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Abstract

We incorporate new high-order WENO-type reconstructions into Godunov-type central schemes for Hamilton–Jacobi equations.
We study schemes that are obtained by combining the Kurganov–Noelle–Petrova flux with the weighted power ENO and the
mapped WENO reconstructions. We also derive new variants of these reconstructions by composing the weighted power ENO
and the mapped WENO reconstructions with each other. While all schemes are, formally, fifth-order accurate, we show that the
quality of the approximation does depend on the particular reconstruction that is being used. In certain cases, it is shown that the
approximate solution may not converge to the viscosity solution at all.
© 2006 IMACS. Published by Elsevier B.V. All rights reserved.
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1. Introduction

In this work we are interested in numerical approximations to solutions of multidimensional Hamilton–Jacobi
equations of the form

φt + H(∇φ) = 0, �x = (x1, . . . , xd) ∈ R
d, (1)

where φ = φ(�x, t), and the Hamiltonian, H , depends on ∇φ and possibly on �x and t . Solutions of (1) typically develop
discontinuous derivatives in finite time even when the initial data is smooth and hence they should be studied in a
suitable weak formulation. Such a weak formulation is given by the so-called viscosity solutions (see [7,8,19,20,28]
and the references therein).

In recent years, there have been many advances in the derivation and the analysis of numerical approximations
for the time-dependent problem (1). Among the approaches that are relevant to the present work we mention the
upwind ENO methods of Osher, Sethian, and Shu [24,25], that are based on the “essentially non-oscillatory” (ENO)
reconstruction of Harten et al. [10]. A more compact high-order scheme is due to Jiang and Peng [12] and is based on
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the weighted ENO (WENO) reconstruction (first used for approximating solutions of hyperbolic conservation laws
[13,23]). Extensions to triangular meshes can be found in [1,29].

A related approach is of Godunov-type central schemes, introduced by Lin and Tadmor [21,22]. There, the idea
is to avoid dealing with discontinuities (and the resulting Riemann problems) by averaging over the singularities.
In [3–5] we extended the Lin–Tadmor schemes to third and fifth order. These high-order extensions were obtained
by incorporating suitable WENO reconstructions into the central framework. A semi-discrete formulation of central
schemes is due to Kurganov et al. [14,16]. This semi-discrete limit was obtained by keeping track over the local
speeds of propagation of information from the discontinuities. Once again, with the aid of WENO reconstructions, we
extended the order of accuracy of these schemes to fifth-order [6]. We also introduced a variant with reduced numerical
dissipation in [2]. Recently, we also announced the extension of these schemes to triangular meshes [17,18].

Instead of distinguishing between upwind and central schemes, an alternative way of thinking about them, at
least in the semi-discrete case, is by considering these schemes as being composed of the following three building
blocks: a (monotone) numerical flux, a high-order reconstruction, and an ODE solver. In our previous works we
have emphasized the role of the numerical flux. For example, in [6] we showed that replacing the widely used local
Lax–Friedrichs flux with the central flux of [14], may reduce the errors by as much as an order of magnitude (when
compared with [12]).

The goal of this work is to study the role of the reconstruction on the quality of the numerical approximations
with central schemes. With this in mind, we explore two relatively new ideas in the theory of high-order WENO
approximations: the weighted power ENO reconstruction of Serna et al. [26,27], and the mapped WENO of Henrick
et al. [11]. The basic idea of the power ENO scheme is to apply an extended class of limiters to classical ENO
schemes in order to improve the algorithmic behavior near discontinuities. The mapped WENO interpolants, on the
other hand, improve the accuracy of the WENO reconstructions, by using a nonlinear mapping of the WENO weights.
Our approach is to combine the numerical flux of [14] with the reconstructions from [11,27]. While the weighted
power ENO schemes were used (in conjunction with upwind fluxes) for HJ equations [27], the mapped WENO
reconstructions are used for HJ equations in this work for the first time. In addition, we conduct a study on the
effect of composing the mapped WENO reconstruction on top of the weighted power ENO interpolant. These two
interpolants are combined in this work for the first time.

Our results indicate that while there are some cases where the new reconstructions reduce the approximation error,
there are some examples where they actually increase the error. In particular, using a test case from [15], we show that
the approximate solution obtained with the weighted power ENO reconstruction, may not converge to the viscosity
solution at all.

The structure of this paper is as follows. In Section 2 we review the numerical flux of [14] in one and two dimen-
sions. Section 3 reviews three high-order reconstructions: the WENO method from [6], the mapped WENO method
from [11], and the weighted power ENO methods from [26,27]. Numerical simulations, comparing these interpolants,
are found in Section 4. We observe that the WENO method works well in all cases, but is improved somewhat by the
mapped WENO technique. The weighted power ENO methods work for some examples, but fail for others.

2. The numerical flux

2.1. One-dimensional schemes

We are interested in approximating solutions of the one-dimensional HJ equation

φt (x, t) + H(φx) = 0, x ∈ R, (2)

subject to the initial data φ(x, t = 0) = φ0(x). We briefly review the construction of the semi-discrete central scheme
of [14] (see also [16]). For simplicity we assume a uniform grid in space and time with mesh spacings, �x and �t ,
respectively. Denote the grid points by xi = i�x, tn = n�t . Let ϕn

i denote the approximate value of φ(xi, t
n), and at

a fixed time tn let ϕ′
i denote the approximate value of the derivative φx(xi, t

n).
Assume that the approximate solution at time tn, ϕn

i , is given. The first step is to reconstruct a continuous piecewise-
polynomial interpolant ϕ̃(x, tn) from the data ϕn

i . We postpone the discussion on the reconstruction of ϕ̃(x, tn) to
Section 3.



S. Bryson, D. Levy / Applied Numerical Mathematics 56 (2006) 1211–1224 1213
At every grid point xi we proceed by estimating the maximal local speed of propagation to right, a+
i , and to the

left, a−
i . For example, for a convex Hamiltonian, these velocities are given by

a+
i = max

{
H ′(ϕ′−

i

)
,H ′(ϕ′+

i

)
,0

}
, a−

i = ∣∣min
{
H ′(ϕ′−

i

)
,H ′(ϕ′+

i

)
,0

}∣∣. (3)

Here, ϕ′±
i are the one-sided derivatives that can be determined from ϕ̃(x, tn). The local speeds of propagation, a±

i ,
define two evolution points around each grid point xi , x±

i = xi ± a±
i �t . An exact evolution of ϕ̃ according to (2) at

the evolution points x±
i reads:

ϕ
(
x±
i , tn+1) = ϕ

(
x±
i , tn

) −
tn+1∫
tn

H
(
ϕx

(
x±
i , t

))
dt. (4)

The first term on the RHS of (4), ϕ(x±
i , tn), is given by the reconstruction. Since the evolution is performed away

from the discontinuities (as long as the time step is sufficiently small), the second term on the RHS of (4), i.e., the
integral over the Hamiltonian, can be replaced by a quadrature.

The next step is to project ϕ(x±
i , tn+1) back onto the original grid points, xi , using a suitable weighted average (or

a more complicated procedure as described in [2]). The semi-discrete scheme that is obtained in the limit �t → 0 is

d

dt
ϕi(t) = −

[
a−
i

a+
i + a−

i

H
(
ϕ′+

i

) + a+
i

a+
i + a−

i

H
(
ϕ′−

i

)] + a+
i a−

i

a+
i + a−

i

(
ϕ′+

i − ϕ′−
i

)
. (5)

2.2. Multi-dimensional schemes

The extension of the one-dimensional scheme (5), to an arbitrary number of dimensions in space is straightforward
though technical. Here, we summarize the two-dimensional scheme [14]. The details of the general multi-dimensional
case can be found in [6].

Here, we are interested in approximating solutions of the two-dimensional HJ equation

φt + H(∇φ) = 0, x ∈ R
2, (6)

subject to the initial data φ(x, y, t = 0) = φ0(x, y). For simplicity we assume a uniform Cartesian grid with mesh
spacings �x and �y in the x and y directions, respectively. We further assume a given time-step �t , and let ϕn

i,j

denote the approximate value of φ(i�x, j�y,n�t).
Similarly to the one-dimensional case, the first step is to reconstruct a two-dimensional interpolant ϕ̃(x, y, tn)

from the given data ϕn
i,j . We will comment on constructing high-order, multi-dimensional interpolants in Section 3.

This interpolant determines the maximum local speed of propagation of information in each direction. We denote
by a±

i,j the local speed of propagation from xi,j in the x-direction (to the left and to the right) and by b±
i,j , the local

speed of propagation from xi,j in the y-direction. These quantities also depend on the time tn, an index which we
omit to simplify the notations. For example, with a convex HJ problem, it is possible to estimate the local speeds of
propagation as

a+
i,j = max±

{
Hx

(
ϕ±

x , ϕ±
y

)
,0

}
, a−

i,j = ∣∣min±
{
Hx

(
ϕ±

x , ϕ±
y

)
,0

}∣∣,
b+
i,j = max±

{
Hy

(
ϕ±

x , ϕ±
y

)
,0

}
, b−

i,j = ∣∣min±
{
Hy

(
ϕ±

x , ϕ±
y

)
,0

}∣∣, (7)

where the maximum and minimum are taken over all permutations of ±. The derivatives ϕ±
x and ϕ±

y are given by the
reconstruction ϕ̃. These velocities define four evolution points around each grid point.

We can now repeat the same steps as in the derivation of the one-dimensional scheme. First, the interpolant ϕ̃ is
evolved at the evolution points according to (6). The integrals over the fluxes are replaced by quadratures, and the
limit as �t → 0 is computed. The resulting semi-discrete scheme (suppressing the indices i, j ) is

dϕ

dt
= a+a−

(a+ + a−)

(
ϕ+

x − ϕ−
x

) + b+b−

(b+ + b−)

(
ϕ+

y − ϕ−
y

)
− a−b−H(ϕ+

x , ϕ+
y ) + a+b−H(ϕ−

x , ϕ+
y )

+ − + − + a−b+H(ϕ+
x , ϕ−

y ) + a+b+H(ϕ−
x , ϕ−

y )

+ − + − . (8)

(a + a )(b + b ) (a + a )(b + b )
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3. Reconstructions

The derivation of the semi-discrete schemes (5), (8), does not depend on the particular choice of interpolants ϕ̃. The
order of accuracy of these schemes is determined by the accuracy of the reconstruction ϕ̃ and the order of accuracy of
the ODE solver.

In this section we review the one-dimensional reconstructions that will be combined with the scheme (5): the
WENO reconstruction from [6], the weighted power ENO scheme [27] and the mapped ENO reconstruction [11].
We focus on fifth-order methods, which means that we need a fifth-order approximation of the derivative ϕ′ (and a
suitable ODE solver). Similar ideas work for other orders of accuracy.

The extension to more than one dimension is straightforward: all computations can be done direction-by-direction.
We refer to [6] for more details on the WENO reconstruction. The extension of the weighted power ENO and the
mapped WENO reconstructions are also done direction-by-direction.

3.1. The WENO reconstruction

We first consider the WENO reconstruction from [6]. This reconstruction will be used as our base scheme for the
other WENO-type reconstructions. The variant we consider here differs from that in [12] only in the definition of the
smoothness measures.

Assume three polynomial approximations to the derivative ϕ′

ϕ′+
k,i = 1

�x

4∑
r=1

b+
k,rϕi−4+k+r , ϕ′−

k,i = 1

�x

4∑
r=1

b−
k,rϕi−5+k+r , (9)

k = 1,2,3, such that they are all third-order accurate, i.e.,

ϕ′±
k,i = ϕ′(xi) + O

(
�x3).

Here ϕ′+
k,i and ϕ′−

k,i are approximations to ϕ′ on, respectively, right-biased and left-biased stencils. The coeffi-
cients b±

k,r are given in Table 1. It is then possible to write a linear combination of the polynomials (9) using the

“ideal weights” c±
k (given in Table 2) such that

ϕ̂′±
i :=

3∑
k=1

c±
k ϕ′±

k,i = ϕx(xi) + O
(
�x5). (10)

In order to suppress spurious oscillations, the coefficients in (10) are replaced by nonlinear weights, which are set
as to preserve the order of accuracy of the reconstruction in smooth regions while automatically switching to stencils
that do not cross discontinuities in non-smooth regions. This can be done by defining the convex combination

ϕ′±
i =

3∑
k=1

w±
k,iϕ

′±
k,i , w±

k,i � 0,

3∑
k=1

w±
k,i = 1. (11)

Table 1
Coefficients for the third-order interpolants (9)

r = 1 r = 2 r = 3 r = 4 r = 1 r = 2 r = 3 r = 4

b+
1

1
6 −1 1

2
1
3 b−

1
1
3 − 3

2 3 − 11
6

b+
2 − 1

3 − 1
2 1 − 1

6 b−
2 − 1

6 1 − 1
2 − 1

3

b+
3 − 11

6 3 − 3
2

1
3 b−

3
1
3

1
2 −1 1

6

Table 2
The ideal weights for the interpolant (10)

k = 1 k = 2 k = 3 k = 1 k = 2 k = 3

c+ 0.3 0.6 0.1 c− 0.1 0.6 0.3
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When the stencil supporting ϕ′±
k,i contains a singularity, the weight of the more oscillatory polynomial should vanish.

Following [13,23], these requirements are met by setting

w±
k,i = α±

k,i∑
l α

±
l,i

, α±
k,i = c±

k

(ε + S±
k,i)

p
, (12)

where k, l ∈ {1,2,3}. It is common to choose ε as 10−6 in order to prevent the denominator in (12) from vanishing,
and set p = 2 (see [13]). The smoothness measures S±

k,i should be large when ϕ is nearly singular. Following [13],

we take S±
k,i to be the sum of the squares of the L2-norms of the derivatives on the stencil supporting ϕ′±

k,i . Using
the following notations for the forward and backward differences �+ϕi := ϕi+1 − ϕi and �−ϕi := ϕi − ϕi−1, we
approximate the first derivative at xi by �+ϕi/�x and the second derivative by �+�−ϕi/(�x)2. We then define the
smoothness measure

Si[r, s] = �x

s∑
j=r

(
1

�x
�+ϕi+j

)2

+ �x

s∑
j=r+1

(
1

�x2
�+�−ϕi+j

)2

. (13)

Using the notation in (13), for the right-biased interpolant we have S+
1,i = Si[−2,0], S+

2,i = Si[−1,1] and S+
3,i =

Si[0,2], while for the left-biased interpolant we have S−
1,i = Si[−3,−1], S−

2,i = Si[−2,0] and S−
3,i = Si[−1,1].

3.2. Mapped WENO

A method of improving the accuracy of the WENO reconstruction was recently presented for conservation laws
in [11]. This method modifies the WENO weights w±

k,i via the function

gc(w) := w(c + c2 − 3cw + w2)

c2 + w(1 − 2c)
. (14)

This function has the properties

gc(0) = 0, gc(1) = 1, gc(c) = c, g′
c(c) = g′′

c (c) = 0.

Given ideal weights c±
k and WENO weights w±

k,i from a base scheme such (9), (11) and (12), we define the mapped

WENO weights w̃±
k,i

w̃±
k,i = α̃±

k,i∑3
k=1 α̃±

k,i

, α̃±
k,i := gc±

k
(w±

k,i ). (15)

Assuming that w±
k,i = c±

k + O(�x), a Taylor expansion around c±
k shows that

gc±
k

(
w±

k,i

) = c±
k + O

(
�x3),

which implies that w̃±
k,i = c±

k + O(�x3). This increase in the accuracy with which w̃±
k,i approximates the ideal

weights c±
k leads to an increase in the overall accuracy of the scheme. The fifth-order mapped WENO reconstruc-

tion is given by

ϕ′±
i =

3∑
k=1

w̃±
k,iϕ

′±
k,i . (16)

3.3. Weighted power ENO

Another method of improving the accuracy of WENO reconstructions is the weighted power ENO reconstruction
developed for conservation laws in [26] and recently applied to Hamilton–Jacobi equations (with upwind fluxes)
in [27]. The basic idea of the power ENO scheme is to apply an extended class of limiters to classical ENO schemes
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in order to improve the algorithmic behavior near discontinuities. weighted power ENO methods are based on the
limiter

powermodp(x, y) := sign(x) + sign(y)

2
powerp

(|x|, |y|), (17)

where

powerp(x, y) = x + y

2

(
1 −

∣∣∣∣x − y

x + y

∣∣∣∣
p)

, x, y � 0.

It is easy to see that powermod1(x, y) = minmod(x, y), which is the standard minmod limiter defined as

minmod(x1, . . . , xn) =
{mini xi , xi > 0,∀i,

maxi xi , xi < 0,∀i,

0, otherwise.
We also have

powermod∞(x, y) := lim
p→∞ powermodp(x, y) = x + y

2
, (18)

see [26] for more details. In [27], the powermod limiter is used to construct a WENO method as follows. We introduce
the following notation for the differences:

zi+1/2 := ϕi+1 − ϕi

�x
, di := zi+1/2 − zi−1/2, di+1/2 := di + di+1

2
,

Di+1/2 := di+1 − di, Pj := powermodp(Di−1/2,Di+1/2). (19)

Then third-order stencils are constructed as

ϕ′+
1,i = zi+1/2 − 1

2
di − 1

6
Pi, ϕ′−

3,i = zi−1/2 + 1

2
di−1 + 1

3
Pi−1,

ϕ′+
2,i = zi+1/2 − 1

2
di+1/2 + 1

12
Di+1/2, ϕ′−

2,i = zi−1/2 + 1

2
di−1/2 + 1

12
Di−1/2,

ϕ′+
3,i = zi+1/2 − 1

2
di+1 + 1

3
Pi+1, ϕ′−

1,i = zi−1/2 + 1

2
di − 1

6
Pi. (20)

For this interpolant the ideal weights are c+
1 = 0.6, c+

2 = c+
3 = 0.2 and c−

1 = c−
2 = 0.2, c−

3 = 0.6. The nonlinear
weights for this method are given by (12) with the smoothness measures

S+
1,i = 13

12
P 2

i + 1

4
(2zi+1/2 − 2zi−1/2 + Pi)

2,

S+
2,i = 13

12
(zi−1/2 − 2zi+1/2 + zi+3/2)

2 + 1

4
(zi−1/2 − zi+1/2)

2,

S+
3,i = 13

12
P 2

i+1 + 1

4
(2zi+3/2 − 2zi+1/2 + Pi+1)

2, (21)

and S−
k,i = S+

1,i−1.
The resulting method, denoted WpowerpENO, is fifth-order accurate for p � 3, see [27]. Following [27] we shall

examine this method for p = 3 and p = ∞ in Section 4. In [26], numerical experiments show that the Wpower3ENO
maintains high-order at singularities, in contrast to the original WENO method of [13]. The result is greater accuracy
near singularities. However, [26] also points out that the use of limiters in the reconstruction does result in a noisier
convergence.

4. Numerical simulations

In this section we compare the various reconstructions from Section 3 for one and two-dimensional Hamilton–
Jacobi equations. In all cases we use the central semi-discrete flux from Section 2, integrated in time with a fourth-
order strong stability preserving Runge–Kutta method [9]. For the convergence studies we use a time step �t ∝ �x5/4

in order to show the fifth-order spatial convergence. We concentrate on behavior before singularity formation in non-
linear problems. There is little difference between the methods we examined after singularity formation, with all the
methods behaving similar to the method studied in [6].
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4.1. One-dimensional convergence studies

We first perform convergence studies of the various methods for one-dimensional examples. The order of accuracy
of these methods is determined from the relative L1 norm. We investigate the following problems:

(1) Linear advection. We consider the one-dimensional linear advection equation,

φt + φx = 0, (22)

subject to periodic boundary conditions on [−1,1]. We test two initial conditions

φ(x, t = 0) = sin(πx), (23)

and

φ(x, t = 0) = sin

(
πx − sin(πx)

π

)
. (24)

The latter initial condition, (24), is designed so that the first and third derivatives do not vanish at the same
point [11]. As shown in [11] this property reduces the order of accuracy of the smoothness indicators, and conse-
quently it reduces the order of accuracy of the standard WENO method.

(2) A convex Hamiltonian. Here, we consider the one-dimensional equation

φt + 1

2
(φx + 1)2 = 0, (25)

subject to the initial data φ(x, t = 0) = − cos(πx) with periodic boundary conditions on [0,2]. The change of
variables, u(x, t) = φx(x, t) + 1, transforms the equation into the Burgers’ equation, ut + 1

2 (u2)x = 0, which
can be easily solved via the method of characteristics [25]. The solution develops a singularity in the form of a
discontinuous derivative at time t = π−2.

(3) A non-convex Hamiltonian. We consider a non-convex Hamilton–Jacobi equations,

φt − cos(φx + 1) = 0, (26)

subject to the initial data φ(x, t = 0) = − cos(πx) with periodic boundary conditions on [0,2]. Eq. (26) has a
smooth solution for t � 1.049/π2, after which a singularity forms. A second singularity forms at t ≈ 1.29/π2.

Table 3 shows the convergence results for the three examples, when approximated using the WENO method (11),
mapped WENO method (16), and the WENO method (11) using the ideal weights in place of the WENO weights.

Table 3
Relative L1-errors for the WENO method (11), mapped WENO method (16), and the WENO method (11) using the ideal
weights in place of the WENO weights

N WENO Mapped WENO Ideal weights

L1-error order L1-error order L1-error order

Linear advection with initial data (23), T = 2

100 9.46 × 10−7 – 1.08 × 10−7 – 1.10 × 10−7 –
200 2.92 × 10−8 5.02 3.32 × 10−9 5.03 3.34 × 10−9 5.04
400 9.05 × 10−10 5.01 1.03 × 10−10 5.02 1.03 × 10−10 5.02

Linear advection with initial data (24), T = 2

100 8.07 × 10−6 – 1.22 × 10−6 – 1.32 × 10−6 –
200 2.62 × 10−7 4.94 3.94 × 10−8 4.96 4.01 × 10−8 5.04
400 8.13 × 10−9 5.01 1.23 × 10−9 5.00 1.24 × 10−9 5.02

Convex problem (25), T = 0.8/π2

100 3.89 × 10−6 – 2.07 × 10−6 – 2.23 × 10−6 –
200 1.26 × 10−7 4.95 9.27 × 10−8 4.48 9.48 × 10−8 4.56
400 3.93 × 10−9 5.00 3.33 × 10−9 4.80 3.33 × 10−9 4.83
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Table 4
Relative L1-errors for the linear advection problem (22) with initial data (23), (24). T = 2

N Initial data (23) Initial data (24)

L1-error order L1-error order

WENO

100 9.46 × 10−7 – 8.07 × 10−6 –
200 2.92 × 10−8 5.02 2.62 × 10−7 4.94
400 9.05 × 10−10 5.01 8.13 × 10−9 5.01
800 2.82 × 10−11 5.01 2.53 × 10−10 5.01

Wpower3ENO

100 2.74 × 10−6 – 8.16 × 10−4 –
200 1.60 × 10−7 4.10 1.74 × 10−3 −1.09
400 9.44 × 10−9 4.09 4.54 × 10−4 1.93
800 5.69 × 10−10 4.05 1.21 × 10−4 1.91

Wpower∞ENO

100 4.30 × 10−7 – 1.07 × 10−3 –
200 2.14 × 10−8 4.33 1.73 × 10−3 −0.69
400 1.08 × 10−9 4.31 4.88 × 10−4 1.82
800 7.35 × 10−11 3.87 1.21 × 10−4 2.01

Table 5
Relative L1-errors for the convex problem (25) and for the non-convex problem (26). T = 0.05

N Convex problem (25) Non-convex problem (26)

L1-error order L1-error order

WENO

40 1.04 × 10−4 – 7.66 × 10−6 –
80 3.00 × 10−6 5.11 2.82 × 10−7 4.76

160 8.84 × 10−8 5.09 9.65 × 10−9 4.87
320 2.74 × 10−9 5.01 3.16 × 10−10 4.93
640 8.74 × 10−11 4.97 1.20 × 10−11 4.71

Wpower3ENO

40 9.07 × 10−5 – 1.34 × 10−5 –
80 2.90 × 10−6 4.97 8.08 × 10−7 4.05

160 1.01 × 10−7 4.84 4.29 × 10−8 4.24
320 3.86 × 10−9 4.72 1.77 × 10−9 4.60
640 1.73 × 10−10 4.48 8.85 × 10−11 4.32

Wpower∞ENO

40 9.00 × 10−5 – 1.18 × 10−5 –
80 2.72 × 10−6 5.05 5.93 × 10−7 4.32

160 8.54 × 10−8 4.99 2.27 × 10−8 4.71
320 2.86 × 10−9 4.90 7.94 × 10−10 4.84
640 9.87 × 10−11 4.86 3.88 × 10−11 4.36

We see that while all three methods show good fifth-order convergence, the mapped WENO method has significantly
smaller errors. The mapped WENO errors are close to the errors of the ideal weights, confirming that the mapped
WENO weights give a good approximation to the ideal weights.

Tables 4 and 5 show convergence results for the WENO, Wpower3ENO and Wpower∞ENO methods for the four
examples. The number of grid points was chosen to allow a direct comparison with the results in [27]. We see that
while the WpowerpENO methods do not show fifth-order convergence for the linear advection problems, they do show
near-fifth-order for the non-linear problems. It is interesting to note that the performance of the Wpower3ENO for the
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Fig. 1. Linear advection of the initial conditions (27) at T = 1 with 200 points. Left: The approximation. Right: A close-up on the right-most
singularity.

advection problem with initial condition (24) is significantly worse than for the initial condition (23). Comparing with
the results in [27], which uses a different flux and a different ODE solver, we see the same order of convergence but
smaller errors with our central semi-discrete flux and the SSP ODE solver. Mapping improves the WpowerpENO
methods slightly, but not qualitatively. Our base WENO method performs well for all these examples.

4.2. Singularity advection

In this example from [29] we solve the one-dimensional linear advection equation (22), on [−1,1], subject to
periodic boundary conditions. The initial data is taken as φ(x, t = 0) = g(x − 0.5), where

g(x) = −
(√

3

2
+ 9

2
+ 2π

3

)
(x + 1) + h(x),

and

h(x) =

⎧⎪⎪⎪⎨
⎪⎪⎪⎩

2 cos( 3π
2 x2) − √

3, −1 < x < − 1
3 ,

3/2 + 3 cos(2πx), − 1
3 < x < 0,

15/2 − 3 cos(2πx), 0 < x < 1
3 ,

(28 + 4π + cos(3πx))/3 + 6πx(x − 1), 1
3 < x < 1.

(27)

The results that we obtained with the different reconstructions at T = 1 with 200 points are shown in Fig. 1. Note
that in this example we also show results that are obtained by composing the WpowerpENO methods with the
mapped WENO method. Clearly, in this example the WpowerpENO methods show better resolution at the singu-
larities. Wpower3ENO has better resolution than WENO, while Wpower∞ENO shows the best resolution. Applying
WENO mapping slightly improves the resolution of all the methods.

4.3. Convergence to the viscosity solution

An interesting non-convex example is presented in [15]:

H(p) =
{

p(1−p)
4 , p � 1

2 ,
p(p−1)

2 + 3
16 , otherwise,

(28)

subject to the initial data

φ(x, t = 0) =
{

x − 1
4 , x � 1

4 , (29)

0, otherwise.
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Fig. 2. Approximations to the solution of the problem (28)–(29) at T = 2 with 200 points. Left: Unmapped reconstructions. Right: Mapped
reconstructions.

Fig. 3. Convergence of the approximation of the problem (28)–(29) at T = 2. Left: Wpower3ENO. Right: Wpower∞ENO.

The computational domain is [0,1] with constant Neumann boundary conditions. The exact viscosity solution is
composed (from left to right) of a linear piece, a parabolic piece, and a constant state. In [15] it is shown that the
second-order method from [2], using the limiter

minmodθ := minmod(θa, b, θc), (30)

converges to the viscosity solution for θ = 1 but converges to a different solution for θ = 2. We note in passing that
we also observe this behavior for several methods using the minmodθ limiter, including those found in [3,14,22].

Fig. 2 shows the behavior of the methods discussed in this paper for problem (28)–(29) at T = 2 using 200 points.
Shown is the parabolic portion of the solution. We compare the WENO methods with a reference solution that is
computed with the second-order method from [14] based on minmod1 using 10 000 points. We also show the incorrect
solution that is obtained when using the minmod2 limiter. We see that our WENO interpolant and the Wpower3ENO
interpolant approximate the correct viscosity solution, while the Wpower∞ENO is closer to the incorrect solution
picked out by minmod2. The effect of WENO mapping is to slightly improve our WENO interpolant. It does cause
Wpower3ENO to miss the viscosity solution and to increase the error for the Wpower∞ENO interpolant.

Fig. 3 shows the convergence of the (unmapped) WpowerpENO methods for problem (28)–(29) at T = 2. This
figure indicates that Wpower3ENO converges to the viscosity solution while Wpower∞ENO does not.
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Table 6
Relative L1-errors for advection of the 2D non-convex problem (31). T = 0.05

N Unmapped Mapped

L1-error order L1-error order

WENO

40 3.03 × 10−5 – 2.47 × 10−5 –
80 1.69 × 10−6 4.16 1.52 × 10−6 4.03

160 5.53 × 10−8 4.93 4.80 × 10−8 4.98

Wpower3ENO

40 2.80 × 10−5 – 2.51 × 10−5 –
80 1.74 × 10−6 4.01 1.74 × 10−6 3.85

160 6.55 × 10−8 4.73 6.59 × 10−8 4.72

Wpower∞ENO

40 2.49 × 10−5 – 2.30 × 10−5 –
80 1.64 × 10−6 3.92 1.64 × 10−6 3.81

160 5.38 × 10−8 4.93 5.35 × 10−8 4.93

Fig. 4. Contours of the mean curvature of the initial data for problem (32).

4.4. Two-dimensional problems

A non-convex Hamiltonian
We consider a two-dimensional, non-convex problem that is analogous to the one-dimensional problem (26),

φt − cos(φx + φy + 1) = 0. (31)

We assume the initial data φ(x, y,0) = − cos(π(x + y)/2), and periodic boundary conditions. Results for the various
methods are given in Table 6.

The reinitialization problem
We consider the “level set reinitialization” problem [27],

φt + sign(φ0)
[√

φ2
x + φ2

y − 1
] = 0. (32)
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Fig. 5. Contours of mean curvature of the reinitialization problem (32). Top to bottom: WENO, Mapped WENO, Wpower3ENO, Wpower∞ENO.
Left to right: 16, 64 and 256 time steps.
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Subject to the initial data

φ(x, t = 0) = φ0 :=
{

d + δ, |d| < ε,

d, otherwise.
(33)

Here, d = √
x2 + y2 − 0.5, δ = ε

16π
sin( 4πd sin 5θ

ε
), θ = tan−1(y/|x|) and ε = 0.2. This problem arises in level set

methods, where it is highly desirable that initial noise in the mean curvature of φ be damped during the evolution
of (32). The initial data is chosen to introduce noise in order to study this damping.

In Figs. 4 and 5 we show contours of the regularized mean curvature

κ := ∇ · ∇φ√|∇φ|2 + �x2
.

Fig. 4 shows the noisy initial data, while 5 shows the evolution after a fixed numbers of time steps. We see that the
mapped WENO reconstruction gives us the least noisy results after 256 time steps.
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