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Abstract This work studies two mathematical models for describing the motion of photo-
tactic bacteria, i.e., bacteria that move toward light. Based on experimental observations,
we conjecture that the motion of the colony toward light depends on certain group dy-
namics. These group dynamics are hypothesized to be coordinated through an individual
property of each bacterium, which we refer to as excitation. The excitation of each indi-
vidual bacterium is assumed to change based on the excitation of the neighboring bacteria.
Under these assumptions, we propose a (discrete) cellular automaton model and derive an
analogous stochastic model for describing the evolution in time of the location of bacteria,
the excitation of individual bacteria, and a surface memory effect. We provide simulation
results and discuss in detail the role of the various model parameters in controlling the
emerging dynamics.

Keywords Phototaxis · Cellular automaton · Interacting particles systems · Bacteria
motion

1. Introduction

Bacteria have evolved sophisticated mechanisms in order to sense changes in environ-
mental parameters such as light and nutrients. Under certain conditions, such changes
will initiate a motion of an individual bacterium or of an entire colony in order to in-
crease the resources availability. Bacteria that move toward light (to optimize conditions
for photosynthesis) are called phototactic. The motion toward light is called phototaxis.

In this work, we are interested in studying the motion of a particular phototactic
cyanobacterium, Synechocystis sp. Strain PCC6803. In a series of experiments reported in
Burriesci and Bhaya (2008), time-lapse video microscopy was used to monitor the move-
ment of individual cells and groups of cells. These movies suggest that in addition to the
ability of single cells to move directionally, the overall time-evolution is determined by
means of a group dynamics. Individual cells are less likely to move toward light while
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cells that are grouped together are more likely to move. The observed dynamics appeared
to be a complex function of cell density, surface properties, and genotype. Very little is
known about the nature of the interactions between these parameters and its connection
to phototaxis.

In recent years, the mathematical community has been showing a rapidly increasing
interest in models of chemotaxis. At the same time, almost no attention has been devoted
to modeling of phototaxis. Few examples include Childress et al. (1975) and Maree et al.
(1999), none of which considers the group dynamics as a mechanism that is related to the
motion. This paper and our previous works (Bhaya et al., 2008 and Levy and Requeijo,
2008) are the first attempts in that direction. Some of our preliminary results were an-
nounced in the conference proceedings (Bhaya et al., 2008). The more recent paper (Levy
and Requeijo, 2008) was devoted to deriving a system of PDEs for describing phototaxis
as the limit of a stochastically interacting many particle system. The system of PDEs re-
sembled the Keller–Segel model for chemotaxis (Keller and Segel, 1971). It is derived
following the ideas of Oelschläger (1989) and Stevens (2000b).

In this work, we derive and study mathematical models for describing the motion of
phototaxis. To encode the observed group dynamics, we assume that every bacterium has
an internal property, which we refer to as “excitation.” The excitation of any bacterium
is a time-dependent quantity that is adjusted based on the excitation of the neighboring
bacteria. The excitation of a bacteria must exceed a predetermined critical threshold for it
to initiate a motion in the direction of light.

Our first approach to the problem is based on a cellular automaton (CA). It is related
to the CA model of Stevens (2000a) for chemotaxis. This CA takes into account the exci-
tation of each bacterium and a surface memory effect. The qualitative behavior obtained
when simulating this CA is very good as it captures the main characteristics of the photo-
taxis movement patterns. We then extend the CA model by introducing a stochastic model
in which we track in time the locations of the individual bacterium, their excitation, and
their trajectories in space. Numerical simulations of this stochastic model also show a
qualitative behavior that is very similar to the observed experimental data. Most of this
paper deals with discussing in detail the behavior and results obtained with both models.

The structure of this paper is as follows: In Section 3.1, we derive a cellular automaton
which depends on the excitation and on a surface memory. The second model, the sto-
chastic model, is presented in Section 3.2. The results from the numerical simulations are
discussed in Section 4.1 for the cellular automaton, and in Section 4.2 for the stochastic
model. Concluding remarks are given in Section 5.

2. Biological background

Burriesci and Bhaya (2008) used time-lapse video microscopy to track the movement of
cells additional details about the motility are given in Bhaya et al. (2000). An analysis
of the videos from Burriesci and Bhaya (2008) has led us to the following observations
regarding the characteristics of the motion:

(1) Delayed motion. Even when the light is on, it will typically take a long time (minutes
to hours) for a bacterium to initiate a motion toward the light source. When such
motion develops, it is always observed in areas of a relatively high-density of bacteria.
Individual bacterium will almost never initiate a motion toward light.
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Fig. 1 Creation of fingers with a light source at the upper-right corner of the domain. Figure (a) shows
the edge of the colony with single cells showing as dark dots. Figure (b) shows the fingers that are created
from the areas of initial higher density.

Fig. 2 Bacteria motion when the density is high. The snapshots were taken at increasing times. The light
source is to the left of the domain.

(2) Fingering. In areas of low-density, bacteria tend to remain still or move slowly. When
the density of bacteria is high, cells tend to move faster toward the light source. This
“competition” between the inhomogeneously populated regions results with fingers
such as those that are shown in Fig. 1. Bacteria that end up on the edges of these
fingers seem to stop moving (or move very slowly). In some cases, it is even possible
to observe pinching. This happens when the density of cells is high enough to form
a finger, but as the finger is formed and bacteria move toward the light source, the
density behind the leading tip decreases. Then if not enough bacteria is present, the
tip eventually detaches. In all available movie sequences, the interfaces are very well
defined; bacteria do not scatter to the outside of their own interface.

(3) Density-dependent motion. When the density of the cells is high, bacteria tend to
move in one group toward the light (see Fig. 2). When the density of the cells is low
and those cells are away from the interface edge, there is no clear preferred movement
direction. Such a low-density motion is illustrated in Fig. 3.

(4) Motion momentum. Cells show a certain motion momentum: if they were in a lower
density area (and hence moving slowly according to observation #2) they take time to
start moving as fast as cells in other higher density areas. In Fig. 4, bacteria initially
protrude from the front of the interface, but since the area is of low density, they
move slowly for some time leading to the shape of the interface that is shown in
snapshot (b).

(5) A surface memory effect. The movies suggest that when cells move, they mark the
surface in a way that makes it more likely for other cells to revisit locations that
were already traveled by other bacteria. The precise mechanism for the marking of
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Fig. 3 A motion of bacteria when the density is low. There is no preferred direction for motion. The
snapshots were taken at increasing times, starting from (a) and ending at (d). The light source is at the
upper-right corner of the domain.

Fig. 4 Cells initially at the front of the domain move slower, and take some time to match the speed of
faster cells (from higher density areas). The light is located to the left of the domain.

the surface with this particular strain of bacteria is unknown. There are other types
of bacteria, such as Myxococcus Xanthus, for which a similar effect is known. In the
case of Myxococcus Xanthus, a trail of polysaccharides is left behind by the moving
bacteria, see e.g., Black et al. (2006), Li et al. (2003), Lu et al. (2005), Youderian and
Hartzell (2006), Yu and Kaiser (2007). It is unknown whether a similar mechanism
exists also with Synechocystis sp. Strain PCC6803, but the time-lapse movies suggest
that this may be the case as indicated by the recent experimental study of Burriesci
and Bhaya (2008). Another observation is that once a surface is traveled on, the cor-
responding surface memory does not seem to decay, at least not in the time scale
we are interested in (hours). This issue has not been studied even for Myxococcus
Xanthus, where such a long lasting effect could be generated, e.g., if bacteria do not
consume the polysaccharides, or generate new polysaccharides instead of those that
are consumed.

(6) Sensing other bacteria. Some movie sequences suggest that cells can sense other
close-by cells even when they are not in contact with each other. An example is shown
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Fig. 5 The cells on the upper-left corner stay stationary before the cells from the back approach them.
They then start moving before making any physical contact with the moving cells. The snapshots were
taken at increasing times, starting from (a) and ending at (d). The light source is at the left side of the
domain.

in Fig. 5. Cells that are located on the upper-left corner are stationary before the cells
from the back get closer. However, they do start moving before they make any direct
physical contact with the other cells.

2.1. Interpretation and assumptions

Based on the experimental results from Section 2, we draw some conclusions about some
of the mechanisms that control phototaxis. The rest of this paper is based on the interpreta-
tion of experimental results and the assumptions mentioned here. We use the observations
to construct a model that is based on the following three assumptions:

1. Communication and excitation. Observations #2 and #6, lead us to believe there
exists some form of communication between bacteria. The mechanism proposed to
describe such communication among cells is the existence of an excitation level that
is associated with each cell. This excitation level is assumed to be closely related to
the phototaxis phenomenon. Cells move toward the light whenever the excitation rises
above a critical threshold (which we will refer to as the excitation threshold). The
excitation associated with a given cell depends on the excitation of the surrounding
bacteria. That is, cells propagate their excitation level to neighboring cells. The obvi-
ous expected results from such a mechanism include delayed motion (observation #1),
motion momentum (observation #4), and a high-density motion as in observation #3.
Delayed motion is a consequence of the time in takes cells to build up the excitation
that is required to initiate a motion. For the same reason, this mechanism also implies
motion momentum as cells take time to react to external configuration changes un-
til their excitation mimics the excitation of surrounding cells. The motion pattern in
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dense areas is a direct result of assuming that the excitation depends on the number of
surrounding cells.

2. Surface memory. The second basic mechanism we base our model on is the surface
memory effect (observation #5). Cells mark the surface (possibly with some substance
they produce) in a way that facilitates the motion of other cells. This surface mark-
ing should also influence cells in a way that they are more likely to revisit previously
occupied locations. An expected consequence of such a surface memory effect is a
system with fairly well-defined interfaces. In addition to a preferable motion toward
previously occupied locations, cells also tend to move faster on such areas. It is un-
known (on the biophysical level) why cells that reach areas that were traveled on tend
to accelerate their motion, but this is what is experimentally observed (Burriesci and
Bhaya, 2008).

3. Slow diffusion of cells. Our third model assumption is that cells diffuse slowly. Such
diffusion would then explain the low-density motion described in observation #3. One
has to be careful in defining this diffusion effect, and balancing it against the surface
memory effect: a large diffusion coefficient (when compared to the effects from the
surface memory) will do away with the desired well-defined interfaces.

The dynamic finger formation (observation #2) is not a priori encoded into the model.
It is possible to argue that this is a consequence of both the excitation and surface memory
effect mechanisms. In inhomogeneously populated regions, cells build up excitation at
different rates. This causes small clusters of cells to move toward the light source, while
others stay behind. When those clusters move, they mark the surface behind them, making
it easier for other cells with lower level of excitation to follow them, and consequently
forming a finger (similar to the one shown in Fig. 1). The success of the mathematical
models will be later assessed by their ability to reproduce the fingering patterns. We do
not claim that our model assumptions are required for generating the fingers. Rather, we
will show that models which are constructed following these assumptions, are capable of
reproducing observations that were not directly taken into account when constructing the
models.

As part of the model assumptions, we assumed that cells can communicate with
each other. Indeed, it has been recently shown that in Synechocystis sp. there are rapid
changes in cAMP levels that are triggered by light signals (Masuda and Ono, 2004, 2005;
Ohmori and Okamoto, 1979). For example, an inactivation of adenylyl cyclase (cya1)
or the CAP (sycrp1) resulted in a partially nonmotile phenotype (Bhaya et al., 2001;
Terauchi and Ohmori, 1999; Yoshimura et al., 2002a, 2002b). However, the addition of
cAMP can rescue this phenotype suggesting that cAMP plays a critical role in phototaxis.
While cAMP is one of the known methods in which bacteria can “communicate” among
themselves, the precise role of cAMP in phototaxis is yet to be investigated. Our models
are not based on any explicit form of a communication between bacteria.

3. Models

In this section, we introduce models for the motion of phototactic bacteria that incorporate
our assumptions about the mechanisms that control phototaxis. Numerical simulations of
these models are provided in Section 4.
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The first model we propose is a cellular automaton model in which time is discrete and
cells move on a lattice in R

2. Cellular automata are simple to implement, which makes
them attractive for practical purposes. The cellular automaton model we propose includes
a complex mechanism for encoding group dynamics.

We then proceed in Section 3.2 to formulate a continuous stochastic model that can
be viewed as an extension of the cellular automaton model. In the stochastic model, we
track in time the locations of the individual bacteria, their excitation levels, and their
trajectories in space. Most of the simulations shown in Section 4 are of this stochastic
phototaxis model.

The concluding comments of the section mention also a system of PDEs that can be ob-
tained as the limit dynamics of a particle analog of the stochastic model from Section 3.2.
A detailed derivation of the PDE model can be found in Levy and Requeijo (2008).

3.1. A cellular automaton model

In this section, we formulate a cellular automaton (CA) model. We assume a Cartesian
grid of cells in R

2 with a finite number of states. Time is taken to be discrete, and the state
of a cell at time t depends on the automaton state at earlier times s < t . In each time step,
bacteria are allowed to move to any of their eight nearest neighbors provided that they are
not occupied. Additionally, we assume that the size of the bacteria population does not
change in time.

Let Si(t) ∈ R
+ denote the excitation associated to bacterium i at time t . We assume

that bacteria can sense the excitation of the surrounding bacteria and adjust their own ex-
citation accordingly. We assume that the excitation of an individual bacterium will trigger
a motion toward the light only if it is large enough. Accordingly, we introduce a critical
threshold K . As long as Si(t) ≤ K, we say that bacterium i is not “sufficiently excited”
to move toward the light.

To simplify the formulation, we assume that bacteria sense the light source from the
left side of the domain. The rules of motion are the following:

R1. If the excitation Si(t) of cell i is below the critical level K, then the cell moves due
to the surface memory effect with a given probability, or it diffuses with a very low
probability if it did not move due to the surface memory effect.

R2. Otherwise, the cell moves mainly because of the excitation effect. The preferred mo-
tion is to the left, and it occurs when the neighboring cells on the left were previously
occupied. If the immediate cell on the left is occupied, and if its diagonal neighbors to
the left were previously occupied, the bacterium travels to one of these two locations
with high probability.

R3. If the neighbors on the left were never occupied, we still follow the same rules of
motion, but with lower probabilities.

R4. Finally, if the cell did not move due to the excitation effect, then it behaves just as if
its excitation is below the critical level K , i.e., it moves due to the surface memory
effect or it just diffuses with a very low probability.

These rules mean that the bacteria move preferentially toward the light, and the motion
is facilitated on previously occupied cells. After computing the new positions for all bac-
teria, the excitation of every cell is updated based on the level of excitation of their new
neighbors. The newly occupied locations are added to a matrix that represents all the
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Fig. 6 The rules of motion for the cellular automaton model. The dotted lines are traversed only if the cell
did not move in any of the previous steps. After applying these rules of motion to every cell in the colony,
the excitation is updated based on the excitation of the new neighboring cells.

grid-cells that were traveled on starting from t = 0. The rules of the cellular automaton
are summarized in Fig. 6.

3.2. A stochastic model

We now derive a continuous model that is based on the cellular automaton model from
Section 3.1. We consider three different stochastic processes: the position of each bac-
terium at a given time, the excitation of each bacterium, and the surface memory.

We assume that the bacteria population is of a fixed size N ∈ N in R
2, and denote

the position of bacterium i at time t ≥ 0 by Xi(t) ∈ R
2. The excitation of the same bac-

terium is denoted by Si(t). The medium memory process will be denoted L(t;x, y), with
(x, y) ∈ R

2.
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In accordance with the observation made in Section 2.1, we assume that the surface
memory effect does not diffuse as time evolves. We thus consider a stochastic process L

that is given by the pure jump process

L(t;x, y) = max
0≤s≤t

i=1,...,N

δ(x,y)

(
Xi(s)

)
, (1)

where δ(x,y) is the Dirac delta function centered at (x, y) in R
2. This definition means that

the stochastic process L functions as a memory effect for the particle system, i.e., L keeps
track of the paths of all bacteria.

Remark 3.1. It is possible to replace the jump process (1) by a continuous process. The
representation (1) is convenient when it comes to the implementation as such an expres-
sion is then discretized. More details are provided in Section 4.

In order to describe the excitation process Si(t) for cell i, we let μi(t) denote the
weighted average of the excitations of all cells contained in a small neighborhood of
Xi(t). This weighted average is given by

μi(t) = 1

N

N∑

j=1

[(
1 − d(Xj (t),Xi(t))

r

)+
Sj (t)

]
, (2)

where d(·, ·) is the Euclidean distance in R
2. Note that μi(t) takes into account only

neighboring bacteria that are within the domain of interaction. This domain is assumed
to be a ball of fixed radius (r), which is identical for all bacteria. The quantity μi(t) thus
provides a measure of the excitation in the neighborhood of bacterium i at time t .

For the excitation processes Si , we assume a geometric mean-reverting process with a
nonconstant mean-reverting level μi(t) of the form:

dSi(t)

Si(t)
= (

μi(t) − Si(t)
)
dt + σ dWi(t). (3)

The processes Wi(t), i = 1, . . . ,N are independent Wiener processes. The coefficient σ is
assumed to be a quantity that is inherent to the given type of bacteria (and hence constant).

The definition (3) for the dynamics of Si(t) has the desirable consequence that the
excitation of cell i follows the dynamics of the excitation of neighboring cells, but with
some delay. That is, with μi(t) and Si(t) defined as above, we know that Si(t) > 0 for
all t ≥ 0 and also that Si(t) tends to move toward the mean reverting level μi(t), which
measures the excitation around cell i. We note that controlling μi(t) will implicitly control
Si(t) (in particular, if μi is bounded, then the same will hold for Si almost surely).

To define the position processes Xi(t), we consider a light source that is located at
infinity. The light is assumed to be always present and of uniform intensity. We also as-
sume that all bacteria sense the light from the direction ξt ∈ S2, where S2 is the unit
sphere in R

2. The direction of light may depend on time, which is why we use the
subscript t in ξt . To describe how bacteria react to the light and to the medium, we let
q: R+

0 × R
+
0 × S2 → [0,1] be a smooth function satisfying:
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(1) q is strictly increasing in the first two variables.
(2) lim

s→∞q(s, ·, ·) = 1.

(3) q(0, ·, ·) = 0.

We then define

dXi(t) = vsq
((

Si(t) − K
)+

,L(t;x, y),L∇(t;x, y)
)
ξt dt

+ vg∇ρN(t;x, y) dt + vr dW̃i(t). (4)

Here, W̃i(t) are independent 2-dimensional Wiener processes. The maximum velocity due
to the excitation and the sensitivity to the surface memory is denoted by vs , the maximum
velocity due to the density gradient is denoted by vg , and the maximum velocity due to
the random phenomena is denoted by vr .

The stochastic process ρN denotes the convolution of 1
N

∑
i δXi

with a given mollifier
ϕN that depends only on N . L∇ is obtained from L by a fixed scaling of the gradient of
L ∗ ϕN , i.e.,

L∇(x) = (L ∗ ϕN)(x)

1 + ‖(L ∗ ϕN)(x)‖ , (5)

where ‖·‖ denotes the Euclidean norm in R
2. Due to the scaling (5), L∇ remains bounded,

‖L∇(x)‖ < 1.
The model (1)–(4) accounts for sensitivity to the extra substance, sensitivity to light,

natural group dynamics (not coming from reaction to light), and random phenomena. The
natural group dynamics coming from ∇ρN(t;x, y) is a desirable effect, as observations
seem to support that bacteria remain together even when there is no noticeable trend in
movement. This translates into slow formation of cell aggregates in low density (when the
density is large enough, cells get proportionally excited and start moving toward the light
source after a time delay).

Remark 3.2. As mentioned above, we assume that the light source is always present. This
assumption can be dropped by changing the processes Si(t) such that they rapidly decay
when there is no light or by having them jump to values below the threshold K when the
light is not present. It is also easy to extend the sensitivity function q so that it depends
explicitly on Xi(t), on the distance to the light source, and on the intensity of light.

Remark 3.3. In Levy and Requeijo (2008), we have derived a system of partial differential
equations based on an interacting particle model that is the fully discrete analog of the
model (1)–(4). In that setting, we wrote PDEs for the evolution in space and time of the
densities of bacteria (u), total excitation (v) and the surface memory (l). The system we
obtained in Levy and Requeijo (2008) was a system of reaction-diffusion equations with
source terms that was of the form:

∂tu = μ�u − ∇ · (g(v,u, l,∇l)u
)
,

∂tv = μ�v − ∇ · (g(v,u, l,∇l)v
) + β(u, v)u − γ (u, v)v, (6)

∂t l = η�l + λ(u, l)u.
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Here μ, and η are the diffusion coefficients. The function g is the sensitivity function
that corresponds to the function q in (4). β and γ determine how excitation is produced
(β) and depleted (γ ), and λ regulates how quickly the surface memory is created. The
main result of Levy and Requeijo (2008) is establishing the system (6) as the limit of a
stochastically interacting particle system.

4. Numerical simulations

4.1. Simulations of the cellular automaton model

In this section, we present computational results that were obtained with the cellular au-
tomaton model from Section 3.1. In all simulations, a grid of size 400 × 150 was used.
The algorithms to compute the state at time (t + 1) given the state at time t follow the au-
tomaton rules described in Section 3.1. All the random numbers needed in the simulations
were drawn using the Mersenne twister random number generator.

For all simulations, we used the following values for the probabilities: p1 = 0.80,
p2 = 0.30, p3 = 0.60, p4 = 0.25, p5 = p7 = 0.30, p6 = p8 = 0.05. At the end of each
iteration, the excitation of each cell is updated in the following way: First, we decrease
the excitation by a fixed percentage, q1. We then add to its existing excitation a certain
portion q2 of the excitation of its four nearest neighbors. In our simulations, we used the
values of q1 = 0.05 and q2 = 0.015.

The results shown in Figs. 7–9 demonstrate what can be obtained with such a model
under three distinct initial configurations. In all examples, the light source is located to
the left of the domain.

Example 1 (High-density). In the first example, the initial configuration has one high-
density region of cells that is located at the right side of the domain. Snapshots of the time-
evolution for this initial configuration are shown in Fig. 7. In this example, after an initial
delay, the cells start moving. Due to the initial high density of the cells, the information
regarding the excitation of individual cells can easily propagate to the neighboring cells.
Hence, when the cells start moving, they move as a group and do not leave any cells
behind.

Example 2 (Low-density). The second example is of an initial configuration with a low-
density region of cells on the right side of the domain. Snapshots of the time-evolution for
this configuration are shown in Fig. 8. In this case, most cells reach the required threshold
to start moving toward the light source. A finger is created in an area where the initial
density of cells was relatively high.

Example 3 (Surface memory). Our third CA example is shown in Fig. 9. In this case, we
start with an initial configuration that contains several areas with a high-density areas of
cells. We also mark an area on the right side of the domain as an area that was previously
visited by bacteria (see Fig. 9(b)), even though it is initially vacant. This marking causes
the two clusters of cells (above and below that area) to move toward each other (as shown
in Fig. 9(c)). When excitation rises, cells start moving toward light as shown in Fig. 9(e).
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Fig. 7 Example 1. A cellular automaton simulation with a high-density initial configuration. The motion
toward the light source (located to the left of the domain) starts after the excitation reaches the critical
threshold. Since the excitation builds up in all cells, the entire population moves as a group without leaving
any cells behind. Snapshots were taken at iterations 0, 60, 120, 300.

Fig. 8 Example 2. A cellular automaton simulation with a low-density initial configuration. The light
source is located to the left of the domain. The excitation level in most cells never reaches the threshold
required to initiate a motion toward the light source. A finger is being formed on the upper part of the
domain (where the initial density was relatively high). The snapshots are taken at iterations 0, 50, 200,
500.

In all examples, it takes time to build up the required excitation that eventually triggers
the motion toward light. In the mean time, the cells are subject to a stronger medium
memory effect, and a weaker diffusion term. This causes them to follow paths that were
previously occupied, without any particular directional tendency. This pattern of motion
persists until their excitation reaches the threshold. Once the excitation passes the critical
threshold, cells start moving rather quickly toward the light source.

4.2. Simulations of the stochastic model

In this section, we discuss results obtained from simulating the stochastic model from
Section 3.2. For simplicity, the computations of the particle density ρ, the surface memory
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Fig. 9 Example 3. A cellular automaton simulation with an initial configuration that contains multiple
high-density regions. The individual positions of the cells are shown on the left. The corresponding surface
memory is shown on the right. The first four rows correspond to iterations 0, 60, 165, 365. Figure (i) shows
the excitation on iteration 365 (higher excitation is darker). Note that the initial surface marking shown
in figure (b) contains a marked surface that is vacant. This causes the (not yet excited) cells on the two
clusters (above and below that region) to move toward each other (as shown in frame (c)). When the
excitation rises, cells start moving toward the light as shown in (e). In (g), the higher density area on the
top of the domain keeps moving closer to the previously occupied middle strip. Cells accumulate on the
left side of the domain (frames (g)–(i)) since we do not allow them to exit.

effect L, and its gradient ∇L, were performed using an underlying Cartesian mesh with
grid points that are spaced 0.05 units apart.

To localize the interactions, we assume that each bacterium can communicate only
with neighboring bacteria that are located in a small neighborhood of the bacterium, which
we refer to as the bacterium’s domain of interaction. The domain of interaction is assumed
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be identical for all bacteria, and is given by a ball of radius r that is centered at the
individual bacterium.

Given the state at time t (i.e., the positions of all bacteria Xi(t), the excitations of the
bacteria Si(t), and the surface memory L(t;x, y)), we determine the state at the next time
step, t + �t , by updating (in this order), Si(t + �t), Xi(t + �t), and L(t + �t, ·).

We use Euler’s method to obtain Si(t + �t) from Si(t), that is, we draw a random
value r�t from a normal distribution with mean 0 and variance �t and set

Si(t + �t) = Si(t) + Si(t)
(
μi(t) − Si(t)

)
�t + Si(t)σ r�t .

The random numbers were drawn using a ziggurat algorithm that generates normally dis-
tributed random numbers from uniformly distributed numbers. The uniformly distributed
numbers were drawn using the popular Mersenne twister random number generator.

The position process is updated in the same way as the excitation process. Euler’s
method is used to obtain Xi(t + �t) from Xi(t). For the random term, two-dimensional
normal values are drawn in the same way as the one-dimensional values. To compute
∇ρN we use the underlying Cartesian mesh to determine the density at each grid point,
and approximate the gradient using finite differences. The densities only take into account
the number of bacteria in the domain of interaction.

The computation for L∇ is straightforward since we are only interested in its direc-
tional component pointing to the light source. Also, at the point (x, y) where a given bac-
terium currently is, it is always the case that L(t;x, y) = 1. Hence, the directional deriva-
tives of L are zero if and only if a bacteria ever occupied the nearest directional neighbor.
After computing the positions for time t + �t , we update the function L(t + �t;x, y) by
setting it to 1 at the points Xi(t + �t), i = 1, . . . ,N .

The sensitivity function q is assumed to be of the form

q(s, l,w) =
{

1 − e−s , if w = 0,
αq(1 − e−s), otherwise.

(7)

Here, αq ∈ (0,1) is a constant representing the sensitivity to the medium (αq close to
1 means that the medium offers almost no resistance to movement). The two different
branches highlight how the medium memory effect enters into play: although bacteria
still move when the excitation is above the threshold, they move α−1

q times faster than if
other bacteria previously occupied that point.

In all simulations, we set the directional light source vector as ξt = (−1,0), i.e., the
light source is located to the left of the domain.

Remark 4.1. Note that our choice for q in (7) does not depend on l. This is because at the
end of each iteration, we set L(t + �t;x, y) = 1 at the points Xi(t + �t). Hence, we can
assume l = 1 when choosing q .

We are now ready to present the simulation results that were obtained with various
initial distributions of bacteria, and discuss the main characteristics of this model. Un-
less otherwise stated, the results refer to a population of 5,000 bacteria with an initial
excitation Si(0) that are slightly above machine zero. The following parameters are used:
�t = 0.1, σ = 0.3, r = 2, vs = 1.5, vb = 0.05, vg = 0.01, K = 0.15, and αq = 0.2.
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Fig. 10 Example 4. A simulation of the stochastic model with an initial high-density distribution of bac-
teria. The light source is located to the left of the domain. Shown are the positions of every bacteria. A
moving front develops on the left. The snapshots taken refer to the initial setting (a), iteration 50 (b),
iteration 100 (c), and iteration 150 (d).

Example 4 (Movement in high-density areas). In this simulation, we start with bacteria
that are equally spaced in R

2, forming a square of size 4 × 4 units. In the results that
are shown in Fig. 10, we observe a pattern of motion that is similar to the experimental
sequence shown in Fig. 2. Notice that the bacteria that are closer to the light source from
a moving front. At the same time, the bacteria that are on the right side of the domain are
left behind. The results of this simulation should be compared with the simulation of the
CA model with a similar high-density initial data (shown in Fig. 7). For a similar initial
configuration, the stochastic model does support a finger formation, which is not the case
with the CA.

Example 5 (Delayed motion). To show that this model also captures the delayed motion
effect discussed in Section 2.1, we start with 5,000 bacteria that are equally spaced in a
rectangle of size 1 × 6. We also consider a higher threshold than before, K = 0.4, so that
it is easier to observe the delay in initiating the motion. Due to the higher threshold level,
bacteria require more time to build up their excitation in order to start moving toward
the light source. Figure 11 shows a particular simulation with this setting. From (a) to
(b), there is no clear movement trend. In (c), we start observing a displacement of some
bacteria toward the left, but it is still not a very strong effect. This is because only for few
bacteria the excitation exceeds the critical threshold. As these few bacteria propagate their
excitations to neighboring bacteria, more cells start moving. The evolution from (c)–(d)
shows that cells are moving toward the light source.

Example 6 (Finger creation). In this simulation, 5,000 bacteria are initially normally dis-
tributed in R

2. The results are shown in Fig. 12. Bacteria closer to the center are in a higher
density area and hence gain excitation faster. This translates into a faster movement to-
ward the light source. As this motion progresses, bacteria that are left behind sense less
particles and take longer to start moving. This results in the creation of a finger. Most of
the bacteria are in the front of the domain, which eventually results in the tip detaching
(not shown in the figure). This happens because there are not enough bacteria in the back



Stochastic Models for Phototaxis 1699

Fig. 11 Example 5. A simulation of the stochastic model with a large excitation threshold, K = 0.4. Due
to the value of K , it takes more time for bacteria to build up the excitation that is required to start moving
toward the light source. Shown are the positions of every bacteria initially (a), at iterations 50 (b), 200 (c),
and 500 (d).

Fig. 12 Example 6. A simulation of the stochastic model showing a finger formation. Bacteria that are
closer to the center are in areas of a relative higher density. Hence, their excitation increases faster. They
move faster and a finger forms. Snapshots show the positions of bacteria, as taken at the initial setting (a),
iteration 50 (b), iteration 100 (c), and iteration 200 (d).

of the domain to compensate for the excitation that is lost when faster (and more excited)
bacteria move out of the domain of interaction of bacteria that are left in areas of low
density. This pattern of motion is similar to the experimental results shown in Fig. 1.

Example 7 (Surface memory effect). To demonstrate the role that the surface memory
effect plays, we divide the set of particles into two subsets of 2,500 bacteria. Each of those
subsets is normally distributed in R

2, with means (0,0) and (5,0) (see Fig. 13). Bacteria
in both subsets initially have a similar movement pattern; they group in two fronts and
start forming a finger. After some time, the finger on the right side of the domain reaches
the location where bacteria on the left initially were at. When this happens, the right finger
starts moving faster due to the surface memory effect: when bacteria arrive at locations
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Fig. 13 Example 7. A simulation showing the role of the surface memory effect in the stochastic model.
Initially, bacteria move at a somewhat uniform speed when they travel on areas that have not been previ-
ously occupied (a)–(b). At a later time, the bacteria belonging to the right finger reach locations that were
previously occupied by other bacteria and increase their speed (c). They eventually catch up with the finger
on the left (d)–(e). The positions are shown in the left column. The medium memory function L in shown
in the right column. The snapshots correspond to iterations 0, 100, 400, 700, and 1200.

that were previously occupied, they can move substantially faster (as observed in the
experiments of Burriesci and Bhaya, 2008). In this context, it is important to emphasize
that the surface memory effect, as embedded in our model, is not only one of recognition,
but also of speed: Once bacteria move into areas that were previously traveled by other
bacteria, they accelerate their speed. The results are shown in Fig. 13.

Example 8 (Excitation effect). In this simulation, shown in Fig. 14, we start with a mix-
ture of high-density and low-density areas. We start with 5,000 bacteria that are divided
into two subsets, one containing about twice as many bacteria as the other. Each subset
is normally distributed. Bacteria in the higher density area start moving toward the light,
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Fig. 14 Example 8. Simulation showing the propagation of excitation in the stochastic model. The posi-
tions of the bacteria are shown in the left column. The corresponding excitations are shown in the right
column (darker areas correspond to a high excitation value). The snapshots taken refer to iterations 0, 100,
200, 300, and 600. Bacteria in the high-density region have an initial higher speed (b). In (c), bacteria in
the low-density area, are already sensing the finger formed from the higher density area. It is clear that
in (d), bacteria in the lower density area are highly excited and are pulled along with the finger (it is still
possible to distinguish between the two different areas). At a later time (e), a thicker finger is formed from
the two narrow fingers.

while the ones in lower density area almost do not move. When the fast bacteria get close
enough to other bacteria, their high excitation level propagates to the neighboring bac-
teria, which then join the group and widen the finger. This is similar to the experiments
shown in Fig. 5.

Example 9 (The effect of the medium sensitivity coefficient αq ). The medium sensitivity
coefficient αq in (7) determines how strongly the medium slows down bacteria. If a par-
ticular location (x, y) ∈ R

2 was not occupied up to time t , bacteria moving to (x, y) will
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Fig. 15 Example 9. The effect of the medium sensitivity coefficient αq in the stochastic model. (a) initial
configuration. (b) αq = 0 with 750 iterations. (c) αq = 0.25 with 350 iterations. (d) αq = 0.5 with 300
iterations. (e) αq = 0.75 with 250 iterations. (f) αq = 1.0 with 200 iterations.

move α−1
q times slower than if that location has been previously occupied. In particular,

when αq is very close to 1, the medium memory effect is less noticeable. In Fig. 15, we
show results obtained with 5,000 bacteria that are initially uniformly distributed in a strip
in R

2. The different snapshots correspond to different values of αq (ranging from 0 to 1).
A strong memory effect forces bacteria to move slower into regions that were not previ-
ously occupied, which consequently leads to a slow finger formation. The shape of the
emerging tip of the finger also depends on the choice of parameters.

Remark 4.2. The only sources of randomness in the model are the Wiener processes Wi(t)

and W̃i(t) in Eqs. (3) and (4). While the role of the random term in the position process
Xi(t) is straightforward, the random term in the definition of dSi(t) is less noticeable.
In fact, the latter has a role only when the configuration of the colony is such that the
excitation of the majority of the bacteria is very close to the threshold K . When that
happens, the effect of this random term is a very slow motion toward the light source. The
reason for such rather slow motion is the fact that bacteria move when their excitation
is above the threshold, but do not move when the excitation is less than the threshold
level K . Thus, even though the expected value of the random term on the excitation is
zero, the expected value of the motion is positive (toward the light source). Notice that to
reach such a state the excitation of a considerable number of bacteria must remain close
to the threshold K . This can be achieved, e.g., by fixing the initial distribution of cells in
R

2 and varying the radius r of the domain of interaction. For a given distribution of cells,
the averaged excitation of the colony tends to increase when r increases. Thus, we can
manipulate the averaged excitation of the colony by choosing an appropriate value of r .
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Fig. 16 The role of the density factor vg in the stochastic model. Shown are vg = 0 (a) and vg = 1 (b).
Very high vg values cause bacteria to aggregate into small clusters, while for smaller values the interfaces
are better defined.

Remark 4.3. Another interesting study concerns the effect of the density-dependent term
vg∇ρN(t;x, y) in Eq. (4). For higher values of vg, bacteria aggregate in small but very
well- defined clusters. For values that are closer to zero, it is possible to distinguish be-
tween the interfaces. A comparison with the experimental results from Section 2 suggests
that we should consider smaller values of vg rather than larger. Even the case vg = 0
yields very satisfactory results when comparing with the movie sequences in Section 2.
Hence, it is reasonable to remove that term from the model. In fact, the method used for
the derivation of the PDE system (6) in Levy and Requeijo (2008) cannot be used if a
term that depends on the gradient of the density of bacteria is present. Figure 16 shows
the results after 500 iterations for two different values of vg .

Remark 4.4. We note that Eq. (3) can be replaced by a modified excitation process,

dSi(t)

Si(t)
= a

(
μi(t) − Si(t)

)
dt + σ dWi(t). (8)

Here, a: R → R is a strictly increasing continuous function. Equation (8) allows us to
manipulate how fast cells acquire or lose excitation (by choosing an appropriate response
function a). Since Si(t) tends to move toward the reverting level μi(t), it is possible
to control how fast bacteria gain excitation by modifying a(y) for positive values of y

(where y = μi(t) − Si(t)). Similarly, we can control how long bacteria remain excited by
changing a(y) for negative values of y.

Remark 4.5. One of the main differences between the stochastic model and the cellular
automaton model is the mechanism dictating the excitation dynamics. In the CA model,
we use a very simple algorithm for controlling the excitation dynamics; the excitation
of each cell has a fixed decay rate, and it grows proportionally to the total excitation on
its domain of interaction. In the stochastic model, a mean reverting process guides how
excitation evolves in time. The mean reverting level is computed by averaging the total
excitation on the domain of interaction. Another major difference between both models
concerns cell overlapping; in the cellular automaton, only one cell can occupy a grid-point
at any given time. The stochastic model, on the other hand, allows multiple cells to occupy
the same point in space.
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5. Conclusion

In this work, we presented different models to describe the motion patterns that were
observed in Synechocystis sp. cells exhibiting phototaxis. In both models, the property
of the individual bacterium, which we refer to as excitation, propagates to nearby cells,
leading to a very complex dynamics. Our models also account for a surface memory that
facilitates the movement of cells traveling to locations previously occupied.

The excitation mechanism we propose as part of the phototaxis model assumptions
is of critical importance. It is imperative that the excitation property is not only directly
related to the phototactic response of the individual, but it also depends on the excitation
of the surrounding bacteria. This property is what distinguishes our phototaxis models
from models of chemotaxis. Without excitation, the setup would be similar to chemotaxis,
where light could be modeled, e.g., as a persistent chemical of constant gradient pointing
to the light source. This, however, will not explain the delayed initiation of motion toward
light. It is also not obvious how fingers with stable boundaries would emerge without
taking into account a group-related dynamics.

The dynamics of the excitation process determines the way cells influence surround-
ing cells, and consequently how the colony reacts to the light sources. In the models from
Sections 3.1–3.2, we considered two distinct dynamical models that lead to motion pat-
terns resembling the observations discussed in Section 2. In the CA model, the excitation
decays at a constant rate, and increases proportionally to the total excitation of neighbor-
ing cells. This excitation dynamics is relevant also in the setting of the PDE system (6), as
the functions β and γ represent precisely the creation and depletion of excitation. For the
stochastic model in Section 4.2, the dynamics of the excitation process is more complex,
pointing at all times towards a weighted average of the total excitation of the neighboring
cells.

While there is no equivalent in chemotaxis to the excitation process, the surface mem-
ory process L can be viewed as a chemoattractant. In fact, one of our assumptions is that
cells can sense the gradient changes of such chemicals and resist moving in the direction
of decreasing gradients. The main difference with the chemotaxis setting is that here we
assume that this chemical does not decay, that it is not consumed by bacteria, and that it
is produced at a very fast rate (up to a certain level). This means that in practice we can
then approximate it at all times by either zero or one.

The role that the light plays in our models is in setting the preferred direction of
motion. It is possible to add to the models sensitivity to the intensity of the light.
This can be done not only in terms of the speed of motion, but also in terms of
how light can contribute to the changes in the excitation of the bacteria. We do not
incorporate in our models any mechanism that suggests how cells actually “choose”
a direction. The molecular components in phototaxis, including the photoreceptor in
Synechocystis sp. Strain PCC6803 have been recently identified (see Bhaya, 2004;
Bhaya et al., 2001).

The numerical simulations in Section 4.2 clarify the role of the various terms that
appear in the stochastic model. By changing the parameters appropriately, we can control
the characteristics of this model, such as the shape and speed of fingers, how noticeable
the motion momentum effect is, or even the amount of cells left behind when the colony
moves toward the light.
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Another important conclusion resulting from the numerical simulations concerns the
term vg∇ρN in (4); the simulations suggest vg should be very small, or even zero. This is
important as the derivation of the phototaxis system in Levy and Requeijo (2008) relies
on the nonexistence of the corresponding ∇u.

Finally, we would like to emphasize that from a biophysical point of view, most of
the mechanisms that control the motion of Synechocystis sp. Strain PCC6803 remain
unknown. It is our hope that the mathematical models developed here and elsewhere,
will provide the biologists with new insights that will come into play in the design (and
analysis) of new experiments.
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