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ABSTRACT
The model of the Earth’s magnetic field has been investigated in recent years
through experiments and numerical models. At the University of Maryland, experimental studies are implemented in a three-meter spherical Couette device filled
with liquid sodium driven by two independently rotating concentric shells, an
applied approximately dipole magnetic field, and dynamo action. These experiments incorporate high velocity flows with Reynolds numbers ∼ 109 similar to those
achievable by convection-driven flows in celestial bodies like the Earth. Collaborators at ISTerre have created the numerical code XSHELLS which features finite
difference methods in the radial direction and pseudospectral spherical harmonic
transforms for the angular directions. Highly turbulent flows are unfeasible to resolve limiting the abilities of purely numerical models. Experiments can produce
highly turbulent flows but measurement can be intrusive. Our goal is to synchronize the numerical code with the experimental magnetic boundary data to get an
idea of the unknown velocity field. In this project, we propose a validation study using Local Ensemble Transform Kalman Filtering (LETKF) on the numerical model
and synthetic observation data to study the behavior. This would allow us to prepare for scaling to the experimental data which introduces additional constraints
such as asynchronous observations and model error.
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1 Background
1.1 Dynamo Action
Our knowledge of Earth’s core is advancing substantially through experiments, reservoir computing, and now data assimilation here at the University of Maryland. It has been accepted in
the 20th century that celestial bodies, like Earth and the sun, can attribute their self-sustaining
magnetic field to dynamo action. This process starts with a generated magnetic field dipole
going through the center of the planet where the liquid outer core lies as a spherical shell
of convection-driven liquid iron filling the cavity between the solid inner core and the inner
boundary of the plastic mantle. The poloidal magnetic field changes direction as it is stretched
and flows with the toroidal velocity of the fluid in an action known as the Ω−effect. The influence of the velocity field (stretching of the magnetic field) converts kinetic energy into magnetic energy. In the highly turbulent flow, there are some observable effects such as toroidal
flux tubes of magnetic plasma buoyantly rising to the surface in plasma-type dynamos such
as the sun. Alternatively, turbulence can result in the formation of helical motions leading to
loops orthogonal to the toroidal field in an event known as the α−effect. The new direction of
the magnetic field then reinforces and even amplifies the original magnetic field in the poloidal
direction. This iterative process is known as self-sustaining dynamo action and is illustrated in
Fig.1 [1, 2].

Figure 1: Dynamo action: the effect of the applied magnetic field on the magnetic/velocity field flow. (a)
Magnetic field in the poloidal direction and velocity field in the toroidal direction. (c) Magnetic field lines
become wrapped in the toroidal direction (Ω−effect). (d) Helical motions result from highly turbulent
flow. (e) Small loops wrap in the orthogonal direction to the toroidal flow (α−effect). (f ) The contributions of the new direction of magnetic field add to the original magnetic field and amplify it as seen in
(g) where the process starts over again. (h)-(j) demonstrate another occurrence which also results in the
reinforcing of the original magnetic field [2].

The governing equations for system are outlined in Section 1.5. Here are some important dimensionless parameters that are used characterize the flow. The Reynolds number is
Re = U L/ν where ν is kinematic viscosity, U is an average velocity, and L ≡ r o − r i is the thickness of the fluid cavity. This is the ratio of the advection terms to the viscous terms and in
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these highly turbulent models, the Reynolds number is ∼ 109 . Another important dimensionless number is the Ekman number, E = ν/Ωo L 2 , where Ωo is the outer shell angular speed.
The Ekman number is the balance of the viscous terms to the Coriolis term. It is often part of
the dimensionless form of the governing equations andp
is useful for discussing the thickness
of the boundary layer. The boundary layer thickness is E , which is very thin for the case of
liquid sodium which is less viscous than water. Lastly, another parameter that is important is
the Rossby number, Ro = (Ωi − Ωo )/Ωo , which can be thought of as the differential rotation or
co-rotation between the core and the outer shell. Experiments can achieve a desirable Re when
the fluid is driven by differential rotation of the shells rather than convection-driven (as in the
geodynamo). In the lab, dynamo action can be achieved using the following: two concentric
spherical shells with differential rotation acting on a conducting fluid filling the cavity between
them and a sufficient amount of energy to drive the dynamo [3].

1.2 Data Assimilation
Governing equations prove that models are viable yet limitations due to the nonlinearity and
turbulent nature of the flow (Re ∼ 109 ) make them impracticable for a purely numerical model
to resolve. Experiments, alternatively, can generate data that reveal the relevant behaviors
of Earth’s core but there are limitations to what can be physically measured. We propose a
semi-numerical model that incorporates data assimilation, namely Local Ensemble Transform
Kalman Filtering (LETKF), that would use a numerical model to visualize the velocity field from
the boundary magnetic field measurements taken from our three-meter spherical Couette experiment at the Lathrop Lab in the Institute for Research in Electronic and Applied Physics
(IREAP).
Institutions in Maryland [4, 5] and France [6] have successfully incorporated data assimilation with geomagnetic models. In 2007, researchers at the University of Maryland at Baltimore
County and the Goddard Space Flight Center sought to synchronize the geodynamo model output with surface geomagnetic data to get a better understanding of Earth’s outer core. They used
an ensemble Kalman Filter (EnKF) on a 1D magnetohydrodynamic (MHD) model with no precession or heat and an ensemble of 100 members. They tested the system by running trials
varying the magnetic field, the velocity field, and the number of observation densities. Most
importantly, they found it was effective to only observe the magnetic field as a constraint on the
velocity-magnetic field system [4]. This research was further expanded into a 3D convectiondriven MHD model where they used EnKF to assimilate 100 years of geomagnetic observations
of Earth’s poloidal component of the magnetic field. Since error measurements could not be
taken on Earth’s outer core’s velocity field, error growth rate was studied between the magnetic
field at various stages in the data assimilation cycles [5]. In 2013, scientists at IPGP at the Paris
Diderot University and Alfred Wegener Institute in Germany used EnKF on a 3D convectiondriven model of the geodynamo with an ensemble of 500 members. They noted that the UMBC
studies assumed frozen forecast error statistics (covariance only generated once using ensemble approach) and instead implemented a more involved version of EnKF [6].
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1.3 Project Objectives
The focus of this project will be to incorporate a 3D differential-rotation-driven MHD numerical
code built by collaborators at the ISTerre laboratory in CNRS in Grenoble, France with LETKF
code. Our goal is to create and test the accuracy of data assimilation with the model using synthetic data from the purely numerical model with added noise. These validation studies of the
numerical experiment with the LETKF+numerical model will demonstrate how successful the
data assimilation could be in predicting the full velocity field and full magnetic field of true laboratory experiments. The following sections will outline the details of experiment, the governing
equations, the numerical methods, and the data assimilation.

1.4 Experiment
There are three spherical experiments at the University of Maryland: the 30-cm, 60-cm and 3m diameter devices. Our focus is on the largest three-meter experiment which consists of an
outer spherical shell concentric with a spherical inner core. There is a one-meter cavity between them which is filled with pure liquid sodium (Elemental Na). The three variables set in
the experiment are the rotation rate of the inner core and outer sphere which are characterized by the dimensionless Ro, typically in the range (-5 to 5), and the magnetic field applied
approximately dipole. Tests have found that in laboratory experiments, the best way to get high
Reynolds numbers (up to 109 ) is through flow powered by the differential rotation of the boundaries rather than convection-driven flow [7].
This experiment is considered adiabatic, that is there is no temperature gradient in the experiment due to the high conductivity of sodium. Prior to the attaining data, the experiment is
heated and after a transient mixing period the temperature of the liquid sodium is considered
constant at 125±0.5◦C (melting point is 97.8◦C [8]). Measurements are taken using 33 magnetic
Hall probes: 9 are evenly distributed along the equator, 4 at each pole, and 7 distributed on each
hemisphere between the equator and the poles. There are two magnetic probes on a finger in
contact with the sodium measuring in the cylindrical-radial direction and in the toroidal direction. There are also three dynamic pressure probes and one kinematic pressure probe. The
torque on the inner sphere is measured using a strain gauge in between the motor and the shaft.
Lab technicians are also able to measure the torque applied to the outer sphere from the necessary power required to keep the outer sphere moving at a constant rate. The shells are made
out of stainless steel with a one-meter gap in between the inner and outer shells. Two electromagnets (solenoid loops wrapped around the outer shell) are situated parallel above and below
the plane of the equator, providing an approximately dipole magnetic field [3, 7].
In the experiment, measurements cannot be made of the full velocity field or full magnetic
field. We would like to see some of the effects of the dynamo action such as distinct toroidal
and poloidal current outlined in Fig.2.
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Figure 2: Effect of the applied magentic field on the magnetic/velocity field flow. The third image is the
Ω-effect and the 2nd to last image is the α-effect.

1.5 Magnetohydrodynamic Flow
In the experiment, the flows are not convection-driven so variations in the temperature can
be neglected in this model. The shape of the apparatus is ideally spherical thus a spherical
coordinate system is used without concerns of Earth’s actual elliptic shape. Below is a schematic
diagram for the governing model.

Figure 3: Diagram of the spherical shell and the coordinate system [9].

The governing set of equations for the incompressible magnetohydrodynamic flow in spher-
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ical shells are
1
1
∂t u + (2Ωo + ∇ × u) × u = − ∇p ∗ + ν∆u +
(∇ × b) × b,
ρ
µ0 ρ
¡
¢
∂t b = ∇ × u × b − η∇ × b ,
∇ · u = 0,
∇ · b = 0,

(1)
(2)
(3)
(4)

where
• u is the velocity field,
•

p
µ0 ρb is the magnetic field,

• ν is the kinematic viscosity of the fluid,
• η = (µ0 σ)−1 is the magnetic diffusivity of the fluid,
• Ω0 is the rotation vector of the reference frame, and
• p ∗ is the dynamic pressure deviation.
Equation (1) is the classical Navier-Stokes equation in rotational reference frame form. In the
left side there is the rate of change in the velocity field and the Coriolis force. On the right
side there is the pressure gradient, viscous term, and Lorentz force term. The Lorentz force
term couples the magnetic field in Eq.(1) to Eq.(2) known as the induction equation. Eq.(2) is
derived from combining Faraday’s law and Ohm’s law and then applying Ampere’s law and the
divergence-free condition of the magnetic field to give the final form. The first term on the
right is the correction and stretching term and the second term, the magnetic diffusion. Lastly,
Eqs.(3) and (4) are the divergence-free condition on the magnetic field and the equation for
incompressible flow, respectively.
Boundary conditions include the no-slip condition on the surfaces of the spheres,
(
(Ωi − Ωo )r sin θ φ̂
for r ≤ r i ,
u=
(5)
0
for r ≥ r o ,
and that b matches the potential fields at the inner and outer boundaries. Also the conductivity
must be considered as the stainless steels shells have 1/9 of the electrical conductivity of the
sodium, σSS = σN a /9. Outside the outer shell is considered an insulator with no conductivity.
In addition to boundary conditions, the initial conditions include the differential rotation of the
boundaries and the imposed dipole magnetic field,
¢
r o3 ¡
bd = b 0 3 2 cos θr̂ + sin θ θ̂ .
r

(6)

Any vector that is divergence free can be written as a solenoidal field which can be decomposed into the poloidal and toroidal components,
u = ∇ × ∇ × (P u r̂) + ∇ × (Tu r̂),

b = ∇ × ∇ × (P b r̂) + ∇ × (Tb r̂),
6

(7)

where P u , P b are poloidal scalars and Tu , Tb are toroidal scalars for each radial shell. These are
then decomposed into their spherical harmonics with a basis of Legendre polynomials,
Ylm (θ, φ) =

µ

(2l + 1) (l − |m|)!
4π (l + |m|)!

¶1/2

l
Pm
(cos θ)e i mφ .

(8)

Note that the experimental measurements that would be captured are part of the poloidal scalar
P b only (up to the l = 4 spherical harmonic degree coefficient) [10, 11, 12, 9].

2 Approach
This project contains three major elements: the experimental data, the numerical code for the
magnetohydrodynamic flow, and the data assimilation. The long-term goal is to incorporate the
obtained experimental data with the numerical model through data assimilation techniques in
order to understand components of the experiment that are difficult to measure (see Fig. 4).
Also, note that the Re ∼ 109 in the experiments. The trials run will be on smaller Reynolds numbers to make the project viable computationally. The expectation is that the results will demonstrate some of the large-scale poloidal and toroidal flows and effects outlined in the Experiment
Section 1.4.

Figure 4: Overall project goal.

My first subproject is to program the LETKF data assimilation algorithm and test it on synthetic data. Since the numerical model with data assimilation cannot be validated directly with
the experiment and since there are additional constraints in using experimental data (i.e. asynchronous observations and model error), a validation test is proposed. This test involves running the purely numerical code and generating data of the magnetic field measurements on the
boundary, similar to what is measured in the experiment. We then can add noise to the data,
making it alike to the experimental type so that this numerical data + noise will act as synthetic
experimental data. From here, the data assimilation will incorporate the numerical model with
the synthetic data and give estimates of the magnetic and velocity fields. Then we will compare
the recovered velocity and magnetic fields with the ones used to generate synthetic data. This
idea is outlined in Fig. 5.
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Figure 5: Class project goal.

The following sections will outline the theory behind the processes described and how this
project will be implemented.

2.1 Numerical Methods
Nathanaël Schaeffer from CNRS at ISTerre laboratory in Grenoble, France has created a program called XSHELLS which is designed to be the fastest spherical MHD simulation code. This
code uses second-order in-space finite-difference methods in the radial direction and handles
the angular directions using spherical harmonic transforms (pseudospectral) on each radial
shell. As it steps in time, it uses implicit Crank-Nicolson scheme for the linear terms,
¶
µ
1
x(t + ∆t ) − x(t )
= (I (x, t + ∆t ) + I (x, t )) ,
(9)
∆t
2
I
and treats the nonlinear terms and Coriolis contribution with an Adams-Bashforth scheme,
µ
¶
3
1
x(t + ∆t ) − x(t )
= E (x, t ) − E (x, t − ∆t ).
(10)
∆t
2
2
E
The mixed implicit/explicit algorithm can be written in the form,
∂
x + I (x, t ) = E (x, t ),
∂t

(11)

where I represents the implicit terms and explicit terms and performs with second order convergence in time.
Additionally, mesh refinement must take place for two reasons: the transition in conductivity and Ekman boundary layers. The difference in conductivity of the liquid sodium and
stainless steel outer shell is handled by refining
the mesh at the transition. Likewise, Ekman
p
layers
at the boundaries have a thickness of E so refinement of the mesh is used in a region of
p
E radial thickness from the boundaries [13, 12].
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2.2 Data Assimilation
Data Assimilation involves synchronizing observational data with a working model to get a better estimate of a true state variable. In the case of this project, the true state variable is the
magnetic field, b, and velocity field, u. Sometimes there is noisy data that gets more organized
by being pulled towards a numerical model. Or, perhaps the model is missing components of
a complex system and the true estimate can be pulled towards the physical behavior of real
observations. This can also be used to understand unobserved parameters if the model has a
partial observation of the states (i.e. just the magnetic field, no velocity). In our case, synthetic
magnetic field data will be combined with the model output of the velocity and magnetic field
to get an estimate of the true velocity (unobserved) and magnetic field. This mathematical tool
is often used in weather forecasting and hydrology where models become incredibly complex
and researchers have to incorporate data to create a workable simulation of the true state. Examples of sequential data assimilation include Optimal Interpolation (OI) and Kalman Filtering
(Extended Kalman Filtering (EKF), Ensemble Kalman Filtering (EnKF), etc.).
Some common notation conventions that will be used are the superscripts "t" for true, "o"
for observation, "f" for forecast, "b" for background, and "a" for analysis. Also, unless otherwise
indicated, states and operators that appear without a subscript are at time, t n , by default. Let
xt (t ) to be the true state, that is, what we desire to model but is currently unknown. Consider
our numerical model, M , that evolves the current state in time such that
£
¤
xb (t n ) = M xa (t n−1 ) .

(12)

For the MHD governing equation, the dynamics of M is nonlinear and deterministic. The
state estimate x is determined by the model and has an associated error covariance matrix,
P. Suppose there are measurements, yo , that hypothetically sample the data in such as way that
yo = H xt (note that if H is the identity matrix we would have the full data). Then
£
¤
yo (t i ) = H xt (t i ) + ²i

(13)

where ²i accounts for noise in measurements and H is called the observation operator which
transforms from model space to observation space. Typically, the dim(y) << dim(x), that is
there are much fewer observations that model outputs.

9

Figure 6: Basic iterative cycle in data assimilation. 1. Background state variables at t n are mapped to
observation space by the observation operator, H . 2 & 3. Distributions of observations and background
state estimates are used to determine the analysis state estimate. 4. The analysis state estimate is input
into the numerical model, M . 5. The model outputs the background state estimate at t n+1 . 6. The
background estimate is used in the next analysis step.

There are two main steps. The simplest is called the forecast step where state is updated
from the analysis state estimate at time t n−1 to the background state estimate at t n given precisely by Eq.(12). The second step is the analysis step where the most likely state is chosen
given the prior information from previous iterations that has resulted in the background state
estimate xb and its covariance Pb . There is also the observation data, yo , and its covariance, R, at
t n . This analysis step involves choosing an optimal analysis state estimate, xa , using the distribution of both observations and the model. Figure 6 shows the basis for state-space models like
Kalman Filters. It is a simplification of the data assimilation procedure as there are different approaches to using the probability distributions of the models and measurements to determine
how to weigh the contribution of each component in estimating the true state, xt (t ) [14, 15, 16].
Kalman Filtering
Consider the ordinary differential equation
dx
= F (t , x).
dt

(14)

Given some observations yo we want to determine the best fit for the trajectory x(t ) using the
observations at time t . The vector of observed values at each time t n come paired with Hi
and ²i which is considered to have a Gaussian noise distribution with mean 0 and covariance
matrix Ri , that is yo ∼ N (0, Ri ). From here, a maximum likelihood trajectory of the of x(t ) is
formulated so that it best fits the observations at times t 1 < t 2 < · · · < t n in the least squares
sense. Equivalently, this means minimizing a cost function at each particular time t ,
J to (x) =

n
X
i =1

o
[yoi − Hi (M t ,ti (x))]T R−1
i [yi − Hi (M t ,t i (x))]

10

(15)

where the notation M t ,tn means the model propagates from time t to t n . We can compute the
minimizer to this function by the iterative method known as the Kalman filter, which is feasible
if the model is linear (then Hi and Mt ,t 0 are matrices). In the iterative method, we must keep
a
a
track of both the state estimate, x̄n−1
, and the uncertainty of the estimate, Pn−1
, at each time.
o
These are the mean and the Gaussian distribution of the state estimate given y (t i ) for 1 ≤ t ≤
n−1 and are propagated in time by the forecast step, Eq.(12), resulting in the background values,
a
x̄bn = Mtn−1 ,tn x̄n−1
,

a
Pbn = Mtn−1 ,tn Pn−1
MTtn−1 ,tn .

In the analysis step we want to minimize the cost function, but this time it involves the background state estimates and their covariance,
o
J ton (x) = [x − x̄bn ]T (Pbn )−1 [x − x̄bn ] + [yon − Hn x]T R−1
n [yn − Hn x] + c,

(16)

and then determine the state estimate x̄na and covariance Pna so that the following cost function,
J ton (x) = [x − x̄na ]T (Pna )−1 [x − x̄na ] + c 0 ,

(17)

is minimized and c, c 0 are constants. This results in the mean state estimate and covariance
o
b
x̄na = x̄bn + Pna HTn R−1
n (yn − Hn x̄n ),

−1 b
Pna = (I + Pbn HTn R−1
n Hn ) Pn .

(18)
(19)

The term yon − Hn x̄bn is the residual which is the difference between the background state estimate and the observations. It is weighted by the term Pna HTn R−1
n known as the "Kalman gain"
which adjusts the background estimate by a weight based on the residual and covariances
[16, 17].
Local Ensemble Transform Kalman Filtering
For large nonlinear models, like the one used for MHD flow, a unique minimizer to the cost
function is not guaranteed and attempts to solve it like in the linear Kalman Filtering approach
will be computationally expensive. One approach would be to linearize the numerical model,
M , and H for certain calculations through the Extended Kalman Filtering method (EKF) but
there is still the issue of calculating the error covariance matrices for a really large and complex
system.
Alternatively, the approach of Ensemble Kalman Filtering (EnKF) uses a k−dimensional ena
semble of states with of the mean, x̄n−1
, and approximately Gaussian distribution of the prea(i )
a
vious state, Pn−1 . An ensemble of states, {xn−1
: i = 1, 2, . . . k}, can be thought of as a collection
of perturbations from the mean state that are each input in the nonlinear model, M tn−1 ,tn , and
each give the output of the background state estimate at time t n as follows
³
´
a(i )
b(i )
xn = M tn−1 ,tn xn−1 .
(20)
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The k members are taken all together to compute the background mean and the approximate
distribution at t n , which is
x̄b =
Pb =

k
1X
xb(i ) ,
k i =1

(21)

k
1 X
(xb(i ) − xb )(xb(i ) − xb )T .
k − 1 i =1

(22)

This idea is illustrated below in Fig.7.

a(i )
Figure 7: Process of finding the background covariance at time t n using 20 ensemble members {xn−1
:
i = 1, 2, . . . 20} in EnKF.

The analysis step will be performed as a deterministic approach on the background states
using ensemble square-root filters to generate an ensemble of analysis states. Something to be
cautious of is that when a k-element ensemble is used on a m-element system the global analysis can only adjust in a k−dimensional subspace. For an unstable system, the errors will grow in
the forecast step and will not be corrected by the analysis. There also can be the issue of correlations between distant locations in the model space being represented in the distribution picked
out by the ensemble, influencing Pb unfavorably. Localization is key to overcoming these issues
by performing an explicit separate analysis for each grid point on the m-dimensional model.
Only observations in a certain "correlation distance" to the grid point will be involved in the
local analysis step. Therefore, H , R, and yo will be specific to the grid point when performing
the local analysis step.
For efficiency purposes, we assume that the number of ensemble members, k, is less than
the number of model variables, m, and the number of observations, l 2 . The desired cost function we wish to minimize is similar to Eq.(16) but with H a nonlinear observation operator and
12

the variables specific to the local analysis,
J (x) = [x − x̄b ]T (Pb )−1 [x − x̄b ] + [yo − H (x)]T R−1 [yo − H (x)].

(23)

This cost function is well defined in the k-dimensional column space S of both Pb (m × m matrix) and Xb ≡ xb(i ) − x̄b (m × k matrix). The analysis is therefore performed in the subspace S
with the columns of Xb as the basis. To ensure linear independence we consider Xb as a transformation from a k-dimensional space S̃ onto S such that Xb w ∈ S for some w ∈ S̃. The analysis
is then performed on the state estimates wa(i ) with the ensemble spread Wa in the transformed
model space, S̃. The appropriate cost function in S̃ is
J˜(x) = (k − 1)wT w + [yo − H (x̄b + Xb w)]T R−1 [yo − H (x̄b + Xb w)].

(24)

This then takes the form,
´
³
J˜(x) = (k − 1)wT I − (Xb )T [Xb (Xb )T ]−1 Xb w + J (x̄b + Xb w).

(25)

¡
¢
¡
¢
where w ∼ N 0, (k − 1)−1 I and the model state x = x̄b + Xb w ∼ N x̄b , (k − 1)−1 Xb (Xb )T . This
form makes it so that if w̄a minimizes J˜, then x̄a also minimizes J . The next step is to handle the
observations. The observation operator, H , is applied in the ensemble space to each ensemble
member to get yb(i ) = H (xb(i ) ). A linear approximation is made,
³
´
b
b
H x̄ + X w ≈ ȳb + Yb w,
(26)
where ȳb is the mean of yb(i ) and Yb ≡ yb(i ) − ȳb . This yields the new cost function,
J˜∗ (w) = (k − 1)wT w + [yo − ȳb − Yb w]T R−1 [yo − ȳb − Yb w].

(27)

Note that now Yb plays the role of a linearized observation operator. The variables Yb , Xb , Wa ,
and Xa are ensemble spreads with operations in the local model space. They perform the role
of the covariance matrices seen in linear Kalman Filtering.
The minimization of the cost function, Eq.(27) results in the analysis equations,
w̄a = P̃a (Yb )T R−1 (yo − ȳb ),

Wa = [(k − 1)P̃a ]1/2 ,
where
and in model space they are

(28)
(29)

P̃a = [(k − 1)I + (Yb )T R−1 Yb ]−1

(30)

x̄a = x̄b + Xb w̄a ,

(31)

a

b

a

X =X W .

(32)

In S̃, we add w̄a to each column of Wa to get the set of ensemble elements {wa(i ) } which are then
used to calculate the state analysis ensemble in model space,
xa(i ) = x̄b + Xb wa(i ) .
13

(33)

Apply the model to the analysis ensemble at t n to get the next background state at t n+1 ,
³
´
xb(i ) (t n+1 ) = M xa(i ) (t n ) .

(34)

This iterative method will be continued, assimilating observations at the appropriate times they
are obtained. The following section outlines the algorithm, in the form of pseudocode, to be
implemented [16, 17].

2.3 LETKF Algorithm
The algorithm will have some steps that occur for all points (global) while other steps will be
implemented on points local to particular grid point. Some notation:
• k is the number of ensemble members,
• l [g ] is the number of global observations,
• l is the number of local observations,
• m [g ] is the number of global model outputs, and
• m is the number of local model outputs.
Initialization:
• Given: Model M , l [g ] × m [g ] observation matrix H, l [g ] -element observations yo (t n ) vector
with error covariance R [g ] (Gaussian).
• Choose initial ensemble x b(i ) (t 0 ) with k-members from a random Gaussian distribution.
Input as a columns in a m [g ] × k matrix.
Pseudocode:

14

Algorithm 1 LETKF algorithm
procedure LETKF(M , H, yo , R[g ] )
define xb(i ) (t 0 )
for t = t 0 , t ++, while t n < t N do
for i = 1, i ++, while i < k do
)
b(i )
yb(i
← H[g ] · x[g
[g ]
]
end
for i = 1, i ++, while i < k do
b(i )
ȳb[g ] ← ȳb[g ] + y[g
]

. Transform to global observation space.

. Calculate the global means.

b(i )
x̄b[g ] ← x̄b[g ] + x[g
]
end
ȳb[g ] ← (1/k) · ȳb[g ]

x̄b[g ] ← (1/k) · x̄b[g ]
for i = 1, i ++, while i < k do
)
Yb[g ] (i ) ← yb(i
− ȳb[g ]
[g ]

. Calculate the global ensemble spread.
. Insert vectors into columns.

b(i )
Xb[g ] (i ) ← x[g
− x̄b[g ]
]
end
. Localization*
define ρ < 1
for j = 1, j ++, while i < k do
C ← (Yb )T R−1
P̃a ← [(k − 1)I/ρ + CYb ]−1
Wa ← [(k − 1)P̃a ]1/2
w̄a ← P̃a C(yo − ȳb )
for i = 1, i ++, while i < k do
wa(i ) ← Wa (i ) + w̄a
xa(i ) ← Xb wa(i ) + x̄b
end
end
a
Combine xa (i ) for all j to get x[g
] (i )

xb(i ) (t n+1 ) ← M (xa(i ) (t n ))
end
return xb(i ) (t N )

. Covariance inflation parameter.
. Loop through each grid point.

. Update the ensemble in time.

*Local values (l j , m j ) depends on the grid point choice, j . Elements are selected by the row
of the global ensemble spreads and corresponding state/observations position according to the
choice of localization [16].

3 Implementation
The code XSHELLS with the library SHTNS is both parallelized on MPI, OpenMP, or a hybrid of
both and designed to be run on at least 16 cores. Adding the implementation of a Kalman filter
will require even more cores. The XSHELLS code (just the model) and the LETKF+XSHELLS
code will be run on the UMD’s HPC resource Deepthought2 (DT2).
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4 Validation
The eminent goal is to use data assimilation to synchronize the numerical model with the experimental measurements of the magnetic field at the boundary in order to observe what cannot be measured (i.e. the velocity field). An issue that may arise and generate more uncertainty
than expected is something called model error which is when there is an unknown discrepancy
between the model dynamics and the experimental behavior. If we used the real experimental
measurements, we would not know if the issue is from model error or from some other kind
of analysis error. Additionally, we need to be sure that the observations made of the poloidal
magnetic field (up to the spherical harmonic index l = 4) are effective enough to constrain the
unobserved velocity. Therefore, the validation approach will test against itself as a control so
that when we use experimental data we can have a better idea of how to interpret errors that
may arise.
The validation goal for the course is outlined in Fig.5. First, we have to generate some surface data from running the purely numerical model and add noise to this to create synthetic
experimental data. In the real experiment, the poloidal magnetic field is observed up to l = 4
so one synthetic data study (call it ‘partial truncated observation data’) should use a truncated
version of the spherical harmonics. Next, the analysis step of the filtering is performed, using
the numerical model and the synthetic data as the observations. Synthetic data allow us to assume that the model works perfectly well at representing the behavior of the observation (i.e.
no model error).
This outer shell of the numerical model runs optimally with ∼ 103 data points. In the 3meter experiment there are 33 observations made of the boundary magnetic field. Part of the
validation procedure will be to scale down on the number of synthetic observations used in
order to determine the effect it has on the data assimilated velocity field versus the purely numerical velocity field (as a control). Ideally, at 30 observations, the velocity field estimate from
data assimilation will resemble the corresponding purely numerical velocity field. Without this
validation study first, there is no way to say if the velocity field would be accurate when using data assimilation on real data. Additionally, to improve computational efficiency, we would
also like to test variations in the number of ensemble members. In these studies varying the
observations and ensemble numbers, I will validate the analysis state estimate (of both velocity
and magnetic field) against the expected values given by the synthetic data. Additionally, cycle
experiments will be performed.

5 Testing
Rather than directly approaching filtering the MHD model, the project will begin by testing a
practical toy model, the Lorenz ’63 system [18]. In matlab, the ETKF filter (no localization) will
be created and applied to the chaotic system (Lorenz ’63) and validation tests will be implemented similar those to described in Fig. 5. Once we achieve satisfactory results for Lorenz
’63, a C++ code for the LETKF will be written and compiled with the C++ code, XSHELLS. Implementing LETKF involves writing an efficient scheme that uses a parallel implementation of
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ensemble forecasts on DT2 and examine the efficiency of parallel implementation. This will be
either done in MPI or OpenMP as the XSHELLS code is hybridized to use either one.

6 Project Schedule
The project consists of four phases.
• Phase 1: October - early November
– Implement the ETKF in matlab on Lorenz ’63 problem [18].
– Write LETKF in C++.
• Phase 2: early November - early December
– Implement LETKF on Fast Dynamo problem [19].
– Run XSHELLS and extract the boundary magnetic field.
• Phase 3: December - early February
– Implement LETKF to XSHELLS.
– Make LETKF code more efficient.
• Phase 4: early February - April
– Run studies varying observations and ensemble numbers (i.e. analysis studies, cycle
experiments).
– Cost analysis.

7 Deliverables
This project will deliver a C++ LETKF code coupled with XSHELLS along with validation studies on the performance of applying LETKF onto the complicated MHD spherical Couette flow.
By using synthetic data we ensure that there is no model error and the tests will produce error
only from calculations in the background uncertainty that are propagated in each forecast step.
Tests will use variations in the ensemble member numbers and the observation numbers. Additionally, plots and analysis of the error in the (unobserved) velocity will be produced. XSHELLS
will include a data assimilation option with LETKF. A proposal, midterm and final reports and
presentations will show the progress and achievements of this process.
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