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Abstract

We develop a mathematical framework for modeling regulatory mechanisms in the immune system. The model describes dynamics of

key components of the immune network within two compartments: lymph node and tissue. We demonstrate using numerical simulations

that our system can eliminate virus-infected cells, which are characterized by a tendency to increase without control (in absence of an

immune response), while tolerating normal cells, which are characterized by a tendency to approach a stable equilibrium population. We

experiment with different combinations of T cell reactivities that lead to effective systems and conclude that slightly self-reactive T cells

can exist within the immune system and are controlled by regulatory cells.

We observe that CD8+ T cell dynamics has two phases. In the first phase, CD8+ cells remain sequestered within the lymph node

during a period of proliferation. In the second phase, the CD8+ population emigrates to the tissue and destroys its target population.

We also conclude that a self-tolerant system must have a mechanism of central tolerance to ensure that self-reactive T cells are not too

self-reactive. Furthermore, the effectiveness of a system depends on a balance between the reactivities of the effector and regulatory T cell

populations, where the effectors are slightly more reactive than the regulatory cells.

r 2006 Elsevier Ltd. All rights reserved.
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1. Introduction

The immune system is commonly viewed as a multi-
layered system in which physical barriers, an innate
response, and an adaptive response are combined with a
mission of protecting the body against pathogens. Each of
these layers operates through an intricate system of control
mechanisms whose main role is to enable the body to fight
foreign pathogens in a timely fashion. Whereas innate
immunity can initiate quickly, the adaptive response
requires a series of signals to begin. When functioning
properly, the immune response discriminates between self
and non-self agents and only attacks the latter group. A
dysfunctional immune system may lead to a variety of
auto-immune diseases or the disadvantageous tolerance of
harmful cells as in the case of chronic infections or tumors.
e front matter r 2006 Elsevier Ltd. All rights reserved.
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Jerne (1974) hypothesized that the adaptive immune
system regulates itself by means of an idiotypic network. In
this formulation, a first layer of clones Ab1 recognize
antigen and interact with another set of clones Ab2. Then
clones Ab2 interact with clones Ab3 and so on. Various
papers examine immune dynamics of models based on this
paradigm and show that such idiotypic networks can gain
or lose tolerance to antigens and develop immunological
memory from past encounters (De Boer et al., 1990; De
Boer and Perelson, 1990; Varela and Stewart, 1990;
Weisbuch et al., 1990). These studies focus on idiotypic
networks of B cells and antibodies, but we seek to focus on
the adaptive T cell response. Furthermore, these studies
predate Sakaguchi’s experiments (Sakaguchi et al., 1995),
which established the existence of regulatory cells that
primarily function by suppressing immune responses. In
this paper, we apply knowledge from current immunolo-
gical literature to formulate a model incorporating
regulatory T cells to understand their role in regulating
adaptive immune behavior.
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Adaptive immunity is broadly divided into two cate-
gories: humoral and cell-mediated immunity. Humoral
immunity refers to the production of antibodies by B
lymphocytes, while cell-mediated immunity refers to the
production of cytotoxic T lymphocytes and activated
natural killer (NK) cells. In this work, we focus on the
cytotoxic T lymphocyte response of cell-mediated immu-
nity.

The cytotoxic T lymphocyte response begins when naı̈ve
T cells are primed. Naı̈ve T cells become primed by
recognizing foreign peptides that are presented on self
MHC molecules and by receiving an appropriate costimu-
latory signal through its CD28 receptor from antigen-
presenting cells (APCs). The three major types of APCs are
dendritic cells (DCs), macrophages, and B cells. DCs are
the most effective APCs and are thought to stimulate most
T cell responses in vivo (Janeway et al., 2005, p. 321). DCs
actively consume pathogens via phagocytosis and take up
extracellular particles via macropinocytosis. They present
antigens on surface MHC class I and class II molecules as
MHC:peptide complexes. Macrophages consume antigens
via phagocytosis and present them on MHC class II
molecules. B cells take up soluble antigens that bind to
surface immunoglobulin molecules and also present them
on MHC class II molecules. They are the least efficient of
the APCs.

APCs process antigens present in lymph nodes and in the
peripheral tissue. However, before effectively stimulating
naı̈ve T cells, APCs must mature. These cells mature after
receiving inflammatory signals, which occur when macro-
phages and neutrophils release cytokines and chemokines
at infection sites. After maturing, APCs migrate into lymph
nodes, where they can stimulate naı̈ve T cells.

For the most part, T lymphocyte responses begin in
lymph nodes rather than in the infected tissue. Naı̈ve T
cells spend most of the time circulating through lymphoid
tissue until they are stimulated. Once stimulated, they
proliferate into effector cells and migrate to the infected
tissue. T cells bearing the CD8+ receptor respond to MHC
class I molecules and turn into cytotoxic cells, which can
destroy virus-infected cells via granules that induce
apoptosis. T cells bearing the CD4+ receptor respond to
MHC class II molecules and differentiate into TH1 or TH2
cells, which can activate macrophages and B cells. In
addition, CD4+ T cells can stimulate the maturation of
DCs and produce positive growth signal, such as IL-2, to
maintain T cell proliferation (Kasaian et al., 1991). The T
lymphocyte response continues until the population of
infected cells is eliminated or tolerance is reestablished.

Under normal circumstances, infections first trigger the
innate immune cascade (inflammation), which sets off a
chain of events that could initiate the adaptive immune
response. In Sakaguchi et al. (1995) it was demonstrated
that CD4+CD25+ T cells perform a key role in
maintaining immunological self-tolerance. These cells
make up between 3% and 15% of CD4+ cells in humans
(Janeway et al., 2005; Sakaguchi et al., 1995; Taams et al.,
2002; Walker et al., 2005) and originate in the thymus and
periphery (Stephens et al., 2001). In this paper, we focus on
the thymus-derived cells, known as naturally-occurring
CD4+CD25+ regulatory cells. These cells, like
CD4+CD25-T cells, are stimulated via T cell receptors
(TCRs) in an antigen-specific manner (Taams et al., 2002),
upon which they suppress activated immune cells in an
antigen non-specific manner (Sakaguchi et al., 1995). It
remains unclear how the thymus selects regulatory cells,
and it was proposed in Holenbeck et al. (2001) that a
portion of CD4+ cells expressing high-affinity TCR for
self-peptides are selected to differentiate into regulatory
cells. However, other reports (Pacholczyk et al., 2001)
suggest that the TCR repertoire of regulatory cells is
diverse and overlaps with the TCR repertoire of
CD4+CD25-T cells.
In this model, we begin with an immune repertoire that

has already been shaped by thymic selection and formulate
a system of DDEs for the dynamics of key agents of the
adaptive immune system within the lymph node and tissue.
The delays in the equations account for the durations of T
cell divisions and capture the time lag between T cells
receiving stimulatory signals and completing proliferation.
We incorporate the following populations into the

model: APCs, CD4+ (non-regulatory) T cells, CD8+ T
cells, regulatory (CD4+CD25+) T cells, positive and
negative cytokine signals, virus-infected and normal self
cells, and virus and self antigens. APCs exist in either
mature or immature states, and T cells can be naı̈ve,
primed, or suppressed. In addition, we model separate
lymph node and tissue compartments, in which different
immune populations reside and immune reactions take
place at different rates.
The paper is divided into seven sections. In Section 2, we

discuss general modeling assumptions as well as the specific
dynamics of the immune agents. In Section 3, we explain
our formulation of the system of DDEs corresponding to
the dynamics discussed in Section 2. In Section 4, we
discuss our estimation of parameters. Section 5 is devoted
to the results and analysis. We show examples of over-,
under-, and well-regulated immune responses. We also
discuss the detailed dynamics of the immune response. In
particular, we point out that the CD8+ T cell response
occurs in two phases: lymphocyte sequestration and
proliferation in the lymph node, followed by contraction
and emigration to the tissue. We discuss the need for a
timely transition between these two phases to result in a
well-regulated immune response. We also conclude that a
well-regulated response needs to have a system of central
tolerance whereby the self-reactivity of the T cell repertoire
is controlled, but not completely eliminated. Moreover,
using Latin hypercube sampling (LHS), we observe that
optimal regulation occurs if effector and regulatory
cell reactivities are closely balanced with effector cells
being only slightly more reactive than regulatory cells. In
Section 6, we extend the discussion and deal with various
stimulatory and regulatory mechanisms of the model and
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their relative significances. In Section 7, we state the overall
conclusion that slightly self-reactive T cells can exist in a
stable immune system and are controlled by regulatory
cells. In addition, we discuss implications and future
directions of research, including the possible role of
adaptive regulatory T cells and the possibility that immune
repertoires may naturally contain mixtures of foreign-
reactive effector and regulatory cells.

2. Dynamics and interactions

2.1. Modeling assumptions

In this work, we formulate a mathematical model that
tracks the concentration levels of cells, molecular signals, and
antigen in the tissue and lymph node compartments. Immune
agents continually travel between tissue and lymph nodes,
and these regions provide different environments. In parti-
cular, lymph nodes contain much higher concentrations of
immune agents, allowing many more interactions than in
regular tissue. Although immune agents migrate across vast
networks of lymph nodes and tissue throughout the entire
body, for simplicity, we model one tissue and one lymph node
compartment. Furthermore, we assume that there are
homogeneous environments within compartments. This
further simplifies the model in that we do not have to
consider the shapes of the compartments or involve spatial
coordinates in our differential equations.

For convenience, we also assume we have two homo-
geneous populations of potential targets that represent virus-
infected cells and normal self cells, and one or two
homogeneous populations of each immune agent. The model
can be extended to a system of more than two T cell
specificities interacting with multiple populations of virus-
infected cells and normal self cells with different cross-
reactivities, but in this paper, we seek to understand self/non-
self discrimination, so it suffices to consider two populations.

Effective self/non-self discrimination involves reacting to
virus antigens and virus-infected cells while tolerating normal
self cells. For simplicity and because cytotoxic responses
against immune cells, called fratricide, is not well understood,
we only consider non-immune cells as potential targets.
Similarly, we model the antigen expressed by the target
populations as one homogeneous spectrum, or combination,
of peptides. In physiological settings, cells present tens of
thousands of peptides and T cells decide to react or not based
on this collective information (Casal et al., 2005). However,
these interactions occur at a space and time scale much
smaller than those of the other interactions in the model, so
we consider the entire distribution of peptides expressed by
the target as one collective population.

The model also incorporates APC, CD4+, CD8+, and
regulatory CD4+ T cells. In addition, it includes positive
and negative signals, representing cytokines that affect
immune cell behavior. For clarity, in Sections 2.2–2.6, we
present abridged diagrams of cell interactions. Compre-
hensive diagrams are shown in Appendix A.
2.2. Target cells and antigens

We assume that virus-infected cells appear in the system
at a certain time (time 0) and perpetuate by increasing at a
positive net growth rate. On the other hand, we assume
normal self cells are supplied into the system at a constant
rate and have a negative net growth rate, which causes the
population to approach a stable equilibrium. We assume
cells primarily produce antigen in bursts when they die, and
cells die at a natural death rate and from cytotoxic
interactions with effector CD8+ T cells.
Cells may reside in either of the two compartments:

tissue or lymph node. We assume potential target cells
reside for the most part in the tissue. Some of these cells
may enter tissue-draining lymph node, but such behavior is
not common and in most cases they will die quickly in the
presence of a large number of immune cells. One notable
exception is that cancer cells can infiltrate tumor-draining
lymph nodes and disrupt proper immune function; how-
ever, in this model, we assume target cells remain in the
tissue. See Fig. 1.
Inflammatory signals that accompany infections increase

the flow of plasma into the tissue and the resulting drainage
into the lymph node (Janeway et al., 2005, p. 321). Hence,
antigen will mostly originate from cells in the tissue and
drain into the lymph node, and we assume that antigen
does not flow from the lymph node back to the tissue.
Furthermore, immature APCs continually collect antigen
in either the lymph node or periphery. See Fig. 1. Also, see
Fig. A1 for a comprehensive diagram.

2.3. Antigen-presenting cells

The immune response begins at the site of infected tissue
with inflammation, where inflammatory signals cause
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APCs to mature and present antigen to T cells in the lymph
node. Inflammatory signals come from several sources,
including cytokines secreted by immune agents and
pathogenic particles that stimulate APC receptors (Jane-
way et al., 2005, p. 321). Since this is a complicated process
induced by the innate immune response, we simulate
inflammation by increasing the rate that immature APCs
are stimulated to mature in the tissue. In addition,
immature APCs may be induced to mature by interactions
with primed CD4+ T cells.

Since DCs are the most important APCs, especially for
triggering naı̈ve T cells, we use information about DCs to
model the APCs in our system. When they are immature,
DCs pick up antigen, express low levels of MHC II and
costimulatory molecules, and cannot stimulate naı̈ve T cells
(Wilson et al., 2004; Janeway et al., 2005, p. 331). Instead,
immature DCs induce tolerance by rendering T cells
anergic (Kubach et al., 2005; Janeway et al., 2005, Sections
8–10). Upon maturation, DCs upregulate expression of
costimulatory molecules and stimulate naı̈ve T cells. At this
point, they efficiently process and present antigens
captured before or at time of maturation, but for the most
part stop acquiring new antigens (Wilson et al., 2004;
Janeway et al., 2005, p. 331). Maturation induces DCs to
detach from the peripheral tissue and travel to a lymph
node (Janeway et al., 2005, p. 331).

Less is known about the migration of immature APCs,
but we assume that new immature APCs are supplied by
bone marrow stem cells at a constant rate into the lymph
node and migrate to the tissue at a fixed rate. This
assumption ensures a continuously replenished population
of immature APCs in the lymph node and tissue compart-
ments. In steady state, most APCs in lymph nodes are
immature (Wilson et al., 2003). However, such APCs may
pick up antigens that drain into the lymph node and be
stimulated by interacting with primed CD4+ T cells.

APCs continually process and replace surface antigen,
and the typical turnover rate for immature APCs is faster
than that for mature APCs. We will estimate these rates in
Section 4. In our model, we are only concerned with the
antigens produced and presented by target cells, since these
are the only populations the T cells will attack. Hence, we
assume the following:
1.
 Immature APCs capture new antigen at a certain rate,
while mature APCs do not (Wilson et al., 2004; Janeway
et al., 2005, p. 331).
2.
 APCs lose surface antigen at a certain rate due to
turnover (Wilson et al., 2004).
3.
 Immature APCs mature at a proportional rate that
depends on the inflammation level.
4.
 The motion of APCs is directed. Mature APCs travel
from the tissue to the lymph node (Janeway et al., 2005,
p. 331). Immature APCs travel from the lymph node to
the tissue.
5.
 Immature APCs are supplied at a constant rate into the
lymph node and then travel to the tissue.
APCs may also be acted upon by regulatory cells, but we
postpone the discussion of regulatory mechanisms until
Section 2.6. Fig. 2 describes the dynamics of immature and
mature APCs. Also, see Fig. A2 for a comprehensive
diagram of APC interactions.

2.4. T cells

DCs present both MHC I and II molecules, and thus can
prime both CD4+ and CD8+ T cells. Since DCs are
responsible for most, if not all, of the stimulation of T cells,
the APCs in our model, like DCs, can prime both CD4+
and CD8+ T cells, and naı̈ve T cells get primed when they
recognize appropriate antigen on surfaces of mature APCs.
Alternatively, naı̈ve T cells become anergic after interacting
with immature APCs. The role of anergic cells is unclear,
so for convenience, we assume anergy is an inactive,
terminal state and model anergic cells as effectively dead.
Once a CD4+ T cell is primed, it proliferates and turns

into an effector that causes APCs to mature and secretes
positive growth signal such as IL-2 (Kasaian et al., 1991).
Positive growth signals stimulate both CD4+ and CD8+
cells to divide. Since CD4+ cells are more readily
stimulated than CD8+ cells and produce growth signal
much more efficiently (Janeway et al., 2005, Sections 8–14),
we do not model this autocrine loop and instead assume
that CD4+ cells are self-sufficient to divide upon further
stimulation by mature APCs. The assumption that CD4+
cell division depends on repeated stimulation by mature
APCs is based on experimental observations that removal
of antigen early in an immune response diminishes CD4+
expansion, but not CD8+ expansion (Mercado et al.,
2000).
Naı̈ve CD4+ and CD8+ T cells continuously circulate

through lymph nodes, back into the bloodstream, and into
other lymph nodes where they interact with thousands of
APCs every day (Janeway et al., 2005, p. 323). However, in
our model, since we have only one lymph node and one
tissue compartment, we assume that naı̈ve and pre-primed
T cells reside in the lymph node until they are fully primed.
In addition, we assume that naı̈ve T cells are supplied by
stem cells at a constant rate into the lymph node. See Fig. 3
for a diagram of CD4+ dynamics.
For a CD8+ cell to be primed it has to be stimulated by

mature APCs and receive a positive growth signal (Jane-
way et al., 2005, Sections 8–14). We account for this two-
step signaling by shifting naı̈ve CD8+ T cells to a pre-
primed (IL-2 receptor positive) state after stimulation from
APCs. If they further receive a positive growth signal while
in the pre-primed state, they proliferate and progress to
effector cells. If they do not receive a positive growth signal
for a certain amount of time, they return to the naı̈ve state.
Experiments have shown that CD8+ cells in vivo can

initiate division even in CD4-depleted mice (Kasaian et al.,
1991). Additional studies have shown that upon stimula-
tion, CD8+ cells can begin IL-2 production to drive initial
expansion, but this response is short-lived because these
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cells enter an activation-induced non-responsive (AINR)
state (Deeths et al., 1999; Tham and Mescher, 2001, 2002;
Tham et al., 2002). CD8+ cells become AINR within three
days of stimulation and no longer produce IL-2, but are
still able to divide in response to exogenous IL-2 and
respond cytotoxically to target cells (Deeths et al., 1999;
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Tham and Mescher, 2001). The presence of exogenous IL-2
allows prolonged expansion of AINR CD8+ cells but only
marginally affects their ability to resume production of IL-
2 (Uhlin et al., 2005). Thus, the initial clonal expansion of
CD8+ cells may be helper-independent, but quickly
progresses to a helper-dependent stage.

We account for this phenomena by modeling that pre-
primed CD8+ cells secrete IL-2, causing these cells to enter
the initial phase of proliferation, consisting of about n ¼ 8
divisions. In our model, we consider this initial prolifera-
tion as one process and do not separate it into individual
divisions and interactions. Furthermore, the whole process
takes approximately 4–5 days, meaning that the newly
multiplied CD8+ T cells have entered the AINR state and
no longer secrete IL-2.

Effector CD8+ T cells are cytotoxic and can kill target
cells upon interaction. After priming, CD8+ cells will
divide upon further interaction with positive growth
signals. We base this assumption on the experimental
evidence that CD4+ cells are the primary IL-2 producers,
while CD8+ cells are the primary proliferators (Kasaian et
al., 1991), and CD8+ cells are able to undergo antigen-
independent proliferation after activation (Antia et al.,
2003; De Boer et al., 2003).

As before, naı̈ve CD8+ T cells that interact with
immature APCs presenting the appropriate antigen may
be rendered anergic (Kubach et al., 2005; Janeway et al.,
2005, Sections 8–10). See Fig. 4 for a diagram of CD8+
dynamics.

Primed CD8+ cells need continual stimulation from
antigen or mitogen to continue dividing (Janeway et al.,
2005). IL-2 stimulation is not enough. Hence, we assume
that primed CD8+ T cells that are not occupied with
division may drop to a non-proliferating, effector state at a
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Like APCs, primed T cells are also affected by regulatory

T cells, but we postpone the discussion of regulatory
interactions until Section 2.6. In this model, we are mostly
interested in the primary immune response, so for
simplicity we do not model memory T cells. See Fig. A3
for a comprehensive diagram of T cell interactions.
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production and hinders cell division and cytotoxic
responses (Janeway et al., 2005).

Cytokines are released by other cells, especially APCs, but
most cytokines express both positive and negative effects
depending on the cells they interact with and the context of
other cytokines. Due to the ambiguity and complexity of the
roles of cytokines, we model that only primed CD4+ T cells
and regulatory CD4+ T cells release positive and negative
signals, respectively. Furthermore, we model that CD8+ cells
consume positive signal, which stimulates their division, and
any circulating signal that is not consumed decays at a
constant rate. See Fig. 6. Also, see Fig. A3 for a comprehensive
diagram of interactions between molecular signals and T cells.

2.6. Regulatory mechanisms

We focus on the regulatory mechanism of
CD4+CD25+ cells. Although there are other types of
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normal circumstances, potentially self-reactive CD4+ T cells
are present in the tissue and their activation and proliferation
is controlled by the presence of CD4+CD25+ cells. These
cells are distinguished from CD4+ effector cells by high level,
persistent expression of the IL-2 receptor alpha chain (CD25)
(Sakaguchi et al., 1995).
These cells represent between 3% and 15% of the CD4+

T cells in human circulation and seem to be positively
selected in the thymus based on high-affinity to self-
peptides (Janeway et al., 2005; Walker et al., 2005). In
addition, they are activated like other T cells by stimulation
via their TCR (Janeway et al., 2005, p. 627). Once
activated, they regulate the immune system by suppressing
the immune response to self and non-self antigens in an
antigen non-specific manner (Janeway et al., 2005; Saka-
guchi et al., 1995). Removing them increases reactivity to
both non-self and self antigens, resulting in autoimmunity
(Sakaguchi et al., 1995).
For the most part, regulatory CD4+ cells are thought to

function as part of the innate regulatory response (Jiang
and Chess, 2004). For example, it is known that regulatory
CD4+ cells can function during a primary immune
response (Jiang and Chess, 2004). This observation
suggests that regulatory CD4+ cells always make up a
fraction of the immune cell population and are ready to
respond in a suppressive capacity.
These regulatory cells are positively selected in the thymus

based on high affinity to self-peptides (Janeway et al., 2005).
Like other T cells, they are initially naı̈ve and are activated by
receiving stimulation from mature APCs (Janeway et al.,
2005). Hence, we assume that naturally-occurring regulatory
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same way as non-regulatory CD4+ cells. See Fig. 7.
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We propose three possible means by which regulatory
CD4+ cells may regulate immune responses. From the
experiments in Sakaguchi et al. (1995), the primary
regulatory function of CD4+CD25+ cells seems to be
to suppress the activity of primed CD4+ T cells. In
addition, the in vitro regulatory capacity of these cells is
observed to be contact dependent and not only due to
cytokines (Janeway et al., 2005, p. 627; Jiang and Chess,
2004). As an extension, we suppose regulatory cells also
suppress primed CD8+ cells.

Also, since regulatory CD4+ cells express the high
affinity IL-2 receptor molecule CD25, we propose that
regulatory CD4+ cells consume IL-2 and other positive
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Fig. 7. Naturally-occurring regulatory CD4+ cells.
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growth signals. In addition, studies have shown that
regulatory CD8+ cells can render DCs tolerogenic (Chang
et al., 2002). As an extension, it seems reasonable to
suppose that regulatory CD4+ cells also interact with
DCs, since we know that non-regulatory CD4+ T cells
interact with DCs. For example, primed CD4+ T cells
cause DCs to mature. Thus, in our model, we assume that
regulatory CD4+ cells may interact with APCs, in general,
to render them tolerogenic. Furthermore, since interactions
between CD4+ T cells and APCs are mostly contact
dependent, we assume the same for regulatory CD4+ cells.
Beyond contact dependent regulatory mechanisms,

CD4+CD25+ cells also release cytokines as discussed in
Section 2.5. We assume that a negative signal decreases the
secretion rates sx;1 and sx;2 of positive signals by primed
CD4+ and CD8+ cells, decreases the probability pPK=x

that primed CD8+ cells divide in response to stimulus
from positive growth signal, decreases the probability
pPK=T that a primed CD8+ cell kills its target, and
decreases the probabilities pTC=B and pTC=B that CD4+
cells react to mature APCs. We assume these rates and
probabilities decrease exponentially at rate c as a function
of the concentration of negative signals. These probabilities
and rates will be discussed in more detail in Section 3.
Hence, we have the following five mechanisms (shown in

Fig. 8):
1.
ppre
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-
-

ime

ism
Regulatory CD4+ cells suppress primed CD4+ T cells
in an antigen non-specific manner via direct cell-to-cell
interactions. They cause primed CD4+ T cells to
become unresponsive.
2.
 Regulatory CD4+ cells suppress primed CD8+ T cells
in an antigen non-specific manner via direct cell-to-cell
primed
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interactions. They cause primed CD8+ T cells to
become unresponsive.
3.
 Regulatory cells render APCs tolerogenic. They do this
via direct cell-to-cell interaction.
4.
 Regulatory cells may control CD8+ effector prolifera-
tion by competing for positive growth signal.
5.
 Regulatory cells suppress immune agents by secreting
negative signals.

3. A mathematical model

In this section, we formulate a mathematical model for
the dynamics and interactions that were described in
Section 2. We write the model as a system of DDEs. The
variables denoting each population are defined in this
section and listed again in Table E1.
3.1. Target cells and antigen

The equations governing the populations of normal and
virus-infected cells TT

1 and TT
2 are

dTT

dt
¼ sT þ ðgT � dT ÞT

T � kðpT=PKfðy
T ÞðPT

K þQT
K ÞÞT

T ,

(3.1)

where TT is the 2� 1 vector ½TT
1 ;T

T
2 �

t. Likewise, the terms
PT

K and QT
K are also vectors ½PT

K ;1;P
T
K ;2�

t and ½QL
K ;1;Q

L
K ;2�

t

corresponding to the ‘‘foreign-reactive’’ and ‘‘self-reactive’’
sets of T cell populations. From now on, all variables
denoting target, antigen, or T cell populations are 2� 1
vectors. The superscript ‘‘T’’ indicates that we are
considering the population in the tissue as opposed to the
lymph node. We assume target cells normally exist in the
tissue only.

The term sT denotes the constant supply rate of cells into
the tissue. The terms gT and dT denote the constant growth
and death rates, respectively. For more generality between
the two populations, we also consider these constants as
2� 1 vectors and interpret the product of two 2� 1 vectors
as a componentwise product.

The term pT=PK denotes the probability that a target cell
gets killed by an interaction with an effector CD8+ T cell.
It is a 2� 2 diagonal matrix whose upper left entry denotes
the probability that an effector CD8+ cell from popula-
tion 1 (the self-reactive population) destroys target 1 (the
self population). The lower right entry denotes the
probability that an effector CD8+ cell from population
2 (the foreign-reactive population) destroys target 2 (the
foreign population). Note that the off-diagonal entries of
pT=PK can denote cross-reactivities between the two T cell
and two target populations, but for this study, we set all
cross-reactivities to 0.

We assume the law of mass action, which states that the
rate of interaction between two populations is proportional
to the product of their concentrations. Hence, the
expression kðPT

K þQT
K ÞT

T is the rate of interaction between
target cells and effector CD8+ T cells in the tissue. The
values of all the parameters are discussed in Section 4.
As mentioned in Section 2.6, we assume that certain

rates of interaction decrease exponentially with respect to
the concentration of negative signal at rate c. To account
for the effect of negative signaling (regulatory mechanism
5), we adjust the rate of interaction between target cells and
CD8+ T cells by the factor fðyT Þ, where fðyT Þ ¼ e�cyT

.
We also model antigen populations: aL ¼ ½aL

1 ; a
L
2 �

t for the
lymph node, and aT ¼ ½aT

1 ; a
T
2 �

t for the tissue. (The
superscript ‘‘L’’ indicates a population in the lymph node.)
The equations governing the antigen concentrations in the
lymph node and tissue are

daL

dt
¼ f aT þ�daaL � k

X1
i;j¼0

AL
ija

L, (3.2)

daT

dt
¼ �

f aT

V
þ saðdT þ kðpT=PKfðy

T ÞðPT
K þQT

K ÞÞÞT
T

� daaT � k
X1
i;j¼0

AT
ij a

T . ð3:3Þ

The first terms in (3.2) and (3.3) account for the drainage of
antigen from the tissue into the lymph node at rate f . Since
we are dealing with population concentrations, we adjust
the flow rates by the constant V , which denotes the ratio of
the volume of the tissue compartment to the volume of the
lymph node compartment.
The second term in (3.3) corresponds to the supply of

antigen from target dying in the tissue. We assume that
antigen is released at a rate proportional to the death rate
of its corresponding cell population, where the proportion-
ality constant is sa. The penultimate terms in both
equations correspond to the natural decay of circulating
antigen at rate da. The final terms correspond to the rates
at which antigen is taken up by immature APCs, AL

ij and
AT

ij . For simplicity, we assume that any antigen that
interacts with an immature APC is taken up. The constant
k is the mixing coefficient as in (3.1). The subscripts i and j

take values 0 or 1 depending on whether the APC is
presenting antigens 1 and/or 2, respectively.

3.2. CD4+ T cells

The equation governing the naı̈ve CD4+ T cell
population NL

H is

dNL
H

dt
¼ osH � dNHNL

H � kJðpTC=A;A
L
ij ÞN

L
H

� kJðpTC=Bfðy
LÞ;BL

ij ÞN
L
H . ð3:4Þ

As before NL
H is a 2� 1 vector representing the two T cell

populations: the self-reactive T cell population and the
foreign-reactive T cell population. The coefficients sH and
o denote the supply rate and frequency of antigen-specific
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T cells, and dNH denotes the proportional death rate of
naı̈ve CD4+ T cells. As a simplifying assumption, we
assume that the supply rate is the same for both CD4+
populations, and that the death rate is the same for both
CD4+ populations. Thus, we take sH and dNH to be
scalars rather than vectors. From now on, we apply this
assumption to the supply and death rates for all T cell
populations.

The third and fourth terms of (3.4) correspond to the
rate at which naı̈ve CD4+ cells interact with immature
APCs, AL

ij , and mature APCs, BL
ij , respectively. The fourth

term contains the adjustment factor fðyLÞ due to the
negative signal in the lymph node. The parameter pTC=A

(pTC=B) is a 2� 2 matrix ðaijÞ denoting the probabilities that
T cell i reacts to an immature (mature) APC presenting
antigen j. As shown in Fig. 3, such interactions result in T
cell anergy and stimulation, respectively.

The function J is defined by

Jðp;AijÞ ¼ p
A10

A01

" #
þ

1� ð1� p11Þð1� p12Þ

1� ð1� p21Þð1� p22Þ

" #
A11, (3.5)

where p is a 2� 2 matrix and Aij is the collection of APC
populations A00, A10, A01, and A11. The function maps to a
2� 1 vector denoting the rates at which both CD4+ cell
populations react to immature APCs. The first term in (3.5)
is the rates at which CD4+ cells interact with APCs
carrying antigens 1 or 2 exclusively, and the second term is
the rates at which CD4+ cells interact with APCs carrying
both antigens 1 and 2 simultaneously. As before, the
products of two 2� 1 vectors are interpreted as a
componentwise products. The function also applies for
mature APCs, Bij .

The equations for primed CD4+ T cell populations PL
H

and PT
H in the lymph node and tissue are

dPL
H

dt
¼ � ~f PL

H � dPHPL
H þ 2nNH kJðpTC=Bfðy

LÞ,

BL
ij ðt� nNHtÞÞNL

H ðt� nNHtÞ

� kJðpTC=B;B
L
ij ÞP

L
H þ 2nPH kJðpTC=Bfðy

Lðt� nPHtÞÞ,

BL
ij ðt� nPHtÞÞPL

H ðt� nPHtÞ

� pTC=RkPL
RPL

H þ ruSL
H , ð3:6Þ

dPT
H

dt
¼

~f PL
H

V
� dPHPT

H � kJðpTC=Bfðy
T Þ;BT

ij ÞP
T
H

þ 2nPH kJðpTC=Bfðy
T ðt� nPHtÞÞ,

BT
ij ðt� nPHtÞÞPT

H ðt� nPHtÞ

� pTC=RkPT
RPT

H þ ruST
H . ð3:7Þ

The first term of (3.6) and (3.7) corresponds to the flow of
primed CD4+ T cells out of the lymph node. The
coefficient ~f denotes the rate at which T cells flow from
the lymph node into the tissue. In the second terms, the
coefficient dPH is the death rate of primed CD4+ T cells.
The third term in (3.6) accounts for the proliferation of
naı̈ve CD4+ T cells due to stimulation by mature APCs. It
corresponds to the final term of (3.4). The exponent nNH is
the average number of divisions taken by naı̈ve CD4+ T
cells upon stimulation, and the time delay t is the average
amount of time it takes to complete one cell division cycle.
Hence, newly proliferated CD4+ cells appear nNHt time
units after the initial stimulation.
We also use the parameter pTC=B for probabilities that

primed CD4+ cells are stimulated by mature APCs. In
addition, nPH is the average number of divisions taken by
primed CD4+ T cells upon stimulation. Hence, the fourth
to last terms of (3.6) and (3.7) are the rates at which primed
CD4+ cells are stimulated by interactions with mature
APCs. The third to last terms account for the proliferation
of these CD4+ cells. These dynamics are also outlined in
Fig. 3. Due to negative signaling, all terms involving
stimulatory interactions between CD4+ T cells and APCs
are adjusted by the factor fðyÞ or the delayed version,
fðyðt� nPHtÞÞ.
The final two terms of each equation account for

regulatory mechanism 1 in Fig. 8. The variables PL
R and

PT
R are the concentrations of primed regulatory cells in the

lymph node and tissue, respectively. The coefficient pTC=R

is the probability that interactions between a regulatory cell
and a primed T cell causes the T cell to become suppressed.
Suppressive interactions between regulatory cells and T
cells are not antigen-specific (i.e., there is no distinction
between T cell populations 1 and 2), so pTC=R is a scalar.
The coefficient ru is the proportional rate that suppressed
CD4+ cells, SL

H and ST
H , become unsuppressed.
3.3. Suppressed CD4+ T cells

The equations for the concentrations of suppressed
CD4+ cells SL

H and ST
H are

dSL
H

dt
¼ � ~f SL

H � dSHSL
H þ pTC=RkPL

RPL
H � ruSL

H , (3.8)

dST
H

dt
¼
~f SL

H

V
� dSHST

H þ pTC=RkPT
RPT

H � ruST
H . (3.9)

The first two terms of Eqs. (3.8) and (3.9) account for the
flow of suppressed CD4+ cells out of the lymph node and
their natural death rate dSH . The final two terms of both
equations are the negatives of the final two terms in (3.6)
and (3.7). They correspond to the suppression of CD4+
cells by regulatory cells and the natural rate of return to
effector activity. See regulatory mechanism #1 in Fig. 8.
3.4. CD8+ T cells

The equations governing the naı̈ve CD8+ T cell
population NL

K and the pre-primed (IL-2 receptor positive)
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CD8+ T cell population OL
K are

dNL
K

dt
¼ osK � dNK NL

K � kJðpTC=A;A
L
ij ÞN

L
K

� kJðpTC=Bfðy
LÞ;BL

ij ÞN
L
K

þDkJðpTC=Bfðy
Lðt� sÞÞ;BL

ij ðt� sÞÞNL
K ðt� sÞ,

ð3:10Þ

dOL
K

dt
¼ � dNK OL

K � pPK=xfðy
LÞkxLOL

K

þ kJðpTC=Bfðy
LÞ;BL

ij ÞN
L
K

�DkJðpTC=Bfðy
Lðt� sÞÞ,

BL
ij ðt� sÞÞNL

K ðt� sÞ. ð3:11Þ

In Eq. (3.10) for naı̈ve CD8+ cells, the parameters sK , o,
and dNK are the supply rate, frequency of antigen-specific
T cells, and the death rate of naı̈ve CD8+ cells in the
lymph node. The third and fourth terms of (3.10) are
the rates of interaction with immature and mature APCs.
They correspond to the third and fourth terms of (3.4)
for naı̈ve CD4+ cells. In addition, the function J is as
defined in (3.5). The 2� 2 matrix pTC=A (pTC=B) corre-
sponds to the probabilities that naı̈ve CD8+ T cells
react to an encounter with immature (mature) APCs. As
shown in Fig. 4, this interaction results in anergy
(stimulation). Again, all stimulatory interactions are
adjusted by the exponential decay function due to negative
signaling.

The final term of (3.10) is the rate that pre-
primed CD8+ cells return to the naı̈ve state if they
remain unstimulated by a positive growth signal for
a time delay of s. Since not every cell that enters
the pre-primed state returns to the naı̈ve state, the
discounting factor D accounts for the loss of pre-primed
cells due to natural death or promotion to the effector
state.

We assume that pre-primed CD8+ T cells die at the
same rate as naı̈ve CD8+ T cells, so the first term in
(3.11) is the natural death rate of pre-primed CD8+
cells. The second term corresponds to the rate that pre-
primed CD8+ T cells OL

K are stimulated by a positive
growth factor xL. Once stimulated, these cells leave the
pre-primed state and become fully primed effectors. We
assume that pre-primed CD8+ T cells are stimulated
at the same rate pPK=x as primed CD8+ T cells. The
third term is the rate that naı̈ve cells are stimulated into
the pre-primed state by mature APCs. It is the negative
of the fourth term in (3.4) for naı̈ve cells. The fourth
term is the rate that unstimulated pre-primed cells re-
turn to the naı̈ve state and is the negative of the fifth term
in (3.4).

The delay s denotes the length of time pre-primed T cells
wait to receive a positive growth signal before returning to
the naı̈ve state, and the discounting factor

D ¼ exp �

Z t

t�s
ðdNK þ pPK=xfðy

LÞkxL
Þ

� �

¼ e�dNKs exp �pPK=xk

Z t

t�s
fðyLÞxL

� �
ð3:12Þ

accounts for the decrease in population of pre-primed T
cells over this time interval. See Appendix B for the
derivation of (3.12).
Note that the addition of the discounting factor D turns

(3.10) and (3.11) into integro-DDEs, but we can turn these
into first-order DDEs by adding the equation

dD

dt
¼ �pPK=xkðfðy

LÞxLðtÞ � fðyLðt� sÞÞxLðt� sÞÞD,

(3.13)

with an initial condition Dð0Þ ¼ e�dNKs.
The equations for primed CD8+ T cell populations PL

K

and PT
K in the lymph node and in the tissue are

dPL
K

dt
¼ � ~f PL

K � dPK PL
K þ 2nOK pPK=xfðy

Lðt� nOKtÞÞ

�kxL
ðt� nOKtÞOL

K ðt� nOKtÞ

� pPK=xfðy
LÞkxLPL

K þ 2nPK pPK=xfðy
Lðt� nPKtÞÞ

�kxL
ðt� nPKtÞPL

K ðt� nPKtÞ

� rrP
L
K þ kJðpTC=Bfðy

LÞ;BL
ij ÞQ

L
K

� pTC=RkPL
RPL

K þ ruSL
K , ð3:14Þ

dPT
K

dt
¼

~f PL
K

V
� dPK PT

K � pPK=xfðy
T ÞkxT PT

K

þ 2nPK pPK=xfðy
T ðt� nPKtÞÞkxT

ðt� nPKtÞPT
K ðt� nPKtÞ

� rrP
T
K þ kJðpTC=Bfðy

T Þ;BT
ij ÞQ

T
K

� pTC=RkPT
RPT

K þ ruST
K . ð3:15Þ

The first two terms in (3.14) and (3.15) account for the
flow of primed T cells out of the lymph node and the
natural death rate. The third term of (3.14) accounts for the
proliferation of pre-primed CD8+ T cells and corresponds
to the second term of (3.11) for pre-primed CD8+ cells.
The exponent nOK is the average number of divisions taken
by pre-primed CD8+ T cells upon stimulation. As before,
the time delay t is the average amount of time it takes to
complete one cell division cycle.
The fourth and fifth terms of (3.14) account for the

stimulation and proliferation of primed CD8+ cells upon
interacting with a positive growth signal. The coefficient
pPK=x is the rate at which a primed CD8+ T cell reacts to a
positive growth signal. The third and fourth terms of
Eq. (3.15) serve the same function for primed CD8+ cells
in the tissue.
The fourth to last terms of (3.14) and (3.15) account for

primed CD8+ cells entering the non-proliferating effector
state at rate rr. The third to last terms of both equations are
the rates that non-proliferating effectors are restimulated
into the primed and proliferating state by interaction with
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mature APCs. See Fig. 4 for a diagram of CD8+ cells and
Fig. 5 for a diagram of the non-proliferating effector
CD8+ state.

The final two terms of each equation account for
regulatory mechanism #2 in Fig. 8. As in (3.6) and (3.7),
the coefficient pTC=R is the probability that interactions
between a regulatory cell and a primed T cell causes the T
cell to become suppressed. Just like pTC=R, this coefficient is
also a scalar. The coefficient ru is the proportional rate that
suppressed CD8+ cells, SL

K and ST
K , become unsuppressed.

The equations for non-proliferating effector CD8+ cells
are

dQL
K

dt
¼ � ~f QL

K � dPK QL
K þ rrP

L
K � kJðpTC=Bfðy

LÞ;BL
ij ÞQ

L
K ,

(3.16)

dQT
K

dt
¼
~f QL

K

V
� dPK QT

K þ rrP
T
K � kJðpTC=Bfðy

T Þ;BT
ij ÞQ

T
K .

(3.17)

The first two terms of (3.16) and (3.17) account for the flow
of T cells out of the lymph node and natural death. We
assume that non-proliferating effectors die at the same rate
dPK as proliferating effectors. The last two terms of both
equations account for the transition of primed effectors to
the non-proliferating state and vice versa. They are the
negatives of the last two terms of (3.14) and (3.15) for
primed cells.
3.5. Suppressed CD8þ T cells

The equations for the concentrations of suppressed
CD8+ cells SL

K and ST
K are

dSL
K

dt
¼ � ~f SL

K � dSK SL
K þ pTC=RkPL

RPL
K � ruSL

K , (3.18)

dST
K

dt
¼
~f SL

K

V
� dSK ST

K þ pTC=RkPT
RPT

K � ruST
K . (3.19)

The first two terms of Eqs. (3.18) and (3.19) account for the
flow of suppressed CD8+ cells out of the lymph node and
their natural death rate dSK . The final two terms of both
equations are the negatives of the final two terms in (3.14)
and (3.15). They correspond to the suppression of CD8+
cells by regulatory cells and the natural rate of return to
effector activity. See regulatory mechanism #2 in Fig. 8.
3.6. Regulatory cells

The equations for the naturally-occurring regulatory T
cell populations are

dNL
R

dt
¼ sR � dNHNL

R � kJðpR=B;B
L
ij ÞN

L
R, (3.20)
dPL
R

dt
¼ � ~f PL

R � dPHPL
R þ 2nNH kJðpR=B,

BL
ij ðt� nNHtÞÞNL

Rðt� nNHtÞ

� kJðpR=B;B
L
ij ÞP

L
R þ 2nPH kJðpR=B,

BL
ij ðt� nPHtÞÞPL

Rðt� nPHtÞ, ð3:21Þ

dPT
R

dt
¼

~f PL
R

V
� dPHPT

R � kJðpR=B;B
T
ij ÞP

T
R

þ 2nPH kJðpR=B;B
T
ij ðt� nPHtÞÞPT

Rðt� nPHtÞ,

ð3:22Þ

where NL
R is the concentration of naı̈ve regulatory cells in

the lymph node, and PL
R and PT

R are the concentrations of
primed regulatory cells in the lymph and tissue. These
equations are similar to Eqs. (3.4), (3.6), and (3.7) for
CD4+ T cells. Here, the matrix pR=B represents the
probabilities that naı̈ve and primed regulatory T cells react
to mature APCs. We also assume that naturally-occurring
regulatory cells behave in the same way as non-regulatory
CD4+ T cell, so we use the same death rates dNH and dPH

and the same proliferation rates nNH and nPH . The constant
term sR in equation (3.20) is the constant supply rate of
naı̈ve regulatory cells into the lymph node. See Fig. 7.

3.7. Immature (and tolerogenic) APCs

The primary characteristic of tolerogenic APCs that we
would like to capture is that they render naı̈ve CD4+ and
CD8+ T cells anergic or unresponsive. In this work, due to
lack of specific information, we assume the behavior of
tolerogenic APCs is the same as that of the immature
APCs. Hence, we group immature and tolerogenic APCs
into the same population.
The populations of immature APCs are denoted by A00,

A10, A01, and A11. The subscripts 00, 10, 01, and 11
correspond to APCs that are presenting neither antigen 1
nor 2, only antigen 1, only antigen 2, and both antigens 1
and 2, respectively. Antigen i is the antigen presented by
population Ti.
The equations for immature APC populations AL

00 and
AT

00 that are not presenting either antigen are

dAL
00

dt
¼ sA �

~f AL
00 � dAAL

00 þ dAðA
L
10 þ AL

01Þ

� pA=akða
L
1 þ aL

2 ÞA
L
00 � rsA

L
00, ð3:23Þ

dAT
00

dt
¼

~f AL
00

V
� dAAT

00 þ dAðA
T
10 þ AT

01Þ

� pA=akða
T
1 þ aT

2 ÞA
T
00 � rsA

T
00. ð3:24Þ

The term sA denotes the constant supply of immature
APCs to the lymph node. We assume that APCs first enter
the lymph node in an immature state and do not present
either of the two relevant antigens. The coefficient ~f is the
rate that immature APCs flow out of the lymph node to the
tissue. We assume that the flow is unidirectional and that
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immature APCs flow out of the lymph node. As discussed
before, the flow terms in the first and second equations
have opposite signs and differ by the volume ratio V .

The coefficient dA denotes the death rate of APCs, and
the coefficient dA denotes the turnover rate of antigen on
the surfaces of immature APCs. That is to say, the
immature APC populations A10 and A01 that are presenting
either antigen 1 or 2 return to a state of not presenting
either antigen at rates dAA10 and dAA01, respectively.

The coefficient pA=a is the probability with which APCs
incorporate and present the encountered antigen. Hence,
the terms �pA=akða1 þ a2ÞA00 in both equations is the rate
at which immature APCs are promoted to either the A10 or
A01 state.

The final terms of (3.23) and (3.24), are the rate at which
immature APCs mature due to an inflammatory signal.
During infection, we expect the rate rs to be high, whereas in
a non-infectious state, we expect rs to be low or almost zero.

Let

A1 ¼
A10

A01

" #
.

Then the equations for immature APCs that are presenting
either antigen 1 or 2 exclusively are

dAL
1

dt
¼ � ~f AL

1 � dAAL
1 � dAAL

1 þ
1

2
dAAL

11 þ pA=aka
LAL

00

� pA=ak
aL
2

aL
1

" #
AL

1 � rsA
L
1 � kðpA=PHfðy

LÞPL
H ÞA

L
1

þ kðpB=RPL
RÞB

L
1 , ð3:25Þ

dAT
1

dt
¼

~f AL
1

V
� dAAT

1 � dAAT i1þ
1

2
dAAT

11 þ pA=aka
T AT

00

� pA=ak
aT
2

aT
1

" #
AT

1 � rsA
T
1 � kðpA=PHfðy

T ÞPT
H ÞA

T
1

þ kðpB=RPT
RÞB

T
1 . ð3:26Þ

The first two terms of each equation are the flow rate and
death rate terms as before.

Immature APCs presenting antigen 1 or 2 stop present-
ing that antigen at rate dA, which corresponds to the
turnover of surface molecules of immature APCs. Hence,
the third terms of (3.25) and (3.26) are the rates that APCs
A10 and A01 return to state A00 where they are presenting
neither antigen 1 nor 2. Similarly, APCs A11 that are
presenting both antigens lose one of the antigens at rate
dAA11. We assume that the probabilities of losing antigen 1
or 2 are equal. Hence, the fourth term of (3.25) and (3.26) is
the rate that APCs A11 drop to either state A10 or A01 and
are half the rate dAA11.

Meanwhile, APCs A00 that are not presenting any
antigen continue to pick up circulating antigen and present
them at rate pA=akaT AT

00, where pA=a is the probability that
immature APCs present encountered antigen. Recall that a
is a 2� 1 vector representing both antigen populations.
Hence, the fifth terms of both equations are the rates that
APCs A00 start to present antigen 1 or 2. Similarly, the
sixth terms are the rates that APCs presenting antigen 1
pick-up and present antigen 2 and vice versa. The sixth
terms are the rates that APCs A10 and A01 are promoted to
state A11 where they are presenting both antigens.
The penultimate terms are the rates these APCs mature

due to an inflammatory signal, and rs is the proportional
rate of simulation. The eighth terms are the rates at which
these APCs are stimulated to mature due to interactions
with primed CD4+ T cells. The 2� 2 matrix pA=PH is the
probability that interactions between primed CD4+ T cells
and immature APCs results in a successful stimulation of
the APCs. Again, these terms represent stimulatory
interactions between APCs and T cells, so they are adjusted
by the decay function f due to negative signaling.
The final terms account for regulatory mechanism #3 in

Fig. 8. We assume interactions between regulatory cells
and APCs are antigen-specific and mutual (i.e., either both
cells react or both cells remain unaffected). Thus the 2� 2
matrix pB=R is the same as the one used in (3.21) and (3.22).
It denotes the probabilities that interactions between
mature APCs and regulatory cells cause the APCs to
become tolerogenic.
The equations for immature APCs that are presenting

both antigens 1 and 2 are

dAL
11

dt
¼ � ~f AL

11 � dAAL
11 � dAAL

11 þ pA=ak aL
2 aL

1

h i
AL

1

� rsA
L
11 � kKðpA=PHfðy

LÞ;PL
H ÞA

L
11

þ kKðpB=R;P
L
RÞB

L
11, ð3:27Þ

dAT
11

dt
¼

~f AL
11

V
� dAAT

11 � dAAT i11þ pA=ak aT
2 aT

1

h i
AT

1

� rsA
T
11 � kKðpA=PHfðy

T Þ;PT
H ÞA

T
11

þ kKðpB=R;P
T
RÞB

T
11. ð3:28Þ

The first three terms of (3.27) and (3.28) account for the
flow out of the lymph node, natural death rate, and surface
antigen turnover rate respectively. The fourth terms are the
row sums of the sixth terms of (3.25) and (3.26). They
correspond to the promotion of APCs AI10 and AI01 to the
state AI11. The fifth terms are the rates these APCs mature
due to inflammation.
The penultimate terms are the rate these APCs are

stimulated to mature due to interactions with primed
CD4+ T cells. The function K maps to a scalar and is
defined by

Kðp;PH Þ ¼
1� ð1� p11Þð1� p21Þ

1� ð1� p12Þð1� p22Þ

" #T

PH , (3.29)

where p is a 2� 2 matrix and PH is a 2� 1 vector
containing both CD4+ populations. The functionKmaps
to a scalar that denotes the rate that an APC presenting
both antigens reacts to the ensemble of both kinds of
CD4+ cells. As usual, these terms are adjusted due to
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negative signaling. The final terms are the rates that mature
APCs are tolerized by interactions with regulatory T cells.

3.8. Mature APCs

The equations for the mature APC population BL
00 and

BT
00 that are not presenting either antigen are

dBL
00

dt
¼ fBT

00 � dABL
00 þ dAmðB

L
10 þ BL

10Þ þ rsA
L
00, (3.30)

dBT
00

dt
¼ �

fBT
00

V
� dABT

00 þ dAmðB
T
10 þ BT

01Þ þ rsA
T
00. (3.31)

The first terms of (3.30) and (3.31) represent the migration
of mature APCs into the lymph node. We assume that the
flow is unidirectional and that mature APCs flow into the
lymph node. The second terms represent the natural death
of APCs at rate dA. The third terms are analogous to the
fourth and third terms of (3.23) and (3.24) for immature
APCs and represent the rate that mature APCs return to
state B00 due to surface molecule turnover. The final terms
are the rates that immature APCs are promoted to the
mature state due to inflammation. These terms are the
negatives of the final terms of (3.23) and (3.24) for
immature APCs.

Let B1 ¼ B10B01½ �T . Then the equations for mature APC
populations that are presenting either antigen 1 or 2
exclusively are

dBL
1

dt
¼ fBT

1 � dABL
1 � dAmBL

1 þ
1

2
dAmBL

11

þ rsA
L
1 þ kðpA=PHfðy

LÞPL
H ÞA

L
1

� kðpB=RPL
RÞB

L
1 , ð3:32Þ

dBT
1

dt
¼ �

fBT
1

V
� dABT

1 � dAmBT
1 þ

1

2
dAmBT

11

þ rsA
T
1 þ kðpA=PHfðy

T ÞPT
H ÞA

T
1

� kðpB=RPT
RÞB

T
1 . ð3:33Þ

The first four terms of (3.32) and (3.33) are analogous to
the first four terms of (3.25) and (3.26). The last three terms
of (3.32) and (3.33) are negatives of the last three terms of
(3.25) and (3.26), because they correspond to transitions
from the immature to mature state and vice versa.

The equations for mature APCs that are presenting both
antigens 1 and 2 are

dBL
11

dt
¼ fBT

11 � dABL
11 � dAmBL

11

þ rsA
L
11 þ kKðpA=PHfðy

LÞ;PL
H ÞA

L
11

� kKðpB=R;P
L
RÞB

L
11, ð3:34Þ

dBT
11

dt
¼ �

fBT
11

V
� dABT

11 � dAmBT
11

þ rsA
T
11 þ kKðpA=PHfðy

T Þ;PT
H ÞA

T
11

� kKðpB=R;P
T
RÞB

T
11. ð3:35Þ
The first three terms of (3.34) and (3.35) are analogous to
the first three terms of (3.27) and (3.28). The last three
terms of (3.34) and (3.35) are negatives of the last three
terms of (3.27) and (3.28), because they correspond to
transitions from the immature to the mature state and vice
versa.

3.9. Positive signals

The equations for the concentrations xL and xT of the
positive growth signal are

dxL

dt
¼ sx;1fðyLÞðPL

H;1 þ PL
H ;2Þ þ sx;2f

�ðyLÞðOL
K ;1 þOL

K ;2Þ þ fxT
� dxxL

� kðPL
K ;1 þ PL

K ;2 þOL
K ;1 þOL

K ;2Þx
L � kPL

RxL, ð3:36Þ

dxT

dt
¼ sx;1fðyT ÞðPT

H;1 þ PT
H;2Þ �

fxT

V
� dxxT

� kðPT
K ;1 þ PT

K ;2Þx
T � kPT

RxT . ð3:37Þ

The first two terms in (3.36) are the rates at which the
positive growth signal is secreted by primed CD4+ and
pre-primed CD8+ T cells in the lymph node. Here, sx;1 and
sx;2 are the proportional rates of secretion. The first term in
(3.37) is the rate at which the positive growth signal is
secreted by primed CD4+ T cells in the tissue. We assume
that the secretion rates of positive signal are diminished by
negative signaling, so these terms are adjusted by the decay
function f.
The fourth to last terms in both equations represent the

drainage from the tissue to the lymph node. The third to
last terms are the natural decay rates of growth signal that
is not consumed. The penultimate terms are the rates in
which a positive growth signal is consumed by proliferating
CD8+ cells (primed and pre-primed). For simplicity, we
assume that T cells take up any positive growth signal they
encounter. Hence, there is no probability term associated
with the consumption of positive signals. The final terms in
both equations account for regulatory mechanism #4 in
Fig. 8. They represent the rate at which positive signal is
taken up by circulating regulatory cells.

3.10. Negative signals

Negative signals are due to regulatory mechanism #5 in
Fig. 8. The equations for the concentrations of the negative
signal, yL and yT , are

dyL

dt
¼ syPL

R þ fyT
� dxyL � kðPL

H ;1 þ PL
H;2

þ PL
K ;1 þ PL

K ;2 þOL
K ;1 þOL

K ;2Þy
L, ð3:38Þ

dyT

dt
¼ syPT

R �
fyT

V
� dxyT � kðPL

H ;1 þ PL
H ;2 þ PL

K ;1 þ PL
K ;2Þy

T .

(3.39)
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Table 1

Steady-state cell concentrations

Parameters Estimate

(k/mL)
References

Cell concentrations in the lymph node

CD4+ T cell concentration 300 (Catron et al., 2004)M

CD8+ T cell concentration 200 (Catron et al., 2004)M
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The coefficient sy is the rate at which regulatory cells
secrete a negative signal and dx is the natural decay rate of
circulating growth signal. The third terms account for the
drainage of signal into the lymph node at rate f . We
assume that signal drains passively into the lymph node at
the same rate as antigen. The final terms in both equations
correspond to the rate of consumption of a negative signal
by CD4+ cells and primed and pre-primed CD8+ cells.
APC concentration 12 (Catron et al., 2004)M

Cell concentrations in the tissue

CD4+ T cell concentration 1 (Lee ; Snedecor, 2003)H

CD8+ T cell concentration 0.6 (Lee)H

APC concentration 0.04 (Catron et al., 2004)M ,

assumption
4. Parameter estimates

Due to the difficulty of obtaining immunological data
from humans, many quantitative in vivo experiments
involve mice rather than humans. In our parameter
estimates, we use both human and mouse data and assume,
wherever possible, that the mouse data give reasonable
estimates for human parameters. In our tables, we indicate
which references correspond to human data (with a
superscript ð�ÞH ) and which correspond to mouse data
(with a superscript ð�ÞM).
4.1. Cell concentrations in the lymph node

Catron et al. (2004, p. 341b), consider a hypothetical,
spherical, skin-draining lymph node of diameter 2mm (or
radius 1mm). Such a lymph node would have volume
ð4p=3Þð0:1 cmÞ3 ¼ 0:0042mL ¼ 4:2mL.

Furthermore, Catron et al. estimate that a lymph node of
this size would contain 4� 106 total lymphocytes of which
1:2� 106 are CD4+ T cells. This leads to an estimate of
the CD4+ T cell concentration of 1:2� 103 k=4:2mL ¼
286 k=mL, or about 300 k=mL, in the lymph node.

In their model, they simulate the a slice of about 1
500

the
total volume of the lymph node. They estimate the slice to
contain about 2400 CD4+ T cells, 1600 CD8+ T cells,
and 100 DCs (Catron et al., 2004, p. 342b). Based on these
proportions, we obtain a CD8+ T cell concentration of
300 k=mL� 1600

2400
¼ 200 k=mL and a DC concentration of

300 k=mL� 100
2400
¼ 12 k=mL in the lymph node. Since DCs

are the primary APCs that stimulate T cells, we assume
that our estimates for DCs are good estimates for the APC
concentration in our model. The estimates for the cell
concentrations in the lymph node are listed in Table 1.
4.2. Cell concentrations in the tissue

The steady state CD4+ T cell concentration in blood is
estimated to be about 1 k=mL (Mohri et al., 2001; Snedecor,
2003), and the steady state CD8+ T cell concentration in
the blood is estimated to be about 0:6 k=mL (Mohri et al.,
2001). Note that the ratio of CD4+ and CD8+ T cell
concentrations in the blood from this estimate is about 3:2,
which is the same as the ratio in the lymph node estimated
in Catron et al. (2004). These results are mutually
corroborative and also imply that the flow rates of
CD4+ and CD8+ T cells between the tissue and lymph
node are similar, if not identical.
If we assume that the proportion of APCs inside and

outside the lymph node is that of the T lymphocytes, we
estimate that the concentration of APCs in the tissue is
12
300
¼ 0:04 k=mL. The estimates for the cell concentrations in

the tissue are listed in Table 1.

4.3. Flow rates between lymph node and tissue

Recall from the equations in Section 3 that f and ~f
denote the flow rates into and out of the lymph node,
respectively. In addition, the change in the concentration of
some population X in the LN due to inflow is f � X T ,
while the change in the LN due to outflow is � ~f X L.
Similarly, the change in the concentration in the tissue due
to inflow is ~f X L=V , while the change due to the outflow is
�fX T=V . Here, V ¼ ðvolume of tissueÞ=ðvolume of LNÞ.
Haase (1999) and Snedecor (2003) estimate that lym-

phocytes spend p ¼ 98% of their time in the lymph node
and 2% of their time in the periphery, or tissue. From this
information, the ratio of lymphocyte concentrations
between the lymph node and tissue is 98%=ð2%=V Þ ¼

49V . From Table 1, we also estimate this ratio to be 300 to
1. This implies that V ¼ 300=49�6.
Expressing populations in terms of cells instead of

concentrations, Snedecor estimates the flow rate of T cells
from blood to the lymph to be 0.05/day (Snedecor, 2003).
Assuming that V ¼ 6, this estimate corresponds to a flow
rate of f ðT cellÞ ¼ 0:05� V ¼ 0:3=day, when populations
are expressed in terms of concentrations. Applying the
ratio 98% to 2%, we obtain ~f ¼ ðf ðT cellÞ=V Þ=49� 10�3.
However, we note that the model in (Snedecor, 2003)
considers only CD4+ cells as one population rather than
dividing them into naı̈ve and primed states. In our model,
we assume that naı̈ve CD4+ cells remain in the lymphoid
tissue, while primed CD4+ cells tend to emigrate to the
periphery. Hence, we assume that the flow of primed
CD4+ cells is unidirectional out of the lymph node and
that backflow is negligible. Hence, we assume the outflow
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rate of primed CD4+ cells is ~f ¼ 10�3 as estimated and the
inflow rate of primed CD4+ cells is 0. Furthermore, naı̈ve
CD4+ cells remain in the lymph node and account for
most of its CD4+ population in the absence of an immune
response. We assume these flow rates also apply to CD8+
cells.

Regarding APCs, Catron et al. (2004) estimate that after
a DC matures, it takes about 18 h for it to detach and
appear in the lymph node. Hence, assuming a half life of
18 h ¼ 0:75 days, we estimate the flow rate f of mature
APCs into the lymph node to be ðlogð2Þ=0:75ÞV�5:5.
Under steady-state conditions, we assume that most APCs
are immature, and they flow from the lymph node to the
tissue compartment at the same rates as T cells. Hence, the
flow rate of immature APCs is also ~f ¼ 10�3=day.

Antigens drain from infected tissue into the lymph node,
where they are picked up by resident APCs. This rate of
drainage exceeds the rate of immigration of APCs from the
tissue. In the animated simulations of Catron et al. (2004),
draining antigen appears in the lymph node about 3 h after
injection. However, the draining antigen does not imme-
diately appear at a high concentration, and it is only after
the arrival of a mature antigen-bearing APC about 18 h
later that T cells begin to get stimulated (Catron et al.,
2004). Hence, circulating antigen may appear quickly in the
lymph node due to its high concentration in the tissue, but
its proportional drainage rate may be low. In the absence
of unequivocal data regarding the rate of antigen drainage,
we assume that this rate is the same as the inflow rate of
mature APCs, i.e., f ¼ 5:5=day. See Table 2 for a complete
list of the flow rates estimates.

4.4. Supply and death rates

We assume that naı̈ve immune cells are supplied by stem
cells into the lymph node and express concentrations in
terms of the concentration in the lymph node. From Table
1, we know that the lymph node concentration of total
CD4+ cells is 300 k=mL and that the tissue concentration is
1 k=mL. Hence, the total lymph node concentration would
be 300þ 10� 1 ¼ 310 k=mL, if all the cells were packed in
the lymph node. The contribution of cells from the tissue is
not very significant. In fact, this is true for all three cell
Table 2

Flow rates between the lymph node and the tissue

Parameters Description Estimate References

V Tissue to lymph

volume ratio

6 follows from

(Snedecor, 2003)H and

Table 1

f Mature APC and

antigen inflow

rate

5.5/day (Catron et al., 2004)M

~f T cell and

immature APC

outflow rate

10�3/day (Snedecor, 2003)H
concentrations, because most of the cells are in the lymph
node at any given time. Hence, we can use the lymph node
concentration as a good indicator of the total amount of
cells. Furthermore, we take the following estimates to
apply primarily to naı̈ve T cells and assume that most T
cells are naı̈ve in the steady state.
From (Mohri et al., 2001), we have approximately a 3%

supply rate of CD4+ and CD8+ T cells per day at steady
state. Since these steady state populations are at equili-
brium, it follows that the net death rate is also around 3%
per day. Proliferation is less significant at about 0.3–0.4%
per day. This gives a death rate of � logð100%� 3%Þ ¼
0:03=day for T cells, so the supply rate for CD4+ T cells is
300 k=mL� 3%=day ¼ 9 k=mLday�1, and the supply rate
for CD8+ T cells is 200 k=mL� 3%=day ¼ 6 k=mLday�1.
Since cells supplied into the system are presumably, naı̈ve,
we assume these turnover estimates apply to naı̈ve T cells.
Since we assumed that regulatory cells die at the same

rate as non-regulatory CD4+ cells, and they represent
about 3–15% of CD4+ cells in humans (Janeway et al.,
2005; Walker et al., 2005), we estimate that about 5% of
CD4+ cells are regulatory and are supplied at a rate of
5%� 9 ¼ 0:45 k=mLday�1 for regulatory CD4+ cells and
95%� 9 ¼ 8:55 k=mLday�1 for naı̈ve non-regulatory
CD4+ cells.
Table 1 lists estimated concentrations for all CD4+ and

CD8+ cells, but we are interested in the subset of T cells
that are reactive to the antigen presented by a certain cell.
From De Conde et al. (2005), we have the estimate that
about 1

5000
TCR specificities are tumor reactive, and from

Catron et al. (2004), we have the estimate that about 1
5000

naı̈ve CD4+ T cells are LCMV specific. Thus, we use 1
5000

as our estimate for the frequency o of antigen-specific
naı̈ve T cells.
We do not have explicit references for the supply and

death rates of APCs so we assume that they are similar to
those of naı̈ve T cells, and hence the supply rate for APCs
cells is 12 k=mL� 3%=day ¼ 0:36 k=mLday�1. Note that
APCs are not antigen-specific in the same way that T cells
are. We also assume that the death rate of mature and
immature APCs is the same (Table 3).

4.5. Effector death and proliferation rates

Primed CD8+ T cells die much faster than naı̈ve T cells.
Using unpublished data from Lee, we estimate the halflife
of effector CD8+ T cells to be about 24 h. Hence, we have
an effector death rate of logð2Þ=ð1 dayÞ ¼ 0:69=day. In
addition, Duvall and Perry give the estimate that effector T
cells have a half-life of three days (Duvall and Perry, 1968),
which yields a death rate of logð2Þ=ð3 dayÞ ¼ 0:23=day.
Hence, we estimate that the death rate of primed CD8+ T
cells is the range of 0.2–0.7/day. We also assume that the
death rate of primed CD4+ T cells falls in this range.
By applying mathematical models, it is estimated in De

Boer et al. (2003) that primed CD4+ T cells initially die
with a halflife of 3 days and later slow down to a halflife of
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Table 3

Supply and death rates of naı̈ve T cells and DCs

Parameters Description Estimate References

o Freq. of antigen-

reactive T cells

1
5000

(Catron et al.,

2004)M , (De Conde

et al., 2005)H

dNH Naı̈ve CD4+

death rate

0.03/day (Lee)H

dregn Naı̈ve Treg death

rate

0.03/day Assume same as

dNH

dNK Naı̈ve CD8+

death rate

0.03/day (Lee)H

dA APC death rate 0.03/day Assume same as

dNH , dNK

sH CD4+ supply

rate
8:55 k=mLday�1 (Lee)H

sR Treg supply rate 0:45 k=mLday�1 Based on (Lee ;

Janeway et al.,

2005)H , (Sakaguchi

et al., 1995)M

sK CD8+ supply

rate
6 k=mLday�1 (Lee)H

sA APCsupply rate 0:36 k=mLday�1 Calculated from

total APC

population and

death rate

Table 4

Division and death rates of primed T cells

Parameters Description Estimate

(Range)

References

dPH Primed CD4+

death rate

0.2/day

(0.2–0.7)

(Duvall and Perry,

1968; Lee)H , (De

Boer et al., 2003)M

dPK Primed CD8+

death rate

0.4/day

(0.2–0.7)

(Duvall and Perry,

1968; Lee)H , (De

Boer et al., 2003)M

nNH CD4+

divisions upon

activation

1 Assumption

nPH CD4+

divisions upon

further

stimulation

1 Assumption

nOK CD8+

divisions upon

activation

8 (8–10) (Antia et al., 2003;

Janeway et al.,

2005)H

nPK CD8+

divisions upon

further

stimulation

2 Estimation

t Duration of T

cell division

0.6 day

(0.25–1)

(Janeway et al., 2005;

Lee; Luzyanina et al.,

2004)H
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35 days. These numbers yield an initial death rate of
0:23=day and an eventual death rate of 0:02=day. In this
model, we will assume a constant death rate for CD4+
cells of 0:2=day. In addition, (De Boer et al., 2003)
estimates that primed CD8+ T cells die with a halflife of
1.7 days, which yields a death rate of about 0:4=day.

When naı̈ve CD8+ T cells are primed for the first time,
they go through several cycles of division. An analysis of
experimental data by Antia et al. (2003) showed that
stimulation of naı̈ve CD8+ cells result in up to eight
divisions in vitro (Antia et al., 2003; Wong and Pamer,
2001). In addition, Janeway et al. (2005, p. 19) estimates
that the proliferation of primed CD8+ cells leads to about
103 daughter cells, which implies about 10 divisions. Hence,
we estimate that naı̈ve CD8+ T cells go through 8–10
divisions upon initial stimulation. Primed CD8+ T cells
continue to divide as long as they receive a positive growth
signal. We estimate they divide twice every time they
receive a sufficient stimulus.

In general, CD4+ T cells do not divide as much as
CD8+ T cells. Furthermore, CD4+ proliferation seems to
stop soon after the antigen stimulus is removed, whereas
CD8+ proliferation continues (Mercado et al., 2000).
Hence, we assume that CD4+ T cells divide once upon
activation and once more upon each additional stimulation
by DCs.

Luzyanina et al. (2004), estimate that T cell division
takes between 0.4–2 days, and their best fit estimate is 0.6
days. In unpublished data, Lee estimates that T cell
division take about 24 h (Lee). Also, Janeway et al.
(2005) estimates that primed T cells divide 2–4 times per
day, which corresponds to a duration of 0.25–0.5 days.
Combining these sources, we estimate that T cell division
takes between 0.25 and 1 day, and we favor the estimate of
0.6 days from (Luzyanina et al., 2004), see Table 4.

4.6. Cytokines, antigens, and collision rates

Upon activation CD4+ T cells secrete cytokines, mainly
the positive growth signal IL-2, which stimulate primed
CD8+ T cells to divide. IL-2 also stimulates CD4+ T cells
to further division, but since this is an autocrine loop we
assume CD4+ cells are self-sufficient to divide and do not
need to interact with circulating positive growth signals to
divide. We know that activation of T cells increases their
IL-2 production by up to 100-fold (Janeway et al., 2005,
Sections 8–10). Furthermore, (Kasaian et al., 1991)
presents in vitro data that mice that are 490% depleted
of CD4+ cells have a 90–99 % drop in IL-2 production.
From this information, we approximate that primed
CD4+ cells produce 10 times as much positive signal as
primed CD8+ cells and estimate that the rates of secretion
of positive signal by T cells are sx;1 ¼ 100 k=mLcell�1 day�1

for CD4+ cells and sx;2 ¼ 10 k=mLcell�1 day�1 for pre-
primed CD8+ cells.
We also estimate that one primed or pre-primed CD8+

T cell interacting with one unit of positive signal over one
day has a 50% chance of dividing. Hence, the correspond-
ing rate coefficient, pPK=x, is 0.5.
From in vitro multiplication of CD8+ cells, it is known

that IL-2 breaks down very rapidly, so we model that
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Table 5

Secretion rates and kinetic coefficient

Parameters Description Estimate References

k Kinetic coefficient 40ðk=mLdayÞ�1 (Catron et al.,

2004)H

sa Antigen secretion

rate

100/day Estimation

sx;1 Positive growth

signal secretion rate

by CD4+’s

100/day Estimation

sx;2 Positive growth

signal secretion rate

by CD8+’s

10/day Estimation

da Circulating antigen

decay rate

0.1/day Estimation

dx Growth signal decay

rate

0.1/day Estimation

pPK=x Rate of CD8+ cell

response to growth

signal

0.5 Estimation

pA=a Rate of antigen

incorporation by

APCs

0.5 Estimation

dA Degradation rate of

surface molecules on

immature APCs

20/day (Wilson et al.,

2004)H

dAm Degradation rate of

surface molecules on

mature APCs

3/day (Wilson et al.,

2004)H

rs;0 Rate of maturation

of APCs in non-

infectious conditions

0.01/day, 1% of

APCs per day

Estimation

rs Rate of maturation

of APCs during

infection

1/day, 63% of APCs

per day

Estimation
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unconsumed signals decay with a half life of 3 h, giving a
decay rate of dx ¼ 5:6=day.

For our model, we assume that on average virus-infected
and normal self cells produce a certain amount of antigen
upon death. Very little is known about the rate that antigen
is produced or how effectively it is incorporated by APCs.
The rate of antigen production may vary from cell to cell,
but we estimate that the antigen secretion rate sa is the
same as the rate of secretion of positive signals by CD4+
cells, i.e., 100 k=mLcell�1 day�1. Also, we estimate that one
APC interacting with one unit of antigen over one day has
a 50% chance of effectively incorporating and presenting
that antigen. Hence, the rate coefficient is pA=a ¼ 0:5.
Finally, we assume that a circulating antigen that is not
taken up decays at the same rate as positive and negative
signal, giving a decay rate of da ¼ 5:6=day.

Catron et al. (2004) estimate that in their simu-
lated lymph node slice, one T cell and one DC will have
0:20� 0:06 T cell-DC contacts per hour. Recall from
Section 4.1 that their hypothetical lymph node has a
volume of 4:2 mL and their slice is 1

500
the lymph node

volume. Hence one T cell in the slice has a concentration of
1 cell=ð4:2mL=500Þ ¼ 0:5=4:2 k=mL. By the law of mass
action, we assume that the collision rate of the cells is of the
form

k½T cells�½DCs�,

where k is the kinetic coefficient. Hence, we have

k½one T cell�½DC� ¼ ð0:20 contacts=hÞ½APC�

¼ ð4:8 contacts=dayÞ ½DC�,

which implies that k ¼ ð4:8=dayÞ � ð0:5=4:2 k=mLÞ ¼
40ðk=mLdayÞ�1.

DCs continually degrade surface molecules, and im-
mature DCs have a higher turnover rate than mature DCs
(Wilson et al., 2004). In particular, experiments by Wilson
et al. (2004) have shown that after 80min, immature DCs
degraded 70% of their surface MHC II molecules, while
mature DCs degraded only 85%. Their results for MHC I
molecules are similar. Hence, we obtain surface molecule
degradation rates of

dA ¼ � logð100%� 70%Þ=ð80 minÞ

¼ 21:6542=day�20=day,

dAm ¼ � logð100%� 15%Þ=ð80 minÞ

¼ 2:9230=day�3=day.

Also, we assume that APCs immature continuously
mature at rate rs due to circulating inflammatory signal.
From non-infectious to infectious states, this rate should
increase from being relatively low to relatively high. We
assume that these rates are 0.01/day and 1/day, respec-
tively. These rates correspond to 1� e�0:01 ¼ 1% and
1� e�1 ¼ 63% of immature APCs maturing per day. See
Table 5 for a summary of these parameters.

4.7. State transitions for T cells

Recall from Fig. 5 that effector CD8+ cells can
transition from a primed and proliferating state to a non-
proliferating state at rate rr. Also recall from Fig. 8 that
suppressed T cells return to effector states at rate ru.
There are certain types of suppression that are perma-

nent as in T cell anergy; however, there is evidence for
temporary modes of suppression that can be reversed
under the appropriate stimulus. For example in a study of
HIV, Trimble and Leiberman show that in an IL-2-rich
environment, downregulated CD8+ cells can be restored
to viral-specific cytotoxicity in 6–16 h (Trimble and Lieber-
man, 1998).
Hence, there is evidence of state transitions from

dormant or downregulated states, and we estimate that
both of these state transitions occur with a halflife of
about 1 day, which yields values of rr ¼ 0:7=day and
ru=day. See Table 6 for a table that summarizes these
parameters.
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4.8. Probabilities of interactions

Regarding the probabilities of productive cell-to-cell
interactions, we assume that some reactivities are high,
such as anti-foreign effector reactivities, while others are
low, such as anti-self effector reactivities. In Table 7, we list
our estimated ranges for these probability values.

In modeling the effects of negative signals that are
secreted by regulatory cells, we assume that several
probability and interaction rates decrease exponentially
as a function of the concentration of negative signals. The
rate of the exponential decrease is c and is estimated as
1ðk=mLdayÞ�1.

4.9. Target-related parameters

We assume that potential target cells, either virus-
infected or normal self cells, come from two potential
sources: stem cell supply from the body or natural growth
and expansion. The first source should only apply to
normal self cells or abnormal self cells, such as cancer.
Table 7

Interaction probabilities

Parameters Description Estimate

pPK=T ð½pT=PK�
tÞ Prob of cytotoxic CD8+

reaction to target

anti-fore

anti-self

pTC=A Prob of tolerizing reaction

between naı̈ve T cells and

immature APCs

anti-fore

anti-self

pTC=B Prob of stimulating interaction

between T cells and mature

APCs

anti-fore

anti-self

pA=PH Prob of stimulating interaction

between immature APCs and

primed CD4+ cells

pTC=B

pR=B Prob of stimulating interaction

between regulatory cells and

mature APCs

anti-fore

anti-self

pB=R Prob of suppressive interaction

between mature APCs and

primed Treg cells

½pR=B�
t

pTC=R Prob of suppressive interaction

between primed T cells and

primed Treg cells

0.5

c Decay due to negative signaling 1 ðk=mLÞ

Table 6

T cell transition rates

Parameters Description Estimate References

rr Rate primed CD8s

enter non-proliferating

state

0.7/day Estimation

ru Rate suppressed T cells

become unsuppressed

0.7/day Estimation
The turnover rate of normal self cells ranges from a half-
life of hours as with neutrophils to a half-life of months to
years. Hence, we estimate a turnover rate of 1%, i.e. the
natural death rate dT ;1 for normal self cells is 0.01/day,
corresponding to a half-life of slightly over two months.
We also assume that self cells have a zero growth rate and a
supply rate sT ;1 of 0:1 ðk=mLÞ=day, giving an equilibrium
normal self population of 10 k=mL. In addition, we assume
that the growth rate of foreign target is 0.3/day and its
death rate is 0.1/day. See Table 8 for a list of parameters.

4.10. Initial concentrations

To set the initial history, we assume that all populations
start at a steady state with no active immune reactions.
The latter assumption eliminates all bilinear terms to the
model equations. Finding the steady-state solutions
involves calculating the fixed point of the remaining
linear system. We discuss how we calculate these solutions
in Appendix C.
References

ign 2 ½0; 1�
2 ½0; 0:1�

Assumption: anti-foreign is high and anti-

self is low

ign 2 ½0; 0:1�
2 ½0; 0:1�

Assumption: both are low

ign 2 ½0; 1�
2 ½0; 0:1�

Assumption: anti-foreign is high, and anti-

self is low

Assumption: same as the prob of the

stimulation of naı̈ve CD4+ cells by mature

APCs

ign 2 ½0; 1�
2 ½0; 1�

Assumption: anti-foreign may be high or

low, and anti-self is high

Assumption: transpose of analogous

reaction in the reverse direction

Assume same as pPK=x and pA=a in Table 5

�1 Estimation

Table 8

Target supply, growth, and death rates

Parameters Description Estimate References

sT Target cell

supply rate

self ¼

0:1ðk=mLÞ=day
foreign ¼ 0

Varies across

target types

gT Target cell

growth rate

self ¼ 0

foreign ¼ 0.3

dT Target cell

death rate

self ¼ 0.01/day

foreign ¼ 0.1/day

(1/2-life ¼ 7 days)



ARTICLE IN PRESS
P.S. Kim et al. / Journal of Theoretical Biology 246 (2007) 33–6952
5. Results

In this section we study the behavior of the model we
developed in the previous sections. Our focus in on the role
of regulatory cells in maintaining self-tolerance in the
system. We start in Section 5.1 with examples of an over-
under- and well-regulated immune response. In all cases,
we consider two antigens simultaneously, one being foreign
(or virus-infected) and the second being a self cell
population. A well-regulated immune response can differ-
entiate between the two target populations, eliminating the
virus-infected population and preserving the normal self-
population.

We then proceed in Section 5.2 to study the details of the
dynamics of the various cell populations that are included
in the model. Our main interest is in studying the different
states of CD8+ T cells.

Finally, in Section 5.3 we apply LHS to analyze the
dependence of the model’s behavior on effector and
regulatory reactivities. The analysis shows that the system
can tolerate slightly self-reactive T cells that are monitored
by regulatory T cells. More specifically, for a well-regulated
immune response, we show that the effector reactivities
should be only slightly higher than the regulatory
reactivities.

We would like to comment on the calculation of the total
number of activated T cells. We recall that the variables
PK , QK , and SK denote the concentrations of primed, non-
proliferating, and suppressed CD8+ cells, respectively.
Also, there is no variable denoting the concentration of
cells in the process of dividing. Rather, cells that commit to
n rounds of division, exit the system at rate pPK=xkxLPL

K

and reenter the system nt units of time later, (see (3.14) and
(3.15)). Hence, the total concentration at time t of dividing
cells is the integral of the rate they commit to division over
the time interval ½t� nt; t�. In particular, the concentrations
of primed CD8+ cells in the process of dividing are

DK ¼

Z t

t�nPK t
pPK=xf ðyðuÞÞkgþðuÞPK ðuÞdu,

and the total concentrations of differentiated (i.e. non-
naı̈ve) CD8+ cells are

Total CD8þ conc: ¼ PK þQK þ SK þDK .

Similarly, the concentrations of primed CD4+ cells in the
process of dividing are

DH ¼

Z t

t�nPHt
kJðpTC=Bf ðyðuÞÞ;AMijðuÞÞPH ðuÞdu,

and the total concentrations of differentiated (i.e. non-
naı̈ve) CD4+ cells are

Total CD4þ conc: ¼ PH þ SH þDH .

All simulations in this section are done using the DDE
solver ‘dde23.m’ from Matlab 7.0.
5.1. Over-regulated, under-regulated, and well-regulated

immune responses

The model simulates the simultaneous immune response
to two populations, which we label as the virus-infected
and the normal self-populations. The virus-infected popu-
lation, TT

2 , multiplies at a net growth rate of 0.2/day and
starts in the tissue at a concentration of 1 k=mL at time 0,
(i.e. its initial history is TT

2 ðtÞ ¼ 0 for to0 and 1 for t ¼ 0.
On the other hand, the normal self-population TT

1 has a net
death rate of 0.01/day and is supplied into the tissue at a
constant rate of 0:1 ðk=mLÞ=day. Hence, in the absence of a
self-reactive immune response, the self-population remains
at an equilibrium of 10 k=mL, so we set the initial history to
be TT

1 ðtÞ ¼ 10 for tp0.
The three scenarios during an immune response are that

the immune system is over- under-or well-regulated. The
foreign-reactive regulatory probabilities are the only
parameters that change in the following three examples.
An example of an over-regulated immune response is
shown in Fig. 9. The parameter values used for this
example are listed in Appendix D. In the over-regulated
immune response, the regulatory cells multiply and over-
power the effector response, rendering the system tolerant
to both virus-infected and normal self-populations.
Thus, the self-population is spared as desired, but the
virus-infected population never gets eliminated and re-
lapses. Here, we set the self-reactive-regulatory proba-
bility to 0.3 and the foreign-reactive regulatory probability
to 0.4. In Fig. 9, the CD4+ concentrations are very
low because regulatory cells almost completely suppress
CD4+ proliferation. As a result, the CD8+ T cells
do not receive adequate positive signals to effectively
proliferate.
An example of an under-regulated immune response is

shown in Fig. 10. In the under-regulated immune response,
we keep the self-reactive regulatory probability at 0.3 and
set the foreign-reactive regulatory probability to 0. In this
setup, regulatory cells do not multiply sufficiently to
suppress the foreign-reactive CD4+ T cells. The foreign-
reactive CD4+ T cells proliferate excessively which, in
turn, stimulates self-reactive CD8+ T cells to proliferate
due to the large increase in positive signaling. As a result,
self-reactive effector cells end up destroying 70% of the
self-population before the immune response subsides.
Since the normal concentration of T cells in the lymph

node is about 500 k=mL, (see the estimates in Section 4.1), a
CD8+ peak of 3000 k=mL may be unrealistically high. At
this point, other limiting factors such as limited resources
other than IL-2 or space constraints will probably stop the
T cells from proliferating.
Note that in Fig. 10 the self-reactive CD4+ concentra-

tion in the lymph node is very low. The autoimmune
response results from the excess positive signal supplied by
foreign-reactive CD4+ cells, rather than from self-reactive
CD4+ cells. The overwhelming, foreign-reactive response
elicits the bystander autoimmune response, implying that
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the regulation of the primary response is just as important
as the regulation of bystander responses.

An example of a well-regulated immune response is
shown in Fig. 11. Here, we keep the self-reactive regulatory
probability at 0.3 and set the foreign-reactive regulatory
probability to 0.3. The well-regulated response attains a
balance between effector and regulatory cells that allows
CD8+ T cells to destroy the virus-infected population,
while sparing the self-population from excessive collateral
damage.

It is not clear whether highly foreign-reactive regulatory
cells exist, although such effects may come about via cross-
reactivities of regulatory cells with foreign antigens. Hence,
we show three analogous examples for which there are no
foreign-reactive regulatory cells. Figs. 12 and 13 show
examples of over-regulation and well-regulation, and Fig.
10 is already an example of underregulation without
foreign-reactive regulatory cells.

The examples in Figs. 11 and 13 show that regulation is
possible with or without foreign-reactive regulatory T cells.
As expected, foreign-reactive regulatory cells are not
required for regulation. However, their presence may
modulate the dynamics of the immune response.

5.2. Detailed dynamics

It is instructive to view the dynamics of the various
cell populations in detail. Figs. 14 and 15 show the details
of the well-regulated immune response corresponding
to Fig. 13.
Fig. 14 focuses on the CD8+ cells and on the positive

and negative signals in the lymph node. The global
dynamics are shown on the left-hand side. The right-hand
side figures zoom on the region of low concentrations and
initial times. Note that the population of primed CD8+
cells oscillates. This represents frequent transitions between
the primed and dividing states, which occur in the presence
of abundant positive signal. Although the primed popula-
tion fluctuates, the population of total activated CD8+
cells rises and falls steadily. In a similar fashion, the
positive signal level oscillates due to the fluctuation of
primed CD8+ cells that consume the signal. We stress that
the dynamics of the total number of CD8+ cells is very
stable.
Fig. 15 shows the CD8+ populations in the tissue. In the

lymph node most of the activated CD8+ cells are
suppressed at a given time, whereas in the tissue most
CD8+ cells are functioning as cytotoxic effectors. This
phenomenon occurs because most of the regulatory cells
remain in the lymph node, where they were originally
activated.
Furthermore, suppressed CD8+ cells do not consume

positive signal and initiate division, so they are more likely
to flow out of the lymph node. In our model, we implicitly
assume that cells in the process of dividing, stop interacting
with the system during division. This assumption is
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included in the formulation of the equations for primed T
cells in Section 3, since dividing cells exit the system at a
certain rate RðtÞ and reenter the system nt time units later
at rate 2nRðt� ntÞ. During division a cell also will not
migrate from the lymph node to the tissue compartment or
vice versa.

Thus, by halting division, regulatory cells induce a
population contraction and emigration to the tissue.
Indeed, Fig. 15 shows that CD8+ cells start actively
migrating to the tissue at about day 20, while Fig. 14 shows
that before day 20, CD8+ cells remain sequestered in the
lymph node for a phase of rapid proliferation. In addition,
the timing of the regulatory cells peak falls between the
CD8+ peaks in the lymph node and tissue.
This two-phase cycle of lymphocyte sequestration and
proliferation followed by contraction and emigration is
shown in Figs. 9–13. These results suggest that over-
regulation may occur from a premature transition to the
contraction and emigration phase, while underregulation
results from a belated transition. Proper regulation occurs
when the CD8+ cells have sufficient time to expand in the
lymph node before emigrating to the tissue.
Fig. 15 also shows the dynamics of the two target

populations and antigens in the tissue. Notice that the self
antigen concentration rises slightly as the self-population
dips. This is because dying cells release antigen, which may
stimulate an increased anti-target response in a positive
feedback loop. In this case, however, regulation prevents
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the self-population from being destroyed. On the other
hand, the concentration of foreign antigen rises and falls
rapidly, magnifying the fluctuation of the virus-infected cell
concentration. The slight increase of foreign antigen due to
elimination of virus-infected population is not as noticeable
as in the case of self antigen.

Fig. 16 shows the fluctuations of CD4+ cells in the lymph
node. The dynamics of the CD4+ populations follow the
same pattern as the CD8+ populations, although their peaks
are roughly 25 times lower in the case of foreign-reactive
CD4+ cells or 2� 103 times lower in the case of self-reactive
CD4+ cells. Thus, self-reactive CD8+ cells are able to
proliferate despite there being hardly any primed self-reactive
CD4+ cells. This is a consequence of the fact that self-reactive
CD8+ cells can proliferate from the positive signal supplied
by foreign-reactive CD4+ cells, whereas self-reactive CD4+
cells are directly suppressed by immune regulation.

Fig. 17 shows the concentrations of APCs in the lymph
node. In the presence of high inflammation, the APCs
collect circulating antigens and transition from immature
to mature states. As expected, foreign-antigen-bearing
APCs remain in the lymph node as long as virus-infected
population is present in the tissue.

5.3. Balancing the effector and regulatory reactivities

To study the effects of various parameters on the model
behavior, we use LHS (McKay et al., 1979). This method
involves numerically solving the system of equations
multiple times with randomly sampled parameter values.
The samples are chosen such that each parameter is well
distributed over its range of possible values.
In the present study, we vary four groups of parameters:
1.
 Anti-self effector reactivity:
� Upper-left elements of the 2� 2 matrices: pTC=B,

pA=PH, pPK=T.

2.
 Anti-foreign effector reactivity:
� Lower-right elements of the 2� 2 matrices: pTC=B,

pA=PH, pPK=T.

3.
 Anti-self Treg reactivity:
� Upper-left elements of the 2� 2 matrices: pR=B, pB=R.
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4.
 Anti-foreign Treg reactivity:
� Lower-right elements of the 2� 2 matrices: pR=B,

pB=R.
We vary the four parameter groups according to a uniform
probability distribution in the interval ½0; 1�.

Since the four groups are varied randomly, it is possible
that either the CD8+ cell count or the foreign population
will blow up. We therefore use the following stopping
criterion for the simulations:
�
 A primed CD8+ populations in the lymph node, PL
K ;1 or

PL
K ;2, exceeds 1000 k=mL.
�
 A target population in the tissue, TT
1 or TT

2 , exceeds
100 k=mL.

The simulations are evaluated over a time interval of up to
40 days.

For each set of parameters, we associate the results of
the corresponding simulation with one of the following
categories:
1.
 Over-regulated: The primed T cell populations
never exceed 1000 k=mL, self-population is tolerated,
and foreign population survives (i.e., TT

2 ð40ÞX4�
10�5 k=mL).
2.
 Under-regulated: One of the primed T cell populations
reach 1000 k=mL, or the self-population is not tolerated
(i.e., mint2½0;40�T

T
1 p0:5).
3.
 Well-regulated: The primed T cell populations never
exceed 1000 k=mL, the self-population is tolerated, and
the foreign population is eliminated (i.e., TT

2 ð40Þo4�
10�5 k=mL).

We now establish criteria for whether a population is
considered tolerated or eliminated.
We consider the self-population tolerated by an im-

mune response, if its minimum concentration in the
tissue is above 50% of its equilibrium value, (i.e.,
mint2½0;40�T

T
1 40:5). Recall that in Section 4.1, we calculated

the volume of the hypothetical lymph node to be 4:2mL.
Also, recall from Table 2 that we estimate the volume ratio
between the tissue and lymph node to be 6. Hence, we
estimate a tissue volume of 25:2mL, and so the concentra-
tion of one cell in the tissue is ð1=25:2Þ cells=mL ¼
4� 105 k=mL. Thus, our criterion for foreign cell elimina-
tion is that its end time population is less than
4� 10�5 k=mL, (i.e., TT

2 ð40Þo4� 10�5 k=mL). Note that if
a run is stopped prematurely due to the stop criterion, we
consider the system over-regulated if the foreign popula-
tion has exceeded 100 k=mL, and we consider the system
under-regulated if either of the primed CD8+ populations
has exceeded 1000 k=mL.
The results for 100 LHS simulations are shown in

Fig. 18. As the plots show, only two of the sampled
parameter combinations yield well-regulated responses.
Hence, with the current parameter distribution, the
cytotoxic immune response tends to be too strong,
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resulting in excessive collateral damage while eliminating
foreign population.

To determine which parameter group has the greatest
effect on the level of collateral damage we plot the
minimum height of the self concentration against the four
parameter groups in Fig. 19. From the four plots, it
appears that the anti-self effector reactivity has the greatest
influence on the collateral damage to the self-population.
In fact, a steep increase in the level of collateral damage
begins as the anti-self effector reactivity passes beyond
�0:1. Hence, it appears that a well-regulated immune
system cannot depend on peripheral T cell regulation
alone, but must ensure that potentially self-reactive T cells
are not too self-reactive, as expected. Thus, in accordance
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with accepted biological hypotheses, the model implies that
a stable system requires a method of central tolerance, like
the one mediated by the thymus, in conjunction with
peripheral tolerance, mediated by regulatory T cells.

To generate a more useful data sample, we perform
another LHS simulation where we limit the range of self-
reactive effector probabilities to a uniform distribution
between 0 and 0.1. The results for 100 runs is shown in
Fig. 20. In this case 19 of 100 simulations are well-
regulated. Fig. 20A, shows the most clear clustering of
well-regulated responses. We interpret this observation as
suggesting that the two most important parameters for
obtaining a well-regulated response are the anti-foreign
effector and regulatory reactivities. Furthermore, notice
that even the over- and under-regulated clusters in this
image are fairly separated, with the well-regulated region
lying between them. This implies that there is an optimal
balance between effector and regulatory reactivities.

The other three plots, Fig. 20B–D, do not possess such
clear regions of well-regulated simulations, but Fig. 20B
and C show that lower self-reactive effector probabilities
are beneficial. Fig. 20D shows that higher self and foreign-
reactive regulatory probabilities are both important for a
well-regulated system, but foreign-reactive regulatory cells
are slightly more important.

We also consider the case where regulatory cells are
exclusively self-reactive and see that such a system has a
similar behavior to the system shown in Fig. 20. For these
LHS simulations, we used the same parameters as in Fig.
20 but set the values of the foreign-reactive regulatory
probabilities to 0. The results for 100 runs are shown in
Fig. 21. Here, 17 of 100 simulations are well-regulated. The
separations between the regions of over-, under-, and well-
regulated immune responses in Fig. 21A is quite clear.
Similarly to the previous simulation, this study also implies
that the two most important parameters are the anti-
foreign effector and anti-self regulatory reactivities.

5.4. Contact-dependent and cytokine-related regulatory

mechanisms

Regulatory cell functions can be grouped into two
categories: cytokine-related and contact-dependent beha-
vior. Although we leave a thorough sensitivity analysis for
a future work, in this paper, we examine the relative
contributions of these two regulatory mechanisms.
To test the significance of the consumption of positive

signal and the secretion of negative signal by Treg cells
(regulatory mechanisms 4 and 5 in Fig. 8), we take the
parameters from the well-regulated system in Fig. 13 and
set the consumption rate of positive signal and the
secretion rate of negative signal by Tregs to 0. See Fig. 22.
Note that there is hardly any difference in the impact on

the normal self population. To be precise, the self



ARTICLE IN PRESS

0

0.01

0.02

0.03

0.04

0.05

0.06

0.07

0.08

0.09

0.1

0

0.01

0.02

0.03

0.04

0.05

0.06

0.07

0.08

0.09

0.1

0 0.2 0.4 0.6 0.8
0

0.1

0.2

0.3

0.4

0.5

0.6

0.7

0.8

0.9

1

Over-regulated
Under-regulated
Well-regulated

A
n

ti
-s

e
lf
 e

ff
e

c
to

r 
re

a
c
ti
v
it
y

Anti-self Treg reactivity

A
n

ti
-s

e
lf
 e

ff
e

c
to

r 
re

a
c
ti
v
it
y
  

Anti-self Treg reactivity

A
n

ti
-f

o
re

ig
n

 e
ff

e
c
to

r 
re

a
c
ti
v
it
y

1 0 0.2 0.4 0.6 0.8 1

0 0.2 0.4 0.6 0.8 1

Anti-foreign effector reactivity

A B

C

Fig. 21. Outcomes of 100 LHS simulations. The foreign-reactive effector reactivity and self Treg reactivity vary uniformly between 0 and 1. The self-

reactive effector reactivity varies uniformly between 0 and 0.1. The foreign-reactive Treg reactivity is 0.

0 5 10 15 20 25 30 35 40
0

1

2

3

4

5

6

7

8

0 5 10 15 20 25 30 35 40
0

2

4

6

8

10

12

0 5 10 15 20 25 30 35 40
0

50

100

150

200

250

0 5 10 15 20 25 30 35 40
0

1

2

3

4

5

6

7

8

9

10

Tissue:Foreign-reactive populations

Lymph: Self-reactive populations

Lymph:Foreign-reactive populaions

Tissue: Self-reactive populations

Activated Treg cells

Activated CD8+ cells

Foreign target

Self target

Time (days)

C
o
n
c
e

n
tr

a
ti
o
n
 (

k
/μ

L
)

Time (days)

C
o
n
c
e
n
tr

a
ti
o
n
 (

k
/μ

L
)

Time (days)

C
o
n
c
e
n
tr

a
ti
o
n
 (

k
/μ

L
)

Time (days)

C
o
n
c
e
n
tr

a
ti
o
n
 (

k
/μ

L
)

100x Activated CD4+ cells

Activated CD8+ cells

NoTreg cells 

Activated CD4+ cells

100x Activated CD8+ cells

100xActivated Treg cells

100xActivated CD4+ cells

Activated CD8+ cells

No Treg cells 

100x Activated CD4+ cells

Fig. 22. Time evolution of cell populations with same parameters as in Fig. 13, except that the secretion rate of negative signal by Treg cells is set to 0.

P.S. Kim et al. / Journal of Theoretical Biology 246 (2007) 33–69 61



ARTICLE IN PRESS

0

1

2

3

4

5

6

7

8

0

2

4

6

8

10

12

0

200

400

600

800

1000

1200

0 10 15 20 25 30 35 40
0

5

10

15

20

25

30

35

40

Tissue:Foreign-reactive populations

Lymph: Self-reactive populations

Lymph:Foreign-reactive populaions

Tissue: Self-reactive populations

Activated CD8+ cells

Foreign target

Self target

Time (days)

C
o

n
c
e

n
tr

a
ti
o

n
 (

k
/μ

L
)

C
o

n
c
e

n
tr

a
ti
o

n
 (

k
/ μ

L
)

C
o

n
c
e

n
tr

a
ti
o

n
 (

k
/μ

L
)

C
o

n
c
e

n
tr

a
ti
o

n
 (

k
/ μ

L
)

1000x Activated CD4+ cells

Activated CD8+ cells

NoTreg cells

10x Activated CD4+ cells

Activated CD8+ cells

Activated CD8+ cells

No Treg cells

100x Activated CD4+ cells

Activated Treg cells

100,000x Activated CD4+ cells

100xActivated Treg cells

5

0 10 15 20 25 30 35 40

Time (days)

5 0 10 15 20 25 30 35 40

Time (days)

5

0 10 15 20 25 30 35 40

Time (days)

5

Fig. 23. Time evolution of cell populations with same parameters as in Fig. 13, except that the probability of interaction between Treg cells and immune

cells (anti-self regulatory reactivities in Table D4) is set to 40%� 0:6 ¼ 0:24.

P.S. Kim et al. / Journal of Theoretical Biology 246 (2007) 33–6962
population in Fig. 13 drops to 9:73 k=mL, while the normal
self population in Fig. 22 drops to 9:62 k=mL. Hence, the
difference is about 1%.

To test the significance of the contact-dependent T cell
suppression (regulatory mechanisms 1 and 2 in Fig. 8), we
take the parameters from the well-regulated system in
Fig. 13 and set the probability of T cell suppression by
regulatory cells (parameter pTC=R in Table D3) to 30% of
the value in Fig. 13. See Fig. 23. We stop at 30% rather
than going on to a total knockout, because below 30%, the
CD8+ T cells in the lymph node proliferate too quickly,
making an accurate numerical simulation impractical.

In Fig. 23, about 50% of the normal self population is
destroyed during the course of the immune response. Note
that the anti-foreign CD8+ T cell concentrations of 1.2
million cells per mL in the lymph node in Fig. 23 is higher
than usual. At this point, other restrictions, such as limited
resources, would hinder the excessive expansion of T cells;
however, this simulation demonstrates that the contact-
dependent regulatory mechanisms of regulatory cells
greatly influence T cell proliferation.

6. Discussion

The dichotomy between self and non-self antigen has
been evolving over the past several years. Whereas the
classical paradigm asserts a strong schism between purely
self and purely non-self antigens, more recent studies favor
the viewpoint that many T cells are slightly cross-reactive
to an array of different antigens, including common self
antigens (Sakaguchi et al., 1995). This implies that
although TCR are highly specific, their specificity is not
black and white. Consequently, the risk of autoimmune
disease is always present and may arise from inadvertently
stimulating and expanding slightly self-reactive effector T
cells.
Autoimmunity may occur from bystander stimulation

where a robust immune response against foreign antigen
leads to a flood of mature APCs and positive growth signal
into a lymph node, causing dormant effector T cells to start
responding against self antigen. In León et al. (2004), the
authors have used their results from León et al. (2000,
2001) to study how infections may cause an immune system
to become autoimmune via bystander activation. Alter-
natively, the T cells that are part of the initially anti-foreign
immune response may also be slightly self-reactive, leading
to a lingering autoimmune response. In this paper, we
focus on the first scenario of a bystander stimulation. To
study the second scenario, we need to consider one
population of T cells that is strongly reactive to the foreign
population and slightly cross-reactive to the self. We save
this study for a future work.
In the results shown in Section 5, the presence of a

foreign antigen sets off a vigorous immune response. The
naturally-occurring regulatory response is initiated at
about the same time as mature APCs flood the lymph
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node. In this model, the regulatory response is almost
always slower because they begin at a lower precursor
frequency and are less reactive than the anti-foreign
effectors. If some regulatory cells are reactive to the
foreign antigen, this regulation ramps up on the same
stimulus as the effector response.

On the other hand, if there are only self-reactive
regulatory cells, self antigen needs to be available at
sufficient levels on mature APCs to activate self-reactive
regulatory cells. Since most self antigens are mostly
ubiquitous, they will likely be present in large numbers.
However, this might not occur if there is a small population
of normal self cells, presenting a rare self antigen. In this
case, the self-reactive regulatory response may initiate too
slowly to prevent major collateral damage to the self
population. In particular in this model, if we take the same
parameters used in Fig. 13 and change the normal self
target supply rate to 0:01 k=mL per day and its initial
concentration to the equilibrium value of 1 k=mL, there is
almost no regulatory response to prevent a rapid bystander
expansion of anti-self effector cells. On the other hand, if
we take the parameters used in Fig. 11 and change the self
target parameters as above, the foreign-reactive regulatory
cells keep the immune response under control and keep the
collateral damage to less than 10%.

Paradoxically, in the case where there are no foreign-
reactive regulatory cells, it seems that a more intense
infection that affects more or larger self populations will be
better regulated. This possible inverse correlation between
infections and autoimmunity was also discussed in the
model of León et al. (2004).

For regulation to be effective, regulatory cells must be
sufficiently activated in tandem with a strong effector
response. If the regulatory cells respond to a different
antigen (e.g. self-antigen) than the main effector response,
the system must ensure that there is enough alternative
antigen to simultaneously stimulate the regulatory cells.
Since the dynamics of the model depends on whether the
regulatory cell repertoire greatly overlaps, perhaps even
contains, the effector repertoire, a useful study would be to
see whether populations of naturally-occurring regulatory
cells and effector cells can be expanded from a single blood
sample with the same stimulating antigen.

The model incorporates many combinations of interac-
tions between populations and requires the estimation of
numerous parameters. A formal sensitivity analysis is left
for a follow up paper, but we state several conclusions from
our observations.

First, the primary regulatory mechanism is contact-
dependent suppression. Negative signaling modulates the
level of regulation and can enhance the ability of regulatory
cells to avert an autoimmune response, but they are far
from being sufficient on their own. The negative signaling
parameter, c, was estimated without much information, but
it would have to be very high (or negative signals would
have to be secreted very fast by regulatory cells) for
negative signaling to be a primary method of regulation.
Burroughs et al. (2006) analyze a model that looks more
specifically at the effect of the inhibition of IL-2 secretion
by regulatory cells. They conclude that such cytokine-
dependent regulation adjusts the quorum threshold, i.e.,
the number of effector T cells that need to be activated to
induce an immune response. However, they also observe
that this method of regulation is prone to fail if previously
dormant, autoimmune T cells are driven to expansion via
cross-reactivity or bystander stimulation. The latter ob-
servation coincides with our conclusion that cytokine-
dependent regulation alone is insufficient.
The suppression of CD4+ cells by regulatory cells is the

main contact-dependent mechanism. CD4+ suppression
controls the main positive feedback loop in which primed
CD4+ cells stimulate immature APCs and mature APCs
simulate CD4+ cells. This feedback loop drives the
immune response by maintaining high levels of antigen
presentation to other T cells, and unless it is halted, the
immune response continues.
A primary mode of antigen presentation is APCs that

collect antigen in the periphery and migrate to the lymph
node. Antigen also drains into the lymph node, where it
may be collected by immature APCs, which are then
stimulated by primed CD4+ cells. However, this latter
mechanism for antigen presentation is less effective and
only picks up after the antigen-bearing APCs have
immigrated from the periphery and already stimulated
large numbers of CD4+ cells.
In our model, we assumed that effector cells become

tolerogenic after interacting with immature APCs, while
regulatory cells do not. We have no experimental basis for
this asymmetry, and it is possible that immature APCs may
also render regulatory cells ineffective. A study on the
interaction between naturally-occurring regulatory cells
and immature APCs would be useful, and may change the
dynamics of the model.
The phenomenon that primed T cells remain sequestered

in the lymph node during the initial phase of proliferation,
depends on the assumption that dividing T cells do not
migrate, or at least are less likely to migrate. This
assumption is similar to saying that dividing T cells prefer
to remain where there is more IL-2 or other positive signal.
Another important assumption is that the suppressed state
of T cells is not permanent, but reverses in the absence of
regulatory cells. If suppression were permanent or long-
lived, the T cells that emigrate from the lymph node would
be useless against target cells.
Based on these assumptions, regulatory cells increase the

efficiency of strong immune responses by halting the cycle
of T cell division and causing T cells to migrate to the
periphery. This implies that a regulated immune res-
ponse can be about as effective against foreign targets
as an unregulated response, but with much less prolifera-
tion of effector T cells. Preventing the excessive expansion
of effector T cells is more efficient and also safer.
Hence, regulation may be beneficial for strong cytotoxic
T cell responses. In addition, a small population of
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naturally-occurring foreign-reactive regulatory cells may be
feasible and even advantageous.

If the two-phase cycle of lymphocyte sequestration and
emigration exists, the advantage of temporarily confining
primed T cells to the lymph node is that the primed CD4+
cells contribute to further stimulating immature APCs.
Also, this confinement allows primed CD8+ cells to
dedicate themselves to a period of rapid proliferation by
remaining in the IL-2-rich environment created in the
lymph node. This phenomenon would imply partly distinct
recruitment and deployment phases whose transition is
initiated by regulatory cells.

7. Conclusions

We have developed a mathematical model that simulates
the dynamics of a T cell-mediated immune response and
the dynamics of regulatory cells. The analysis shows that
self-reactive T cells can exist and are controlled by
regulatory cells. On the other hand, if regulation is too
weak or absent, even the presence of weakly self-reactive T
cells can result in autoimmune reactions. These secondary
autoimmune responses may be initiated as bystander
reactions to stronger primary immune responses against
foreign cells.

By examining the population dynamics of immune cells
closely, we observe that the CD8+ T cell response has two
phases. During the first phase, CD8+ T cells are
sequestered in the lymph node where they proliferate
rapidly. In the following phase, regulatory T cells multiply
and suppress T cell activity, which causes effector CD8+
cells to stop dividing and emigrate to the tissue, where these
effectors eliminate target cells, whether foreign or normal
self cells. Furthermore, the regulatory cell concentration in
the lymph node is much higher than in the periphery,
resulting in stronger immune cell suppression in the lymph
node than the periphery during the latter stages of the
immune response. In addition to controlling autoimmune
reactions, regulatory cells may aid in propelling a timely
immune response against foreign cells by inducing an
emigration of CD8+ effectors from the lymph node.

Using LHS methods, we analyzed the dependence of the
model’s behavior on four parameters at once. We first
concluded that peripheral tolerance mediated by regulatory
cells is not sufficient to prevent autoimmune disease, but
there must be a method of ensuring that self-reactive T cells
are not too self-reactive. While it may be optimal, or even
necessary, to allow some self-reactive T cells to survive
within the immune repertoire, it should not include highly
self-reactive T cells. This observation is in concordance
with the mechanism of central tolerance, which positively
or negatively selects T cells based on TCR reactivities to
self antigen.

A well-regulated immune response, in which foreign cells
are eliminated while normal self cells are tolerated, results
from a balance between effector and regulatory reactivities.
The optimal combination for anti-virus responses occurs
when effector cells are slightly more reactive than
regulatory cells. This balance ensures that effector cells
can proliferate earlier and faster than regulatory cells, but
also that regulatory cells can proliferate quickly enough to
suppress over-proliferation of immune cells or bystander
autoimmune reactions.
Our current results do not decisively indicate whether it

is advantageous to have some foreign-reactive regulatory
cells or not. Furthermore, it is possible that the generation
of adaptive regulatory cells from persistently stimulated
effector cells (Walker et al., 2005) may yield similar benefits
as having naturally-occurring foreign-reactive regulatory
cells.
In this paper, we determined the necessary balance

between effector and regulatory reactivities, but did not
suggest a viable mechanism for attaining this equili-
brium. Another possibility is that effector and regulatory
cells may arise via the same generative processes and have
the same TCRs, but enter the system in different
proportions depending on positive and negative selection
in the thymus. This hypothesis proposes that positive and
negative selection are not absolute, but a probabilistic
processes that allow mixed populations of effector and
regulatory cells to enter the system for each TCR-
specificity.
This proposition that positive and negative selection may

be stochastic was also examined in a mathematical
model incorporating thymic selection and T cell regu-
lation (León et al., 2003). In this paper, León et al.
conclude that repertoire selection may be stochastic, but a
sufficient number of self-reactive regulatory cells must be
positively selected, while negative selection must be strong
enough to prevent the introduction of highly self-reactive
effectors.
In our modeling and analysis, we focused on the role of

regulatory cells during a primary immune response, but as
a future work, we can study how an immune system
acquires tolerance after chronic encounters with a parti-
cular antigen.
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Appendix A. Comprehensive diagrams

See Fig. A1 for a comprehensive diagram, Fig. A2 for a
comprehensive diagram of APC interactions, and Fig. A3
for a comprehensive diagram of T cell interactions.
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Appendix B. Derivation of the discounting factor

Suppose we have a one-variable system in which a
substance flows in at rate rðtÞ and flows out after t units of
time. Suppose we also have a continuous depletion
(Fig. B1) rate of dðtÞX ðtÞ, where X ðtÞ represents the
amount of substance in the system at time t.
Since there is depletion throughout the time period t� s

to t, the outflow rate at time t should be less than
rðt� sÞ.
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Let F ðs; tÞ represent the amount of substance remaining
at time s that will exit at time t. Then, the substance entered
at time t� s, so F ðt� s; tÞ ¼ rðt� sÞ. If we assume that the
depletion rate is uniform over the whole amount X, then

qF ðs; tÞ

qs
¼ �dðsÞF ðs; tÞ.

Hence, by separation of variables,

F ðs; tÞ ¼ e
�
R s

t�s
dðuÞ du

F ðt� s; tÞ ¼ e
�
R s

t�s
dðuÞ du

rðt� sÞ,

so

dX

dt
¼ � dðtÞX ðtÞ þ rðtÞ � F ðt; tÞ

¼ � dðtÞX ðtÞ þ rðtÞ � e
�
R t

t�s
dðuÞ du

rðt� sÞ. ðB:1Þ

Note that the discounting factor e
�
R t

t�s
dðuÞ du

takes the
form of an exponential decay with varying decay rate.

In the case of Eqs. (3.10) and (3.11), we have
X ¼ OL

K , rðtÞ ¼ kJðpTC=Bfðy
LÞ;BL

ij ÞN
L
H , and dðtÞ ¼ dNKþ

pPK=xkfðyLÞkxL, which yields the discounting factor in
(3.12).
Appendix C. The initial concentrations

Assuming that before time 0, no immune reactions have
been happening, the initial concentrations of naı̈ve T cells
in the lymph node are straightforwardly

NL
H;iðtÞ ¼ sH=dNH ; TL

CD8n;iðtÞ ¼ sK=dNK ; T
regn;i
L ðtÞ

iðtÞ ¼ sR=dregn

for i ¼ 1; 2 and tp0. The initial concentrations of all other
T cells are 0. Likewise, the initial concentration of self-
population in the tissue is TT

1 ðtÞ ¼ sT ;1=dT ;1 for tp0. We
assume the foreign population is introduced into the
system at time 0, and hence set TT

2 ðtÞ ¼ 0 for to0 and
TT

1 ð0Þ ¼ 1. The initial value for the discounting factor in
(3.11) is Dð0Þ ¼ expð�dNK 	 sÞ.
The total concentrations of immature and mature

APCs in the lymph node and tissue depend on the
supply, flow, death, and maturation rates of these cells.
We assume that APCs were maturing at the non-infectious
rate rs;0 before time 0, so we calculate the initial total
concentrations of immature APCs in the lymph node,
immature APCs in the tissue, mature APCs in the tissue,
and mature APCs in the lymph node respectively as
follows:

AL
totalðtÞ ¼

sA

~f þ dA þ rs;0

,

AT
totalðtÞ ¼

~f AL
totalð0Þ=V

dA þ rs;0
,
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Table D3

Parameters

Parameters Description Figs. 9–20
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BT
totalðtÞ ¼

rs;0A
T
totalð0Þ

f =V þ dA

,

BL
totalðtÞ ¼

rs;0A
L
totalð0Þ þ fBT

totalð0Þ

dA

.

The initial concentrations of self antigen in the tissue and
lymph node are determined by the supply of antigen by
self-population and by the rates of drainage into the lymph
node and consumption by APCs. The expression for the
initial concentrations turns out to be

a1ðtÞ ¼
sadT ;1T1ð0Þf

V þ da þ kAT
totalð0Þ

,

a1ðtÞ ¼
f a1ð0Þ þ sadT ;1TL

1 ð0Þ

da þ kAL
totalð0Þ

for tp0. Since we assume foreign population doesn’t
appear in the system until time 0, we set the initial
concentrations of foreign antigen to be 0.
Table D1

Parameters

Parameters Description Figs. 9–20

k Kinetic coefficient 40

V Tissue/LN volume ratio 6
~f T cell and immature APC outflow rate 0.001

f Mature APC and antigen inflow rate 5.5

sH Naı̈ve CD4 supply rate 8.55

sK Naı̈ve CD8 supply rate 6

sA APC supply rate 0.48

sR Naı̈ve Treg supply rate 0.45

dNH Naı̈ve CD4 death rate 0.03

dNK Naı̈ve CD8 death rate 0.03

dA APC death rate 0.03

dPH Primed CD4 death rate 0.2

dSH Suppressed CD4 death rate 0.2

dPK Primed CD8 death rate 0.4

dSK Suppressed CD8 death rate 0.4

dCD8nd Non-proliferating CD8 death rate 0.4

Table D2

Parameters

Parameters Description Figs. 9–20

sa Antigen release rate by target 100

sx;1 + signal secretion rate by CD4s 100

sx;2 + signal secretion rate by CD8s 10

sy – signal secretion rate by Tregs 100

da Antigen decay rate 5.6

dg Growth signal decay rate 5.6

c Effect of negative signal 1

rr Rate CD8s stop proliferating 0.7

ru Rate T cells unsuppress 0.7

sT ;1 Self-population supply rate 0.1

sT ;2 Foreign-population supply rate 0

gT ;1 Self-population growth rate 0

gT ;2 Foreign-population growth rate 0.3

dT ;1 Self-population death rate 0.01

dT ;2 Foreign-population death rate 0.1
We calculate the initial concentrations for the separate
APC populations by solving the four linear systems

dA00=dt ¼ 0,

dA10=dt ¼ 0,

dA01=dt ¼ 0,

A00 þ A10 þ A01 þ A11 ¼ Atotal

for immature and mature APCs in the lymph node and
tissue.

Appendix D

Table of parameter groups (Tables D1–D4) are given in
this section.
nNH Initial number of CD4 divisions 1

nPH Further CD4 divisions 1

nOK Initial number of CD8 divisions 8

nPK Further CD8 divisions 2

dA Antigen turnover on immature APCs 20

dAm Antigen turnover on mature APCs 3

rs;0 Normal APC maturation rate 0.01

rs Maturation rate during infection 1

pPK=x CD8 response to + signal 0.5

pA=a Antigen incorporation by APCs 0.5

pTC=A Prob of tolerizing reactions for CD4s

and CD8s

0.1

pTC=R Prob of T cell suppression 0.5

t Duration of T cell division 0.6

s Max time in pre-primed CD8 state 1

Table D4

Varied parameters

Parameters Description 9 10 11 12 13–17 18 20

Anti-self effector reactivities Upper-left matrix element

pTC=B Naı̈ve CD4/

Mature APC

0.01 0.01 0.01 0.01 0.01 [0,1] [0,0.1]

pTC=B Primed CD4/

Mature APC

0.01 0.01 0.01 0.01 0.01 [0,1] [0,0.1]

pTC=B Naı̈ve CD8/

Mature APC

0.01 0.01 0.01 0.01 0.01 [0,1] [0,0.1]

pA=PH Immature APC/

Primed CD4

0.01 0.01 0.01 0.01 0.01 [0,1] [0,0.1]

pPK=T Primed CD8/

Target

0.01 0.01 0.01 0.01 0.01 [0,1] [0,0.1]

Anti-foreign effector reactivities Lower-right matrix element

pTC=B Naı̈ve CD4/

Mature APC

0.5 0.5 0.5 0.5 0.5 [0,1] [0,1]

pTC=B Primed CD4/

Mature APC

0.5 0.5 0.5 0.5 0.5 [0,1] [0,1]

pTC=B Naı̈ve CD8/

Mature APC

0.5 0.5 0.5 0.5 0.5 [0,1] [0,1]

pA=PH Immature APC/

Primed CD4

0.5 0.5 0.5 0.5 0.5 [0,1] [0,1]

pPK=T Primed CD8/

Target

0.5 0.5 0.5 0.5 0.5 [0,1] [0,1]



ARTICLE IN PRESS

Table D4 (continued )

Parameters Description 9 10 11 12 13–17 18 20

Anti-self regulatory reactivities Upper-left matrix element

pR=B Naı̈ve Treg/

Mature APC

0.3 0.3 0.3 0.8 0.6 [0,1] [0,1]

pR=B Primed Treg/

Mature APC

0.3 0.3 0.3 0.8 0.6 [0,1] [0,1]

pB=R Mature APC/

Primed Treg

0.3 0.3 0.3 0.8 0.6 [0,1] [0,1]

Anti-foreign regulatory reactivities Lower-right matrix element

pR=B Naı̈ve Treg/

Mature APC

0.4 0 0.3 0 0 [0,1] [0,1]

pR=B Primed Treg/

Mature APC

0.4 0 0.3 0 0 [0,1] [0,1]

pB=R Mature APC/

Primed Treg

0.4 0 0.3 0 0 [0,1] [0,1]

All cross-reactivities 0 0 0 0 0 0 0
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Appendix E

Table of variable names (Table E1) is given in this
section.
Table E1

Names for population variables

Name Description

TL Target concentration in the lymph node (LN)

TT Target concentration in tissue

aL Antigen concentration in LN

aT Antigen concentration in tissue

NL
H

Naı̈ve CD4+ (helper) T cell concentration in LN

PL
H

Primed CD4+ (helper) T cell concentration in LN

PT
H

Primed CD4+ (helper) T cell concentration in Tissue

SL
H

Suppressed CD4+ (helper) T cell concentration in LN

ST
H

Suppressed CD4+ T cell concentration in Tissue

NL
K

Naı̈ve CD8+ (killer) T cell concentration in LN

OL
K

Pre-primed CD8+ (killer) T cell concentration in LN

PL
K

Primed CD8+ (killer) T cell concentration in LN

PT
K

Primed CD8+ (killer) T cell concentration in Tissue

SL
K

Suppressed CD8+ (killer) T cell concentration in LN

ST
K

Suppressed CD8+ (killer) T cell concentration in Tissue

QL
K

Non-dividing CD8+ (killer) T cell concentration in LN

QT
K

Non-dividing CD8+ (killer) T cell concentration in Tissue

AL Immature APC concentration in LN

AT Immature APC concentration in Tissue

Bl Mature APC concentration in LN

Bt Mature APC concentration in Tissue

xl Positive signal concentration in LN

xt Positive signal concentration in Tissue

yl Negative signal concentration in LN

yt Negative signal concentration in Tissue

Nl
R

Naı̈ve regulatory T cell concentration in LN

Pl
R

Primed regulatory T cell concentration in LN

Pt
R Primed regulatory T cell concentration in Tissue

D Discounting factor for pre-primed CD8+ T cells
References

Antia, R., Bergstrom, C.T., Pilyugin, S.S., Kaech, S.M., Ahmed, R., 2003.

Models of CD8+ responses: 1. What is the antigen-independent

proliferation program. J. Theor. Biol. 221 (4), 585–598.

Burroughs, N.J., de Oliveira, B.M.P.M., Pinto, A.A., 2006. Regulatory T

cell adjustment of quorum growth thresholds and the control of local

immune responses. J. Theor. Biol. 241, 134–141.

Casal, A., Sumen, C., Reddy, T.E., Alber, M.S., Lee, P.P., 2005. Agent-

based modeling of the context dependency in T cell recognition.

J. Theor. Biol. 236 (4), 376–391.

Catron, D.M., Itano, A.A., Pape, K.A., Mueller, D.L., Jenkins, M.K.,

2004. Visualizing the first 50 h of the primary immune response to a

soluble antigen. Immunity 21 (3), 341–347.

Chang, C.C., Ciubotariu, R., Manavalan, J.S., Yuan, J., Colovai, A.I.,

Piazza, F., Lederman, S., Colonna, M., Cortesini, R., Dalla-Favera,

R., Suciu-Foca, N., 2002. Tolerization of dendritic cells by T (S) cells:

the crucial role of inhibitory receptors ILT3 and ILT4. Nat. Immunol.

3 (3), 237–243.

De Boer, R.J., Perelson, A.S., 1990. Size and connectivity as emergent

properties of a developing immune network. J. Theor. Biol. 149 (3),

381–424.

De Boer, R.J., Kevrekidis, I.G., Perelson, A.S., 1990. A simple

idiotypic network with complex dynamics. Chem. Eng. Sci. 45,

2375–2382.

De Boer, R.J., Homann, D., Perelson, A.S., 2003. Different dynamics

of CD4+ and CD8+ T cell responses during and after acute

lymphocytic choriomeningitis virus infection. J. Immunol. 171 (8),

3928–3935.

De Conde, R., Kim, P.S., Levy, D., Lee, P.P., 2005. Post-transplantation

dynamics of the immune response to chronic myelogenous leukemia.

J. Theor. Biol. 236 (1), 39–59.

Deeths, M.J., Kedl, R.M., Mescher, M.F., 1999. CD8+ T cells become

nonresponsive (anergic) following activation in the presence of

costimulation. J. Immunol. 163 (1), 102–110.

Duvall, C.P., Perry, S., 1968. The use of 51-chromium in the study of

leukocyte kinetics in chronic myelocytic leukemia. J. Lab. Clin. Med.

71 (4), 614–628.

Haase, A.T., 1999. Population biology of HIV-1 infection: virial and

CD4+ T cell demographics and dynamics in lymphatic tissues. Annu.

Rev. Immunol. 17, 625–656.

Holenbeck, A.E., Lerman, M.A., Naji, A., Caton, A.J., 2001. Thymic

selection of CD4+CD25+ regulatory T cells induced by an agonist

self-peptide. Nat. Immunol. 2 (4), 301–306.

Janeway Jr., C.A., Travers, P., Walport, M., Shlomchik, M.J., 2005.

Immunobiology: the Immune system in Health and Disease, sixth ed.

Garland Science Publishing, New York, NY.

Jerne, N.K., 1974. Towards a network theory of the immune system. Ann.

Immunol. (Paris) 125C (1–2), 373–389.

Jiang, H., Chess, L., 2004. An integrated view of suppressor T cell subsets

in immunoregulation. J. Clin. Invest. 114 (9), 1198–1208.

Kasaian, M.T., Leite-Morris, K.A., Biron, C.A., 1991. The role of CD4+

cells in sustaining lymphocyte proliferation during lymphocytic

choriomeningitis virus infection. J. Immunol. 146 (6), 1955–1963.

Kubach, J., Becker, C., Schmitt, E., Steinbrink, K., Huter, E., Tuetten-

berg, A., Jonuleit, H., 2005. Dendritic cells: sentinels of immunity and

tolerance. Int. J. Hematol. 81 (3), 197–203.

Lee, P.P., unpublished data.
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