,,) in the directions with |a| = m is 2\/Wrm/(m')4N times the

™) < (m!)¥, from which our claim follows. The ratio of vol-

square root of 7, (
umes that we wish to bound is then at most [[>"— exp(2v/N/(m!)?N) < e2VN < 6N,
Q.E.D.

Recall now that our main goal in the proof of Theorem 1.3.7 is to get an esti-
mate on the measure of the “bad” set of parameters (2.1) inside of the Hilbert Brick
HBY(r). Using the Fubini reduction from Section 2.3, we know that it is sufficient to
get an estimate on the measure of the “bad” set in a finite-dimensional slice of the form
HBY,, () x {€52,} that is uniform over 5,, € HBZY,, (F) see (2.31-2.32). Notice now
that if we can prove that for each Cubic Brick slice C’HBgf(an(F), §on) X {5}
from the covering collection g, € G(r) that the fraction of parameters in the slice
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that are “bad” is uniformly small over -, € G(I), then the same fraction is small
in the whole slice HBY,, (F) x {€>2,}. (By the Covering Lemma, we must increase
the bound on the fraction of “bad” parameters only by the factor eV, which is in-
dependent of n.) By the Fubini reduction, this shows that the measure of the “bad”
set in H BN (F) is small too. Thus it is sufficient to prove the following estimate.

MJ!Qn,F <BTL<C> 5a P, Fa f7 52271) N CHBiVéff(X<2n(F)> g<2n)>
'u]<v2n,1'"' <OHB]<V§Z(X<27L(F)7 g<2n)> (420)
< M/n(cv 57 Ps Ml-‘rp)'

uniformly over all dq, € J(F) and so that Y >, w (C,4,p, Mi4,) converges for all
positive C, 6, p, and M, ,, and tends to zero as C tends to infinity.

4.5 The main estimate on the measure of “bad”

parameters

In this subsection we formulate the main theorem of the rest of the paper which
implies (the Main) Theorem 1.3.7. It will be proved in Part II of this paper.

Theorem 4.5.1. For any p > 0 and any diffeomorphism f € Diff"*?(BN), consider
a Hilbert Brick HBY(T) of an admissible size ¥ with respect to f and the family of
analytic perturbations of f

{f(zx) = [(2) + ¢e(@) ey @) (4.21)

(see (1.10)) with the Lebesgue product probability measure p (see (1.15)) associated
to HBY(r).

Then for any positive integer n and any s, € HBY,,(F), consider a slice (2.27)
of the Hilbert Brick HBY(F) of the form

HBZ,, (F) x {&52,} € HBL,,(F) x HBL,,(¥) = HB"(F). (4.22)
Inside of this slice fix a grid point g<2n € G(r), and consider the Cubic Brick
CHBZ (Aon(F), 0<an) X {520} C HB, (F) x {&5,}. (4.23)

from the covering (4.19) associated to the brick HBY,, (T).
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Let f = f(g<2n o) be a diffeomorphism corresponding to the center of the Cubic
Brick CHBngff(an(f’), O<an) X {&52n}. Consider the family of diffeomorphisms

{f5<2n }§<2n€CHBgéf(x<2n(F)vo) D

(4.24)

{f(5<2n+g<2n1522n) }(5<2n+§<2n€HB§2n(F)WCHBgé‘Zt(X@n(F),5<2n) )

Then for C > 30/plog Mi.,, the fraction of the measure of “bad” parameters
B,(C,6,p, T, f,50n), defined in (2.32), inside C’HBivéff()\Qn,l(F),(SQn) X {59, } sat-
isfies the bound

:qun,F <Bn<C> 57 P, F, f7 52211) N CHBgéff(Xanl(F)a §<2n)>
<
'u]<VQn,F <CHB]<V£Z()‘2H—1 (F)v 5<2n)> (425>
24C N p! g2 N My, max{ M, ,,exp C'/100} "/

The discussion from the end of the previous section shows that this theorem
implies (the Main) Theorem 1.3.7.
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Appendix A: Properties of
hyperbolicity

In this paper we have quantified the hyperbolicity of periodic points in order to
bound from below the distance between periodic points of the same period. Recall
the definitions of v(L), y,(x, f), and v, (f) from (1.6) and (1.7) and the text between
them. In this appendix we will prove Proposition 1.1.6, along with a result that
say that the hyperbolicity of a power of a linear operator is no smaller than the
hyperbolicity of the operator.

Proposition 1.1.6 follows immediately from the following lemma.

Lemma A.1. Given the hypotheses of Proposition 1.1.6, for every pair of distinct
period n points of f, say x = f"(x) #y = f"(y), the distance |x — y| between them is

at least (Mffp(Hp)’Yn(f))l/p'

Proof: Let v = (y — x)/|z — y|. Then

f"y) — /() el d n
= — Av)dA
e mal, alew
o yl (A1)
= m/o df" (z + Av)vdA.
It follows that
lz—yl
ﬁ /0 ’ (df"(x + M)v —v)d\ = 0. (A.2)
Let w = df™(x)v — v; by hypothesis |w| > 7, (f). Also,
|df" (x + Av)v — v —w| = |[(df"(x + Mv) — df"(x))v] (A3)

< |df™(x + M) — df*(x)]].
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Now
df"(z + ) — df"(x)
= [df (" + o)) = df (f*H(@)]df " (z + M)
+df (fH@)[df (f" (@ + M) — df (f"72(@))]df" (2 + Av)
+o A dfH(f(@)]df (v + M) — df (@),
Since M4, is an upper bound on the C'** norm of f, it is an upper bound on the

norm of df(z) for all z € M. Tt follows that |f*(z + Av) — f*(z)] < Mf, A for
k=0,1,...,n—1, and hence

(A.4)

|df™(z + \v) — df"(x ||<ZMHp F NP M

(A.5)
n Mlnﬁp 1 p n(1+p) yp
_M1+lep+p 1/\ < My, TN
: . : o
(Recall that we assumed M, > 27 in the definition of M,,.)
By the results above we then have
1 lz—y| w
0= b / (dF" (2 + Ao)o — v) - A
[z =yl Jo |w
lz—yl
> w| — ||df"(x + Av) — df"(x)]|)dA
—— [ ol = e+ ) = @) "
lz—y|
n(1+p)
> n AP)d\
‘.Z’ . y‘ / ’Y 1+p )
> (1 (f) - MH;*”H:C ul’).

From this we get the desired upper bound on |z —y|. This completes the proof of the
Lemma. Q.E.D.

Notice that the notion of hyperbolicity (L) of a linear operator L as a lower
bound on |Lv — v| for unit vectors v occurs naturally in the proof above. It is
not possible to make an analogous estimate with the same power on the period n
hyperbolicity of f if the hyperbolicity is defined in the more usual manner, as in [Y],
taking the minimum distance of the eigenvalues of L from the unit circle in C. To
see this, consider the following C? map f : RY — R¥ for small v > 0:

flz1,29,...,2N) =

(A7)
((1 + 7)x1 — Tg, (1 + 7)x2 — X3y (1 + V)wn — Tn—1, (1 + ﬁY)‘%n - l'%)
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Notice that f has two nearby fixed points, 0 and (yV, N1 ... ~42V=1) that are
within roughly vV of each other. Notice also that df (0) is upper triangular and hence
all N of its eigenvalues are 1 + «, so that by the eigenvalue notion of hyperbolicity 0
is an (n,y)-hyperbolic fixed point of f. (Though df has eigenvalues closer to the unit
circle at the other fixed point, they are still much farther away than vV for large N.)
On the other hand, for v = (1,~,...,7¥ 1) we have |v| slightly larger than 1 while

|Lv —v| =1(0,0,...,.4™)[ =77, (A.8)

so that our notion of hyperbolicity is commensurate with the spacing between the
fixed points.

To this point, when using the hyperbolicity of a linear operator L, it has only
been important that | Lv—v| not be small for unit vectors v. The reason for estimating
from below |Lv — exp(2mi¢)v| for ¢ € [0,1) in (1.6) is that the hyperbolicity of L
will be a lower bound on the hyperbolicity of L* for positive integers k. In terms of
diffeomorphisms, this estimate gives a bound on how close points of period nk can lie
to a hyperbolic point of period n. For the eigenvalue-based notion of hyperbolicity,
the estimate is trivial, but for our notion it must be proved.

Lemma A.2. For every linear operator L : CN — CN and k € Z*, we have v(L*) >
y(L).

Proof: Suppose v(L¥) < v(L); then for some ¢ € [0,1) and unit vector v € CV
we have |L*v — exp(2mi¢)v| < v(L). Without loss of generality we may assume
that ¢ = 0; otherwise replace L with exp(—2wi¢/k)L, so that v(L) and y(L¥) are
unaffected and |L*v — v| < y(L). Let w = exp(2mi/k), and for j = 0,1,... .k — 1 let

uj =v+ L+ w2 4 - WEDI LR, (A.9)

Notice that ug + uy + - -+ + ug_1 = kv, and since v is a unit vector we must have
|u;| > 1 for some j. But

Luj — w’juj =Lv—w v+ L% — Lo+ - Dipky — ,E=2ipk-1,

, . . A.10
= wFDipky — iy = w7 (Lv —v), ( )

the last step because w is a k-th root of unity. This yields |Lu; —w™Ju;| = |[Lv —v| <
(L), contradicting the definition of v(L). This completes the proof of the lemma.
Q.E.D.

The next lemma is a simple estimate on how much a small perturbation of a
linear operator can change its hyperbolicity.

76



Lemma A.3. For any pair of linear operators L and A of RN into itself, hyperbolicity
satisfies the estimate

V(L +A) >~(L) - [|A]l. (A.11)
Proof: By the definition of hyperbolicity,

Y(L+A)= inf inf |(L+ A)v —exp(2mip)v|. (A.12)
¢€[0,1) [[vf=1

By triangle inequality, for all v € RV,
|(L + A)v — exp(2mig)v| > |Lv — exp(2mig)v| — |Av]. (A.13)

This implies the statement of the lemma. Q.E.D.
The following lemma generalizes the previous two lemmas. The proof is very
similar to that of Lemma A.2, but we need to be a bit more careful.

Lemma A.4. For all linear operators L, Ly, Lo, ..., Ly : CN — CV,
k
Y(LiLiy -+ Ly) > 9(L) = > | L = Ly]l. (A.14)
j=1

Proof: Choose vy € CV and ¢ € R such that
|LkLk_1 e L1U0 — 6i¢U0| = /Y(LkLk—l s L1>|UQ|. (A15)

Let v = Ll'Uo, (%) :Lng’Uo, ey, U = Lkkal“'Ll'UO- FOI'j = 0,1,...,]€— 1 let

wj = el-orm)/k (A.16)
and

uj = vy + wjvy + w?-vg +--+ w;“_lvk_l. (A.17)
Choose ¢ for which |v,| = max(|vol, |v1],- -, |vk—1]), and notice that

k—1

ij_éuj = kuy. (A.18)

=0

Thus there exists j such that

|uj| = |ve| = max(lvol, [v1], .., [ve-1])- (A.19)
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Then we have
V(L) < |Luj — w; gl /|uy|

-1 k-1
| —w; wo + Lug — v1 + Lwjvy — wjvg + -+ + Lw;™ v

|
Jwi T (o = €%vo) + (L = Li)vo + (L = La)wjvy + -+ (L — Ly)w ' vpi]|
|
il - Lo)fvo + | L = Lal[eo] + || = Lofl|oa] + -+ + | L — Lyl[vx1]
- |uy]

<Y(LiLi-1-++L1) + [|L = Laf| + [|L = Laf| 4 - - - + [|L — L],
which is equivalent to the desired inequality. Q.E.D.

Proposition A.5. Let r < 1 < K be positive numbers and A, B be linear operators
of RN into itself given by N x N matrices from My (R) with real entries. Consider an
N?-parameter family {Ay = A+ UB}ycon (r)» Where CN(r) is the cube in My(R)
whose entries are bounded in absolute value by r. Suppose that |B]|,||B7!|| < K.
Then for the Lebesgque product probability measure i, n2 on the cube o (r) and all
0 <~ <min(r, 1), we have

C(N)K*N~

= (A.20)

My N2 {U € CN2(71) : V(AU) < 7} < 5
where the constant C'(N) depends only on N.

Proof: For 0 <y <1and ¢ € [0,1), define the sets of non-y-hyperbolic matrices

by
NH}(R) = {L € My(R) : (L) <},
NHY(R) = {L € My(R): inf |(L - exp(2mio)e] < 7). (A.21)
Then
NH}(R) = Ugepoy NH? (R). (A.22)
We claim that
NH(R) C Ujmo, 51 NHYP(R). (A.23)
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Indeed, suppose that L € NH};(R). Then for some number ¢ € [0,1) and vector
v € RY with |v] = 1, we have |(L — exp(2mi¢))v| < 7. Let j be the nearest integer to

[5/7]¢ and let ¢, = j/[5/7]; then ¢ — ¢, < 1/(2(5/v —1)) < ~/(2m). Thus

(L — exp(2mic,))o] <

. . . (A.24)
(L — exp(2mid))ol + | exp(2mig) — exp(2mig, )| < 27

and L € NHJQ\?’j/[ﬂMH] (R) as claimed.

Next, we claim that every matrix in N H?’j /6] (R) lies within 2 of a matrix in
N H]?;j/ 5/1(R), where we use the Euclidean (RY*) norm on My(R) (not the matrix
norm). Consider L € NHY7/PI(R), ¢ € [0,1), and v € RY with |v| = 1 and
|(L — exp(27ij/[5/7]))v| < 2v. Let w = (L — exp(2mij/[5/7]))v and let M € My (R)
be the matrix whose kth row is wv, where wy, is the kth coordinate of w. Then the
Euclidean norm of M is |w| < 2y and Mv = w, so that (L—M —exp(27mij/[5/7]))v =0
and hence L — M € NHY/PPI(R).

We complete the estimate (A.20) by estimating for each j the number of y-balls
needed to cover NH ](i,’j /B/] (R) within an appropriate bounded domain. It then follows
from the previous paragraph that if we inflate each of these balls to the concentric
ball of radius 37, the collection of larger balls will cover NHy?/B/ (R}, and from
the paragraph before that the union over j of these covers will then cover NH}(R).
To this end, we show that each N H?,’j/ 5/7] (R) is a real algebraic set and compute

1. Then we will apply an estimate of Yomdin [Y] on the number of

its codimension
~-balls necessary to cover a given algebraic set by polynomials of known degree.

Notice that
NHY(R) = {L € My(R) : det(L — exp(2mi¢)Id) = 0}. (A.25)

We split into the two cases exp(2mi¢) € R (that is, ¢ = 0 or 1/2) and exp(2mi¢) ¢ R.
In the first case, the equation det(L 4+ Id) = 0 is a polynomial of degree N in the
entries of L, so NHY(R) and N va’l/ ’(R) are real algebraic sets defined by a single
polynomial of degree N.

In the second case, decompose the equation det(L — exp(2mi¢)Id) = 0 into two
parts: Re[det(L — exp(2mi¢)Id)] = 0 and Im[det(L — exp(2mi¢)Id)] = 0. Each
part is given by a real polynomial of degree N. Furthermore, these two polyno-
mials are algebraically independent, since otherwise Re|det(L — exp(2mi¢)Id)] and
I'm[det(L — exp(2mig)Id)] would satisfy some polynomial relationship and, thus,

IUnfortunately NHY (R), in contrast to NHY’ /B/(R), is not algebraic
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det(L— exp(2mi¢)ld) would take on values only in some real algebraic subset of
the complex plane. However, for N > 2 (which is necessary for complex eigenvalues),
by considering real diagonal matrices L we see that the values of det(L —exp(2mi¢)Id)
contain an open set in C. Therefore, N HR}%R) is a real algebraic set given by two
algebraically independent polynomials of degree N.

Covering Lemma for Algebraic Sets (/Y], Lemma 4.6) Let V.C R™ be an
algebraic set given by k algebraically independent polynomials pq,...,pr of degrees
dyi,..., dy respectively, i.e. V. ={x € R™: pi(z) =0,..., pp(x) = 0}. Let C'}'(s) be
the cube in R™ with side 2s centered at some point A. Then for v < s, the number of
v-balls necessary to cover V.0 C7(s) does not exceed C(D,m) (2s/v)™ %, where the
constant C'(D, m) depends only on the dimension m and product of degrees D =[], d;.

Remark A.6. Some additional arguments based on Bezout’s Theorem give an upper
estimate of C(D, m) by 2™D for v sufficiently small.

To complete the proof of Proposition A.5, we apply the Covering Lemma for
Algebraic Sets to each NH%/B/N(R), where j = 0,...,[5/7] — 1, with m = N2,
s = Kr, and A as in the statement of the proposition. (Notice that if U € o (r)
then A+ UB € CY’°(Kr), so we need only cover the part of NH®/6/1(R) lying in
the latter set.) In the case that j/[5/7] = 0 or 1/2, we have k = 1, d; = N, and
D = N, so the number of covering y-balls is bounded by C'(N, N2)(2K7r/v)¥*~. In
the case of other j, we have k = 2, d; = dy = N, and D = N?, so the number of
covering 7-balls is bounded by C(N?, N?)(2Kr/v)N*~2. The number of j’s of the
second type is less than 5/. Combining all these estimates along with (A.23) we get
that NHY(R) N CY’(Kr) can be covered by C(N2?, N?)(2 + 5/(2K71))(2Kr/)N"~!
balls of radius 3.

Finally, notice that the preimage of a ball of radius 37 under the map U — A +
UB is contained in a ball of radius 3K+, whose /i, y2-measure is less than (3K~ /7).
Therefore the total measure of 3K~-balls needed to cover the set {U € CN*(r) :
Y(A+UB) <~} is at most C(N)K2N"~/r2, where the constant C'(N) depends only
on N. Q.E.D.
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Appendix B: Orthogonal
transformations of R and the
spaces of homogeneous polynomials

In this appendix, we prove that the scalar product (1.12) in the space Wy, y of homo-
geneous N-vector polynomials of degree k£ in N variables is invariant with respect to
orthogonal transformations of R™V.

Lemma B.1. Let x € RY be given by N coordinates x = (z1,...,xy). Fork € Z,,
consider homogeneous polynomials py(x) = Z‘M:k €ax® € Wy n in N variables, where
r® =z . 2. Let O € SO(N) be an orthogonal transformation of RY. Denote
by ' = (2),...,2%) the new coordinate system induced by the relation x = Ox'.
Write (') = pi(O2') = 32,0 1=1. €a ()" in the new coordinate system. Then for all

{ga}|a\=k and {ﬁaha\:k;

> (1) em-x (5) @ B1)

o=k |a|=k

Proof: For this lemma it will be helpful to use a different notation for monomials.
Given a k-tuple 8 = (B1,...,0) € {1,2,..., N}*, define (% = x4 25, - 15,. Notice
that (¥ = 2% where «; is the number of indices j for which 8; = i. Write a(f) for
the multiindex corresponding in this manner to the k-tuple , and notice that for
each multiindex « there are (i) different k-tuples 3 for which a(5) = .. Let |5] = k.

Given a polynomial py as in the statement of the lemma, we can write pg(z) =

> 18l=k g, where €5 = (fi)_lé’a(@). We can also rewrite the scalar product as
follows:
1\ L
> (8) Enid = X oo (B.2)
|a|=F |1Bl=k



(Remember that for each «, there are (2) corresponding terms on the right-hand
side.)
Our goal is then to show that

> (Ew i) = D (Elsy Tl (B.3)
|B=k |8|1=k

We prove this by induction on k. For k = 0, the identity is trivial. Assume that
the identity now holds for some k£ > 0. Given § with |f| =k and 7 € {1,2,..., N},
let (3,i) be the (k + 1)-tuple (f1,..., Bk, 4). Also, let é’gﬁ) = £(g,). The reason for
this alternate notation is that we will mean something different below by é%) and

( 5,0)" In the former case, we fix ¢ and apply the coordinate transformation O to the
polynomial szk ()% 2 to get the coefficients 7 5([3). In the latter case, we transform
the polynomial Z‘(W”:kﬂ 5(571-)$w”) to get the coefficients 5(’[3’1.).

Next, notice that

Z Z L (5 z®. (B.4)

|(8.4) [=k+1 =1 |3=k

Applying the coordinate change x = Ox’ to both sides, we get

> ol M‘ZZOW > () (B.5)

1(8,)|=k+1 i=1 j=1 |8|=F

It follows that
N

ZOU% (B.6)

A similar identity holds with & replaced by /, whereupon
)IRCHEIRES b 25 9p I AI) (B.7)
[(8,3)|=k+1 =1 |B|=k i=1 ¢=1

Since O is an orthogonal matrix, Ejvzl 0;;Oy¢; = 05 Exchanging the order of sum-
mation on the right-hand side above, we then have

> (Eos Tl ZZ > (& ) (B.8)

1(8,5)|=k~+1 =1 |B|=k |(8,8)|=k+1

by the inductive hypothesis. Q.E.D.
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Appendix C: Embedding of the
space of diffeomorphisms of a
compact manifold Diff" (M) into
that of an open set in a Euclidean
space

In this appendix, we describe how to extend an perturb a diffeomorphism of a com-
pact manifold embedded into a Euclidean space, and what conditions we need to
ensure that the results of Sacker [Sac] and Fenichel [F] about persistence of invariant
manifolds apply.

Recall that M is a smooth (C*) compact manifold, and let f be a diffeomor-
phism in Diff"(M). First we consider a manifold M = M x [0,1]/ ~, where the
equivalence relation is defined by (z,1) ~ (f(x),0) for all z € M. Then M is as
smooth as f is and carries a naturally defined vector field X; whose time one map,
restricted to M x {0}, coincides with f. Such a construction is usually called suspen-
sion. Now we embed M into the interior of the closed unit ball BN*! ¢ RV*! in such
a way that M x {0} embeds into an N-dimensional subspace. Given a compact man-
ifold M of dimension D, for N +1 > 2D the Whitney Embedding Theorem (see e.g.
[GG]) says that a generic smooth map from M to RN*! is an embedding, i.e., a dif-
feomorphism between M and its image. Fix coordinates in RN+!. Consider a smooth
map E' : M — BN*! such that E'(M x {0}) € RY x {0}, the hyperplane where the
last coordinate is zero. By the Whitney Embedding Theorem, we can choose a small
perturbation E of E’ such that E is an embedding of M. Since E(M x {0}) is close to
RN x {0}, we can change coordinates in R¥*! so that EF(M x {0}) C RY x {0} with
a new coordinate system. The mapping x — FE(z,0) then provides an embedding
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of M into the hyperplane in R¥*! where the last coordinate equals zero, which we
identify with RY. To simplify notation, we identify M and M with their images, so
that M and M become submanifolds of RN+! and RY respectively, with M x {0} a
submanifold of M.

Before we present a way to extend a vector field on M to its tube neighbor-
hood, we need to recall notion of a k-normally hyperbolic manifold. Recall that the
minimum norm m(L) of a linear transformation L is defined as

m(L) = inf{|Lz| : |z| = 1}.

When L is invertible, m(L) = |[[L7||7'. Fix ¢ > 0. Let X be a C" smooth vector
field on R¥*1 and X' be the time ¢ map along trajectories of X. Let T7RN*! be
the tangent bundle of RV*! over M. Suppose we have a dX‘-invariant splitting into

RNJrl W @ TM @ Ws
i.e. for any y € R¥*! we have dX'(y)W; = W, and dX'(y)W,' = Wi, ,,. More-

over, for some C' > 0 and A > 1 we have |dX"(y)v| 2 CX|v| forally € M, allv € Wy
(respectively W), and all £ > 0 (respectively ¢ < 0). Denote

three subspaces

d(X")(y) = dX* W)lws,  dX)"(y) = dX (Y)lwe,  AX)(y) = dX W)l 5

Let 0 < k < r. We say that the vector field X is k-normally hyperbolic at M if there
is such a splitting that for all y € M we have:

m(d(X")"(y) > [dX) @)I* and  m(d(X") (y))" > [ldX*) (W)l

Notice that if X! is k-normally hyperbolic for small enough ¢, then it is k-normally
hyperbolic for all positive ¢.

Let T C RN*! be a closed nelghborhood of M, chosen sufficiently small that
there is a well-defined prOJectlon 7 : T — M for which #(Z) is the closest point in M
to #. Then for each § € M, by the Implicit Function Theorem, 7~1(7) is an (N — D)-
dimensional disk. Then we can extend each vector field X on M to a vector field X on
T so that the component tangent to 7~'(7) is directed toward 7 and is r-dominated
by the orthogonal one, meaning that the vector field X is r-normally hyperbolic at
M. Such an extension is possible because M is compact and one can keep increasing
the “strength” of attraction toward M by X until r-normal hyperbolicity is attained.

Consider the Poincaré return map of X; from T =T N {BY x {0}} into BY x
{0}, which is well-defined by the construction. Denote this map by F. The vector
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field &} is directed so that F' maps 7' strictly inside itself. Now we shall use r-
normally hyperbolicity of X to construct an Artin-Mazur approximation f. of f via
approximating X and relying on persistence of M for the Poincare return map of X.

Now the closed neighborhood T of M can be considered as a subset of RY and
can be chosen sufficiently small that there is a well-defined projection 7w : T'— M for
which 7(z) is the closest point in M to z. Every small perturbation F. € C"(T) of F
can be suspended to a vector field X, close to X;. Then by Fenichel’s Theorem [F],
for e sufficiently small F. has an invariant manifold M. C T for which 7|y, is a C”
diffeomorphism from M, to M. Then to such an F, we can associate a diffeomorphism
fe € Diff"(M) by letting

fely) = W(Fa(ﬂg/[ls(y)))

Notice that the periodic points of F. all lie on M. and are in one-to-one cor-

respondence with the periodic points of f.. Furthermore, because f. and F.|,,. are

conjugate, the hyperbolicity of each periodic orbit is the same for either map. Thus
any estimate on P, (F;) or 7,(F.) applies also to f..
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Appendix D: Pathological
examples of decay of product of
distances of recurrent trajectories

In this Appendix we present two types orbits of a horseshoe diffeomorphism that
show that with the methods we have in this paper, the estimate exp(Cn'*°) on the
growth of the number of periodic points (the Main Theorem from Section 1.3) can-
not be improved to exp(Cn(logn)?) for any real number 6. More exactly, the Shift
Theorem, stated in Section 3.5, is crucial to split all almost periodic trajectories into
classes as in (3.12). In Section 3.5, we outline the proof of this Theorem and it might
be helpful to review the strategy presented there, especially, the last remark right
before Section 3.5.1. Suppose that we now set 7, (C, d), which is roughly the inverse
of the bound we get on the number of periodic points, equal to exp(—Cn(logn)®). In
Example 2,we construct a trajectory that for an infinite number of periods n is non-
simple, has no leading saddles, and no close returns (gaps), as defined in Section 3.5.
Thus for such slowly decaying v, (C, ), we can’t deal with these kind of trajectories
with our methods.

First we give an example that shows more simply that the product of distances
along a period n orbit can be of order exp(—Cnlogn) even though the closest return
along the orbit is of order exp(—Cn).

Example D.1. Consider the sequence of periodic orbits of a horseshoe map
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with symbolic dynamics

So =

S =0

Sy = 01

Ss = 010
Sy = 01001

Ss; = 01001010
Se = 0100101001001

Each sequence is the concatenation of the previous two sequences; it can also be
generated from the previous sequence by the substitution rules 0 — 01 and 1 — 0.
The number of symbols in S,, is the nth Fibonacci number F,.

Notice also that

Sp = Sp-1Sn-2
Sn—257-3n-2
Sn—3Sn—45n-35n—35n-4
= Sn-45n-55n-45n-45n-557-45n-557—4

More formally, the sequence .S,, can be generated from S, for any 0 < k < n by replac-
ing each 0 in Sy by S, 1 and each 1 by S,,_r. We refer below to this decomposition
of S,, into copies of S,,_r and S,,_r.1 as “decomposition k”.

Every three symbol subsequence of S, is either 010, 100, 001, or 101. Fur-
thermore, regarding each S, as a cyclic sequence, each of the four triplets above
occurs at least once in Sy, at least once in Sy, at least twice in Sg, and in gen-
eral at least F,_, times in S, for n > 4. The importance of this observation
below will be that in decomposition k& for 4 < k < n, each of the substrings
Sn—k41n—kSn—k+15 Sn—kOn—k+15n—k+1s On—k4+1n—k+19n—k, and Sy,_pSy k4151 OC-
curs at least Fj,_, times.

Now let xg,x1,...,2,—1 be points in the periodic orbit with symbolic dynamics
Sy, where p = F,, is the length of S,,. No matter where the symbolic sequence of x
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starts within S,,, we claim that for n sufficiently large,

p—1

H |z — ;] < eler—ezn)p < gerp—csplogp

j=1
for some positive constants ¢y, ¢a, c3 independent of n. The latter inequality follows
from the fact that p < 2", so it remains to prove the first inequality.

Assume that the distance between any two points in the nonwandering set is
at most 1. Say the symbolic sequence of xy starts at the mth symbol of S,. If for
some positive integer ¢, the block of 2¢ — 1 symbols centered at the mth symbol is
repeated centered at the fth symbol, then the distance between the points zy and
Z¢_m 18 bounded above by e~? for an appropriate positive constants c. Here the index
¢ —m is taken modulo p.

Now for 4 < k < n, in decomposition k& the mth symbol in S, lies in a copy of
either S,,_j or S,,_ky1, which in turn lies in the middle of one of the four substrings
Skt 1Sn—kSn—kt1, Sn—kSn—k+19n—k+1, On—k+1n—k+19n—k, and Sy Sp_k11S,—k de-
scribed above. Each such substring occurs at least Fj,_4 times in S,,, and all but one of

—cFy

these occurrences contributes a factor of at most e # to the product of distances

|zg — xj|. Therefore for n > 6,

p—1 n
H |5L‘0 _ $j| < H(e_CFn7k>Fk74_Fk75
j=1 k=6

— 6*622:6 Fy 1k Fk—6

< e—c(n—5)Fn/F8

_ ec(5—n)p/34.

(The estimate F,,_yFj_¢ > F,,/Fs can be proved by induction, but heuristically this
type of estimate follows from the fact that F), is approximately an exponential function
of n.)

Example D.2. Consider now the aperiodic nonwandering orbit of the horseshoe
map whose symbolic dynamics are given as follows. Given a sequence of positive
integers ki, ks, ...,let S =0and S, = 15,_15,_1 -+ Sn_11 where S,,_; occurs 2k, +1
consecutive times. For example, if k, = n then

So = 0
S; = 10001
S, = 110001100011000110001100011
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Each sequence is symmetric, and for n > 1, each S,, contains a copy of 5, _; at its
center. Let L, be the length of S,; then Ly = 1 and L, = (2k, + 1)L,y + 2 for
n > 1. One can easily check that kiks---k, < L, < 5"k1ky---ky,.

Let xg be the point on the nonwandering set whose symbolic sequence has middle
L,, symbols S,, for each n > 0. By symmetry, to estimate the product of distances
|zg — x| as j goes from 1 to L, — 1, we can estimate the product as j goes from
—(L,—1) to L, — 1, excluding j = 0, and take the square root of the latter estimate.

As in the previous example, let ¢ be a positive constant such that |zo—z;| < e,
where ¢ is the largest positive integer for which the middle 2¢ — 1 symbols of the
sequences for xy and x; agree, or ¢ = 0 if their middle symbols do not agree. Then
for all n > 1 and —k, < m < k, we have |zg — T, ,| < e chn=ImiF1/2) Lo = The
square root of the product of these upper bounds, excluding m = 0, is

kn,
H o Clhn—m+1/2)Ln_1 _ efck,%Ln_l/Z < e—ChnLn/10

m=1

Here we used the inequality 5k, L,_1 > (2k, + 1)L,—1 + 2 = L,.

In addition, for n and m as above and all —k,_1 < p < k,_; we have |zg —
Tl 4pLn_s| < e ¢lkn—1=Ipl+1/2)Ln—2  The square root of the product of these upper
bounds, excluding p = 0, is

kn knfl
H He—c(kn,l—pﬂ/z)Ln,g _ e—c(an+1)k72L71Ln,2/2
m=—k, p=1

< e—c(2kn+1)kn,1(Ln,1+1)/12'

Here we used the inequality 6k, 1L, 2 > (2k,—2+ 1)L,—2+3 = L,y + 1. Then in
turn we can say (2k, +1)(L,—1+1) > (2k, +1)L,,1 +3 = L, + 1, so that the bound
on the product above can be replaced by e=¢Fn-1Ln/12,

In a similar manner, we can bound above another set of terms contributing to
the product of distances |zg — x| by e ¢n—¢In/12 for ¢ =23 ... n — 1. Multiplying

all these bounds together we conclude that

L,—1
H |l.0 _ x]| S e_c(k1+k2+"‘+kn)Ln/12.

i=1

Notice that if k,, = k independent of n, then L, ~ (2k+1)" and ky + ky +---+ k, =
nk ~ log L,. Thus we get an estimate similar to Example 1.
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If k, = n® then logL, ~ nlogn and hence k; + ky + -+ + k, ~ n®t ~
(log L,,)*™, loosely speaking. The closest returns to zy are of the form — log |zq —
xr, | ~ kpy1Ln ~ Ly(log L)%, loosely speaking again. Thus if we attempt to apply the
Inductive Hypothesis with v;(C, §) = exp(—Cj(log j)°), this example with « = §—1/2
shows that for the product of distances along a hyperbolic trajectory can be smaller
than any fixed power of 7;(C,d) for arbitrarily large j = L,,, despite the fact that
the closest return over j iterations is larger than any fixed power of v;(C,d) for j
sufficiently large.
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