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Abstract. This work presents a hierarchy of mathematical models for de -
scribing the motion of phototactic bacteria, i.e., bacteri a that move towards

light. Based on experimental observations, we conjecture t hat the motion of

the colony towards light depends on certain group dynamics.  This group dy-
namics is assumed to be encoded as an individual property of e ach bacterium,
which we refer to as 'excitation’. The excitation of each ind ividual bacterium

changes based on the excitation of the neighboring bacteria . Under these as-
sumptions, we derive a stochastic model for describing the e volution in time

of the location of bacteria, the excitation of individual ba  cteria, and a surface
memory e ect. A discretization of this model results in an in  teracting sto-
chastic many-particle system. The third, and last model is a  system of partial
di erential equations that is obtained as the continuum lim it of the stochastic
particle system. The main theoretical results establish th e validity of the new

system of PDEs as the limit dynamics of the multi-particle sy  stem.

1. Introduction.  Bacteria live in environments that can be often limiting for
growth. As a result, they have evolved sophisticated mechaisms in order to sense
changes in environmental parameters such as light and nutgnts. Under certain
conditions, such changes will initiate a motion of an individual bacteria (or even of
an entire colony) in order to increase the resources availality.

In this work we are interested in the motion of Cyanobacteria that are a lineage
of ancient, ubiquitous photosynthetic microbes. Cyanobateria track light direction
and quality to optimize conditions for photosynthesis. The motility toward a light
source is called \phototaxis" and requires a photoreceptoy a signal transduction
event, and a motility apparatus. In a series of experiments eported in [7], time-
lapse video microscopy was used to monitor the movement of dividual cells and
groups of cells. These movies suggest that in addition to thability of single cells
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to move directionally, the overall time-evolution is determined by means of a group
dynamics. For example, even when a directional light is corihuously present, it

takes a signi cant time for the cells to initiate a motion tow ards light. It is also

observed that individual cells are less likely to move towads light while cells that

are grouped together are more likely to move. Some surface m®ry e ects are

also observed, i.e., it seems to be easier for bacteria to tval on surfaces that were
previously visited by other bacteria. Overall, the various patterns of movement that

we observe appear to be a complex function of cell density, sface properties and
genotype. Almost nothing is known about the nature of the interactions between
these parameters for Cyanobacteria.

In this work we derive several mathematical models for the m&on of phototaxis
that take into account certain assumptions about the nature of the group dynamics.
More speci cally, we assume that every bacteria has an intemal property, which we
refer to as its 'excitation’. The excitation of any bacterium is a time-dependent
guantity that is adjusted based on the excitation of the neighboring bacteria. The
excitation of a bacteria must exceed a pre-determined thresold for it to initiate a
motion in the direction of light.

In that spirit, our rst model is a stochastic model in which w e track in time the
locations of the individual bacteria, their excitation, and their trajectories in space.
Numerical simulations of this stochastic model show a quatative behavior that is
similar to the observed experimental data.

Our second model is a stochastic particle model that is obtaied from a dis-
cretization of Model I. In this model all three quantities (b acteria, excitation, and
surface) are converted into particles. Rules of motion as wkas birth/death rules
for all particles determine their dynamics. In particular, excitation particles are
assumed to move together with their associated bacteria, busince excitation for
any individual bacterium can change in time, excitation particles are allowed to
give birth and die. Finally, our last model, is a continuous model that is written
as a system of PDEs for the evolution of the densities of bacté, excitation, and
the surface memory e ect. Most of this paper deals with estalishing the limit of
the particle system as the system of PDEs. The techniques wese follow the works
of Oelschiager [L4] for reaction-di usion equations, and of Stevens [&g for chemo-
taxis. When compared with the work of Stevens, the inclusionof the \excitation"
property, does require us to make some additional assumptits and to adjust some
of the estimates.

Over the past several decades, there has been a lot of actiyiin the mathemat-
ical community in studying mathematical models for chemotaxis (i.e. motion in
the direction of a chemical attractant), starting with the p ioneering work of Pat-
lack [16], and the similar Keller and Segel model [7]. Most of the recent research
e orts concentrate on studying nite-time blowup for the Ke ller-Segel model or on
preventing such a blowup using various regularizations. Sice at this point, these
studies have very little connection to the focus of our preset work, we do not pro-
vide a list of references. We rather refer the interested reder to the recent work
of Hillen, Painter, and Schmeiser, that contains a comprehasive overview of the
state-of-the-art studies of the Patlack-Keller-Segel moe! [11].

In spite the interest of the mathematical community in chemotaxis, phototaxis
models are almost nowhere to be found. Few examples includéq and [21], none
of which considers the group dynamics as a mechanism that igriportant to the
motion. This paper is the rst attempt in that direction. Fin ally, we note that
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@) b)
Figure 1. Bacteria motion when the density is high. The snap-
shots were taken at increasing times. The light comes from th left
of the domain.

we have introduced the stochastic model and its simulationsn a recent conference
proceedings {]. An extensive simulation study of the stochastic model hasbeen

conducted in a separate publication p]. For completeness we do include in this paper
examples of the numerical simulations that can be obtained ging the stochastic

model.

The structure of this paper is as follows: Our rst model, the stochastic model,
is introduced in Section 2. The presentation starts with a summary of experimen-
tal observations, proceeds with the mathematical framewok, and concludes with
numerical simulations. The other two models, the many-paricle system, and the
limit system of PDEs are introduced in Section 3. We start with the particle sys-
tem in Section 3.1. The densities that will be used in the continuous descripton
are de ned in Section 3.2. The dynamics of the particles is described in SectiorB.3.
The formal derivation of the limit dynamics as a system of PDEs is carried out in
Section 3.4. The limit theorems that establish that limit are given in Se ction 3.5.
Section4 is devoted to the proof of Theorem3.2. Concluding remarks are given in
Section5.

2. A Stochastic Model for Phototaxis.

2.1. Experimental Observations. In [7] Bhaya and Burriesci used time-lapse
video microscopy to track the movement of cells. An analysisof these videos has
led us to the following observations regarding the charactestics of the motion:

1. Delayed motion. Even when the light is on, it will typically take a long amount
of time (minutes to hours) for the bacteria to make a decisionto start moving
towards the light. When such a motion is initiated, it always starts in areas
of a high-density of bacteria. Individual bacteria will almost never initiate a
motion towards light.

2. High density motion. When the density of the cells is high, bacteria tend to
move towads the light in one group (see Fig.1).

3. Fingering. In areas of low-density, bacteria tend to remain still, while when
the density of bacteria is high, cells tend to move faster. Sch a \competition"
between the inhomogeneously populated regions results wit ngers such as
those that can be seen in Fig.2. Bacteria that end up being on the edges
of these ngers stop moving (or move very slowly). In some cass it is even
possible to observe ginching. This happens when the density of cells is high
enough to form a nger but as the nger is formed and bacteria move towards
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Figure 2. Creation of ngers with a light source at the upper-
right corner of the domain. Figure (a) shows the edge of the dony
with single cells showing as dark dots. Figure (b) taken seval
hours later show the bacteria moving toward the light source

(a) (b)
Figure 3. Bacteria follow a similar pattern of motion on locations
that were traveled by other bacteria. Shown are snapshots tken
at consecutive times. The light source is from the left.

the light source, the density behind the leading tip decreass. Then, if there
are not enough bacteria present, the tip eventually detachs.

4. A surface memory e ect. The movies suggest that when the cells move, they
mark the surface in a way that makes it more likely for other cdls to revisit
locations that were already traveled by other bacteria. In the time scales we
are interested in (hours), our observations indicate that this surface memory
e ect does not decay at all, or perhaps has a very slow decay ta. Such a
memory e ect is demonstrated in Fig. 3.

2.2. The Mathematical Framework. To derive a model that is based on the
observations and assertions above, we specify three di er¢ stochastic processes.
The rst two concern the position of each bacterium and its excitation at a specic
moment in time, while the third process determines the memoy e ect of the medium
at a speci c point in space and time. To that end, we let N denote the number
of bacteria present in a free boundary medium R?) and denote by X;(t) 2 R? the
position of bacteriumi attime t 0.

We start by assuming that the rst process, L, which denotes the memory surface
e ect, is a pure jump process that is given by

L(txy)= max () (Xi(s)); @)
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where (., is the Dirac delta in R?. While not assuming any particular biological
process that is responsible for this memory e ect (such as alisne mold), equa-
tion (1), simply means that bacteria \mark" the trajectories in R? on which they
travel.

Remark 1. The experimental evidence indicates that the surface memaor e ect
does not diuse over time or diuses very slowly (this is de nitely the case for
the time frame in which the movies are taken, i.e., several hars). Equation (1) is
therefore written without a di usion term. In the context of Section 3, mainly due
to technical reasons, we will add a di usion term to the stochastic processL. In
either case, it can be assumed to be negligible.

Remark 2. It would probably be more realistic to assume that the exterral sub-
stance is produced in a continuous manner, rather than by a pte jump process.
However, in the setting of the multi-particle system discussed in Section3, this
di erence does not play an important role. Also, according to our assumptions,
the quantity of such a substance should quickly increase wheit is in contact with
bacteria (up to a certain level). Hence, even from practicalconsiderations, when
simulating the model, the best way to discretize this proces is according to (L).

The second process is the \excitation process". We denote thexcitation process
for particle i by S; and let (t) be a weighted average of the total excitation in a
given neighborhood of particlei at time t. An example of such a function ;(t) is

X ' + #
j=1

where d( ; ) is the Euclidean distance between the points, and §)* denotes the
positive part of a. We will assume that S; (t) is given by a geometric mean-reverting
process

SO _, o .
S0 (i) Si)dt+ dw(t); )
where is constant (a property of the bacteria) and W;; i =1;:::;N are indepen-

dent Brownian motions.

With i(t) and S;j(t) de ned in this way we know that S;(t) > O forallt O
and also that Si(t) tends to move towards the mean reverting level ;(t). Hence,
controlling i (t) will implicitly control S;j(t) (in particular, if ; is bounded then
the same will hold for S; almost surely).

The third process is the position processX;(t). Here, the motion towards light
should be taken into account. We thus assume that; is a unit vector that represents
the direction from which bacteria sense the light at time t. Together with the
bacteria sensitivity to the surface memory, this can be encded into a C! function
q: Ry Ry R?! [0;1] satisfying

1. qis strictly increasing in the rst two variables.

2. limgn  q(s; ;) =1

3.q(0; ;)=0.

We can thus de ne the position process

dXi(t) = vsq (Si(t) K)*;L(txy)r LN(txy) cdt+ vidwi(t);  (3)
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where Wi (t) are independent 2-dimensional Brownian motions andvs; v, are the
maximum velocity components for 1) excitation and sensitivity to external sub-
stance, 2) the random phenomena. For eactN > 0, LN is the stochastic process
obtained from L by a convolution with a molli er. Equation ( 3) is designed in a
way that guarantees that bacteria tend to move in the direction of light only if
the excitation exceeds the predetermined thresholdK . In such cases, the surface
memory e ect is also taken into account in the overall motion towards light. If the
excitation of an individual bacterium does not pass the threshold K , the only mech-
anism that controls its motion is a random phenomenon. This nodel thus accounts
for sensitivity to the extra substance, sensitivity to light, and random phenomena.

Remark 3. In order to take into account the possibility of time periods without
any light, the processesS;(t) can be changed by either making them decay fast
when the light source is not present or even by making them jurp to values below
the threshold K at the moment the light source vanishes.

Remark 4. The main di erence between our model of phototaxis and the clemo-
taxis model of Stevens [ 8] resides in the existence of theexcitation quantity, which
is an internal property of each bacteria. Equation (2) has the desired e ect that an
individual's excitation will evolve towards a surrounding neighborhood trend (given
by i(t)). The excitation serves as a mechanism for taking into accont the group
dynamics. The threshold that the excitation must pass in order to initiate a motion
toward light serves as a way for encoding the observed delayithe response of the
bacteria to light.

2.3. Numerical Simulations. We used the model described in Sectio2.2 to sim-
ulate the behavior of a bacteria population. The simulation is done by discretizing
(1), (2) and (3) for small time increments. The functions and parameters that were
used in our simulations are: t=0:1, =0:3,K =0:1,vs =3:0,v, =0:05, and
q(s;w;v) = (w;v) 1 exp( s) ,where (w;v)=maxfw;v ¢;0:2g. For the sake
of brevity, we refer to [5] for the details of the discretizations of the model equatims.

In Figures 4, 5, 6 we show shapshots at di erent times of a bacteria motion in
the direction of a light source that is located to the left of the domain. Bacteria
surrounded by a higher number of individuals tend to move fager.

Under certain conditions, one can localize the bacteria to goint in a way that
there is a seemingly unlimited growth in their density. One possible mechanism
to obtain such a result is to change the direction of the light source in time in a
way that collapses all the particles into a small area. This s the result of a higher
percentage of surface being marked, as well as an uniformlyigh density of particles.
In this way, particles are allowed to move faster, and thus cacentrating on small
areas. Such an example is shown in Figurg@. In this simulation we start with
5000 bacteria that are normally distributed in R?. The light changes its direction
according to the iterations indicated in Table 1. Figure 7 shows the snapshots taken
at iterations 100, 140, 230, and 360.

In some experiments it was observed that the tip of a nger canseparate from the
rest of the nger. This \pinching" phenomenon can be also obfained in numerical
simulations, as demonstrated in Figure8. This sequence shows the tip detaching
shortly after a nger is formed. This e ect is a result of a mix ture of areas of lower
and higher density of particles. Although the nger is formed due to a high density
of particles, there are not enough particles in the back of tle domain to keep up
with the forming tip, leading to its detachment.
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@) (b)

(© (d)

Figure 4. A simulation of a bacteria motion towards the light
source, on the left. The initial distribution has one area with high
density and one area with low density.

(@) (b)

Las)

(©) (d)

Figure 5. A simulation of a bacteria motion towards the light
source, on the left. The initial distribution is composed of two
Gaussians.
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iteration 0 100 140 230 280 330 370 400
direction j j # b " j j # [
Table 1. Iterations and directions bacteria tend to move to. For

example, between iterations 230 and 280 bacteria sense thight
from the top of the domain and consequently tend to move upwads.

@) (b)

(© (d)

Figure 6. A simulation of a bacteria motion towards the light
source, on the left. The initial distribution is of particle s that are
uniformly distributed on lines. The radius of the neighborhood
in which the bacteria adjusts its excitation equals to the distance
between two vertical lines.

3. From a Many-Particle System to a System of PDEs. Our main goal is
to derive a continuum model that resembles the stochastic miod (1){( 3). The
general technique will closely follow the methodology of 18] and [14]. The rst
step is to create an interacting many-particle system in whch all populations are
represented by particles. Clearly, the individual bacteria can be easily thought of
as a particle. To this set we will also add excitation particles and surface particles
(that will describe the surface memory e ect).

3.1. A Particle System.  We consider an initial population of approximately N
particles that can move in R?, die, or give birth to new particles. As the initial
population size N tends to in nity, we rescale the interaction between individuals
in a moderate way. This means that the instantaneous changefa particular particle
depends on the con guration of the remaining particles in a reighborhood, which
is macroscopically small and microscopically large. Thats, the volume of such a
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() (b)

(©) (d)

Figure 7. Localizing the bacteria by changing the direction of the
light source in time. Figures (a){(d) correspond to iterati ons 100,
140, 230, and 360.

(@) (b)

(© (d)

Figure 8. A detaching tip shortly after a nger forms.

neighborhood tends to 0 asN ! 1 and it contains an arbitrarily large number of
particles asN !'1

Given N 2 N, we consider a set olN particles (located in R?) that are divided
into three subpopulations: bacteria, excitation and surface. From now on, these
subpopulations will be denoted by the indicesu (bacteria), v (excitation), and |
(surface). Denote byM (N;r;t), wherer = u;v;l, the set of all particles belonging
to population of typeq at time t. We also denote the total number of particles at
time t by M(N;t) = _ .,y M(N;rt).

For k 2 M(N;t), let Pf(t) 2 R? denote the position of particle k at time t.
We would like to emphasize that particle k can be either a bacterium particle, an
excitation particle, or a surface particle. We then conside the measure valued

processes

1 X
t! Sur ()= — pi (1); (4)

k2M (N;r;t )
wherer = u;v;| and « denotes the Dirac measure ax 2 R2.
Excitation was initially de ned as a property of an individu al bacteria. Hence,
excitation particles should be associated with a particula bacterium. We therefore
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have to be particularly careful with the numbering of the excitation particles in the
setM (N;v;t). To that end, de ne M (N;v;t) M (N;v;t) as the set of excitation
particles that are associated with bacteriumw 2 M (N;u;t). For any bacterium
w 2 M (N;u;t) we can then de ne the measure valued process

X
th Snyw (1) = px (B): 5)
k2My (N;v;t )
Equation (5) is the sum over all the excitation particles that are assocated with
that bacterium. N("ge that since f M, (N; Vi t)Qwam (n;uy ) IS @ partition of M (N;v;t),
then Sny (1) = & Lom (Nt ) Shvaw (1)

3.2. Densities. We now introduce smoothed versions of the empirical process
above. For a xed symmetric and su ciently smooth function W; (see [L4] for
technical conditions on this function), let

Wy (X) = R Wi( nX); Wi (x) = 2 & Wi(Mnx);

where n = N =2 and ~y = N*2 for xed scaling exponents and ~. We also
introduce a sequencey = N . Given an arbitrarily small > 0, we assume that
, N, and satisfy
2
No—and 2(1+2 )< < = 6
3 (1+2) c 6)
We are now ready to de ne forr = u;v;l

snr (6X) = (S (1) Wn Wi )(X);

7
S (6X) = (Sny (1) Wy Wiy )(x); ")
and, forw 2 M (N;v;t),
Snwvaw (6X) = (Snvaw (1) Wn Wi )(X);
(8)

Snvivaw (6X) = (Snvaw (1) Wi Wiy )(X):

The functions de ned in (7) and (8) formally represent the density or concen-
tration of each subpopulation nearx at time t. We introduce two density versions
of each type  and $) for technical reasons that will be made clear later. A more
thorough discussion and technical details can be found in1[4]. Finally, we de ne
the following auxiliary functions that will play a major rol e in the analysis below

W (X) =(Wn W) (X);
hnge (X)) = (Snyr (1) W) (X);
forr = u;v;l. Note that the de nition ( 9) implies that sy (t; X) = (hnyr (t) Wn )(X)
and 8\ (%) = (hy (1) Wi )(%).
3.3. Dynamics. Existing particles can move (in R?), and they can also cause dis-
continuous changes to the population, i.e., they can die or ige birth to new particles.
We start with describing the motion of particles. In what fol lows, f WX (t) gy, m (Nit)
are independent 2-dimensional Brownian motions. For the bateria particles we let
(fort 0)
p —
dP{ () =g Sk (6P (1) S (& P (0):r sna (EP (1) dt+ " 2dw *(t)
=gk LPX() dt+  2dw X(t); 8k 2 M (N;u;t):

(9)

(10)
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Here, of (tX) = g(8nvk (6X); 8N (6X); 1 sny (X)) (compare with (3)). The exci-
tation particles move together with the bacterium they are associated with. Hence,
we impose

dPS (1) = dPY(t); 8k 2 My (N;Vv;t): (11)
Finally, for the surface memory particles, we have
dP¥ (t) = P 2.dw X(1); 8k 2 M (N;I;t): (12)

We assume that is a small positive constant, so that the surface memory e et
di uses at a slow rate.

We assume that any bacteria particlek 2 M (N; u;t) at position P¥ (t) = y may
induce discontinuous changes in the excitation ¥) and surface () subpopulations;
namely they give birth to surface (type I) particles, with intensity  (t;y), and
they give birth to excitation (type v) particles, with intensity nk (ty). We also
assume that any excitation particle, k 2 M (N;v;t) at position P§(t) = y, may
cause the death of excitation particles, with intensity n.k (t;y). (This is equivalent
to saying that the death rate of the excitation particles is proportional to the density
of these particles). These intensities are assumed to depdron the densities of the
N -particle system, i.e.,

Nk (BX) = Bk (5X); 8w (6X)5 8N (6X));
Nk (EX) = (Bnevik (6 X)5 8w (6 %) 8y (1X)); (13)
N(EX) = (B (5X)5 8N (6 X)):

These birth and death processes are given as

Zt

K1) = Qy I v (K Nk GPEC)N
z°,

K1) = Qy RERILY nk GPEC)d (14)
Z

t
()= Qy RETILY NGRS

where Q,, are independent standard Poisson processes. The point presses  (t),
K (t), K (t)forajump of size 1 attimet, have intensitiesly (v y(K) Nk (6P (1),
Inm vt ) (K) Nk (6P (1), and Ly neue y(K) N (6P (1)

3.4. The Limit Dynamics. In this section we present a heuristic derivation of the
limit dynamics of the particle system (10){( 14). The idea is to use It6's formula on
the processes10), (11) and (12) to obtain integral systems for Sy (t), r = u;v;l.
At this point we take the limit when N !'1  and arrive at an integral system for
the densitiesr(t; ) corresponding to Sy (t). The phototaxis systemfollows after
integrating by parts the limit integral system. At this stag e, the transition to the
limit densities will be formal. This connection will be rigorously established in the
following sections.
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Using It6's formula on (10), we obtain for f 2 Cé;z(R" R?) and bacterium
k2 M (N;u;t),

Zt
f PS({) =f 0;PK(0) + Pt PEC)  dwK()
Z:ih °
ot PO o PE() (15)
0 .
|
ref P{() + f P{() d:

In order to simplify ( 15) we de ne the functional T : C;'*(R*  R?)! R by
TNC)=r" SPYE() o8 SPE() +@ PY() + ' sPE() : (16)

Thus, (15) reads

Z, Z,

f PX(t) =f OPX(0) + TS(f)d + p2_rf PEC)  dwk(t): (17)
0 0

R
Let h;f i = ., f(x) (dx) for any measure and real-valued function f in R?.
In order to study the limit behavior of the bacteria particle s, we are interested in
computing hSyr (t);f (t; )i. Since there are no births or deaths of typeu particles,

1%t X
hSn.u (t);f (t; )i = hSn.u (0);f (O; )i + N T,'j (f)d
0 k2M (N;u; )

Z,
+Ni P2t k() awk()

0 kam (N;u; )

(18)

For the excitation particles, i.e., k 2 M (N;v;t), we have to take into account birth
and decay. The motion of the excitation particles follows the motion of the bacteria
particles (see (1)). Thus

MS;v (1); f (L) )i =Ni f P (t) +hbirth/decay terms
k2M (N;v;t )
1 X
=5 Snww () PKC) T GPE(®) (19)
k2M (N;u;t )

+ birth/decay terms :

Hence,
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FSniy (1) (& )i
= Sy (0);F(0; )i

1 ‘ X k k
"N Snvaw () PR () Ty (f)d
OkZM(N;u;)
1 ! k P o .pk k
*N Snvw () Pu() 20 f SPR() dWi(t)  (20)
OkZM(N;u;)
1Zt X k k
*N f 5PN() N(d)
Ok2M(N;u;)
1%t X

f S PX() K@)
0 kom (N;v; )

Finally, for the surface particles we have (see 12)):

Cox
s (03 (8 )i = My (0):1 (05 )i + ¢ T (f)d
. 0 kam (N:I; )
Cox
+Ni PTrE PEO) AWK
0 koM (NI )
1%t X
. fPEO) K@)

0 k2m (N;u; )

To deal with the random components of the dynamics, we introdice the processes
Z, x
p

MN(tf)= 1 21 f SPX() dwX);  r=uvil;
N 0k2M(N;r;t)
wi =+ 1 pl X (d PS() d
v (1) =5 PaC) Nn@) ok SPR() ,
0k2M(N;u;) 22
N Zi X k k k 22
M. (t;f):ﬁ . f PN() N (d) nk SPN() d o
k2M (N;v; )
N Zi X k k k
M G =S foPN(C) (@)~ 5PR() d

0 k2M (N;u; )

The processes de ned in 22) are martingales with respect to the natural Itration
generated by the processes! P (t); 1y (nrt )(K) 1K (t) where 1K (t) is the in-
dicator function of the lifetime of individual k. If we assume that the quadratic

variation of these martingales tends to 0 asN ! 1 , they can be neglected when
passing to the limit dynamics.

From Section 3.2, we see that in the sense of distributions,
N|![ﬂ Wy = l\llllq] \i\\/N = -
Forr = u;v;l andt O we assume that in some sense (similarly tolf] and [14]),
Nli!gn Snir (1) = Si(1);
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where the measuresS; (t) have a smooth densityr (t; ). It follows that
Jim sy (6 ) = lim S (6) = r(t);
and
ngg'n rsw (t )= h|l||r11 rénr ()=o)

Let up(), vo() and lp() be the densities of S;(0), S,(0) and S;(0). De ne
1 (;x) = (u(;x);I(;x)) as the growth rate of surface memory atx 2 R? at
time . Inordertodene g1, 1 and ;, we assume thatasN !'1 |, the total
excitations of bacteria (w and w) that are close with respect to the size of the
interaction domain should be close to each other. That is, ifiPy (t) Py (t)j is
small compared to the domain of interaction then

IMw(N; Vi) ") Mw(N;vit)j:
Thus, in the limitas N !'1 |, Sy.v.w (t) should be approximated by the number of
excitation particles at Py (t) divided by the number of bacteria particles at P (t),
ie. P
: (PN) _ Sny (D(PY)
S () (PV) ' P K2Sv(Nit) P& — SNy NJ.
o (D(PN) k2se(nit) P (PN) S (D(PY)

which, in turn, implies that

. vt x)
N'![” Snix (1) = utx)’
Hence, we get
@ ()= 9 SR i)
()= GG )
v VG) Ly
l(!)_ u(.)’u(r)’v(!)

We can now formally take the limit and obtain
hu(t; ); (8 )i = hug();f (0; )i
z

t

+ . ut; srf(s ) o (G )+ @f (5 )+ f(;)d

v(t; ) f (6 )i = h/oz();f(O; i
t
+ v, );rf(;) oo (5 )+ @f(; )+ f(;)d
Zot Zt
+ Ohl(t;);l(;)f(;)id Oh/(t:);l(;)f(;)id
At ) f(t )i = Hoé);f(O; )i
+ t It ),@f (; )+  f(;)d
ya

+ h(t ) 1 (5 )f(; )id:
O (23)
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Integrating (23) by parts we obtain the system
g @Qu= ur g(v=u;l;r Du ;
S @= vr glv=u;l;r v + (v=u;u;v)u  (V=U; U V)Y, (24)
T @= I+ (uuy;
which we rewrite as
8
>@u= ur g(u;v;l;r Du ;
@v= vr g(u;v;l;r Dv + (u;v)u (u;v)v; (25)
@= I+ (uhu:

>

with a new function g that replaces the function g in (24). From now on, we will
refer to the system @25) as the phototaxis system

Remark 5. The structure of the system (25) is not surprising, We expect the rate
of change on bacteria densityu to be given by a di usion part (originating from
the Brownian motion) plus an advection term that captures the sensitivity to light
and the external substance. Similarly, the excitation density v, can be expected
to follow the same motion pattern asu and hence an identical velocity, with the
addition of birth and decay terms. The surface is marked promrtionally to the
motion of the bacteria, with a weak di usion term.

Remark 6. The phototaxis system (25) is similar to the classical chemotaxis system

(

@u= wur (u;v)ur v

(26)
@= 1+ (uhu (u; DI
whereu is the bacteria density andv is the density of chemo-attractant. The main
di erence in our case is the existence of an internal propest, which shows up in the
system (25) as a quantity that closely follows the dynamics of the bacteia u (plus
the additional birth and decay terms).

Remark 7. Our derivation is based on the assumption that, asN ! 1 |

IMw(N;v; )] "] Mw(N;v;t)j if PY(t) = PY(t). Thatis, as N !'1 , our model

looks like a reaction-di usion system, which allows us to ug the methods discussed
in [18] and [14]. As mentioned above, when rescaling the interaction in a mder-

ate way, we are looking at neighborhoods that are microscopally large. Hence,
asN 'l , we expect to have an arbitrarily large number of individuals in such

neighborhoods.

Remark 8. Comparing with the model introduced in Section 2.2, arriving at pos-
sible functions for g and is fairly easy. In fact one can use the functionq with
minor modi cations in place of g. For and one needs to be somewhat careful
as these functions regulate the dynamics o¥. In particular and must lead to
bounded, and well-de ned asu approaches 0. A possible choice is(u; v) = 0 when-
everv > Cu for some xed constantC, and (u;V) large enough whenu approaches
zero in order to guarantee the smoothness of. This choice for guarantees the
boundedness of;, while the choice for ensures thatv approaches zero su ciently

fast when u approaches zero.
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3.5. Limit Theorems.  In this section we proceed with the formal approach corre-
sponding to the description given in Sec3.4. This approach follows closely the work
of Stevens [L8], and Oelschlager [L4]. The idea is to consider an intermediate system
(see @7) below), and show that the solution for this system is in somesense close
to both the solution for the phototaxis system and the limit of Sy, asN !'1
The precise statements are given in Theorem8.1, 3.2, and 3.3. Theorem 3.1 as-
serts that the solution for (27) converges to the solution of the phototaxis system
inthe j jjo.r; introduced below. Theorem3.2 shows that the di erence between the
solution for (27) and a smoothed version of the processeSy.; is approaching zero
asN !'1l . Finally, Theorem 3.3 combines the results from the previous theorems
to conclude the desired result.

Before stating the main results, we will outline some techntal assumptions. We
assume thatW; is a symmetric probability density (as in [18]). This is a reasonable
assumption as a Gaussian probability density satis es it. $nce sy, and $\, are
given by a convolution with Wy and Wy , we have the estimate

@1+ ko
ﬁSN;r
(@x)* (@x)*> co
whereky; ko 2 N, t 0.

We also assume that the following quantities are positive,; ; > 0; that the
function g is continuously di erentiable and bounded together with it s derivatives;
that ; ; are continuously di erentiable and bounded together with their deriva-
tives; and that ug;vo;lo 2 C} (R?) with hug; i;hvo; i;Ho; i C for (x) =
log(2+ x?);x 2 R2. The form of this function is identical to the one in [18]. Finally,
we assume that for somel > 0, the phototaxis system (24) has a unique positive
solution u;v;1 2 Ct ([0;T] R2%R)\ CO(0;T];L2(R?)) such that v=u is also in
Cp (0;T] R%R)\ CO(I0; TT; L2(R?)).

Denote by jj jj , the L2-norm in R? and de ne

VA
ij[oﬂ=§ugjjfjj§+ .y fjj5dt;

C(ka; ka)hSy (t); 1i A2kt ke,

for any function f 2 C°([0; T];L?(R?)) \ L?([0;T];L2(R?)). We also de ne for all
positive measures 1; » on R?,
d( 1; 2)=supfh 1 fi:f 2 CHR?;jiffico + Jir flico 1o
We are now ready to consider the system
s@ON:r roy  Onln
@ =r o OO+ NON NN (27)
@n= fv+"von;

subject to the initial data Yy (0;X) = My o(X), N (0;X) = Wy o(X), and f\ 0;x) =
fo(x). Here, Oy (t:x) = g (On (t ) Wi )00: (O () W) (6 ) Wi )(x);
ron(t ) Wh)x) , ntx) = (On(t ) Wa)X)in () Wy)(x) , and

N (5 X), n~(t;x) are de ned in a similar way. We assume that the system £7)
has a unique positive solutionuy ; Oy ;fy 2 CX* ([0; T] RZR)\ CO([0; T]; L2(R?))
such that ¢y =0y also belongs toCy™ ([0; T]  R%R)\ CO([0; T]; L2(R?). Under
these conditions, the theorems from [&] that were formulated for the chemotaxis
system hold also for the phototaxis system:

3
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Theorem 3.1. If Ono:¥no:lNo 2 Cl (R?) and

Jim - jjowo  uoliz + o voliz + ifo  loji5 =0; (28)
then the solutions for (27) are uniformly bounded with respect toN in the associated
norm and

Jimojon Uiy + i Vige + i Ty =0 (29)
Theorem 3.2. Assumeh that the initial distributions of particles are conwerging

Jim P (00)  Onofi + iy ©) 90 oli (30)
+jing 07)  foii3 8% =0;
and that the number of particles grows in a controlled way, é.,
nI!ilrn h?lZJEP[rSN 0);2i n]=0: (31)
Then h i
Nli!gn P jbnu  Onjpgryt by O+ b fNipr;  ~ =0; (32
where Oy, O, f\ is the unigue solution for (27).
Theorem 3.3. Assume that the initial distribution of particles is controlled in the
limit
im r\?lzjgp[hsw (0); 2i+ hSyy(0); 2i+ Sy (0); 2 n]=0; (33)

where (x) =log(2+ x?). Then Sy, converge in probability to the corresponding
densities, i.e., for > 0,

lim P supd(Sn. (t);u(t; ))+sup d(Sn.v (t); v(t; )) (34)
N1 t T t T

+sup d(Snq (1);1(t ) =0:
t T

Theorem 3.3 gives us the desired result, i.e., the phototaxis systemJ4) is the
limitas N !'1 for the particle systems whose dynamics is de ned by 10), (11),
and (12).

The proofs of these theorems follow the arguments in1[g]. The main di erence
is in the proof of Theorem 3.2 This proof requires adjustments to some of the
estimates in [L8. In Section 4 we sketch the proof of Theorem3.2. We do not
provide the proofs for Theorems3.1 and 3.3. The proof of Theorem 3.1 is similar
to the one for Theorem3.2, where estimates tojfy  rjj,.+, are obtained in the same
way as in Sec4.2. Theorem 3.3 is a consequence of the rst two theorems, and its
proof can be repeated by following the arguments in18] with minor modi cations.

4. A Sketch of the Proof of Theorem 3.2. Generally, the proof follows the
arguments of [Lg] with some necessary adjustments that are outlined below. &
technical reasons, we will need to consider the following sfem

8

> Quy =r ruv. OvUN ;

5 @w =t rve  OvVn + n~NUN N VN (35)
@n = IN+ NUN;
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subject to the initial data uy (0;X) = uno(X), VN (0;%X) = vyo(X), and Iy (0;x) =
Ino(X).  Here, gn(tx) = g(8nw (EX)=8nu (EX);1 sng (6X)i1 Snau (6 X))
and n(t;x), n(tx), and \(t;x) are de ned analogously. Note that gy, n,

n, and § do not depend directly onuy, vy, or Iy. This is the phototaxis sys-
tem with frozen nonlinearities. We assume that this system las a unique regular
solution uy, VN, IN.

The sysﬁem (35) will be used to show that for a suitable stopping time Ty,
i

N'![ﬂ P jbnu  UNjgrgg T ibnw  Wigr g tibne Injoryr N =0
We will also determine that

N'![ﬂ P jun  Onjpry v i Ny iin N > = 0;
and using a triangle inequality, conclude with the desired esult of Theorem 3.2,
Following our previous assumptions, we assume that the di eence between
Sneveu (6 X)), 8nev (B X)=8na (E X), and v(t; x)=u(t; x) converge to zero su ciently fast
whenN 'l . A consequence of this assumption is that

O o)X An(GX)ir diigo (36)

wherejjAn jj, ! Osuciently fastas N !1 . The same estimate holds wheryg is
substituted for or . Another consequence of such assumption is that the quantjt
v(t; x)=u(t; x) is bounded and goes to zero as(t; x) goes to zero. In particular, we
must have ,
v(t;x)  v(ty) I a2
WEx)  uy) Cliu(tx) ulty)i;: (37)
We assume that this behavior is valid for both systems 27) and (35). Essentially,
such an assumption is reasonable as one expects the excitati to tend to zero (at
a certain rate) in locations where the density of bacteria ato tends to zero.
Due to the hypothesis (31) and the fact that is a bounded function, we have

lim supP[suphSy( );1i n]=0: (38)
'l N2N T

This means that the number of particles is in some senseontrolled up to time T.
Note that the quantity hSy ( );1i is the total number of particles at time divided
by N, so that (38) really means that the ratio between the number of particlesfor
the N -system andN is bounded almost surely.

Based on @38), it is natural to consider the following stopping times

N()=inf > 0 suphSy( );2i(!)>n

Note that (38) is valid if one substitutes T with any T < 1 . In particular, de ning *

N = TATY, one has limiy P[T{ >T]=1, so we just need to show that
h i

Jm Pt Onjigrgy* ey Wiy + it fNioror N =05 (39)
in order to conclude with (32). To that end consider the hitting time

n 0
tn()= >0 jhny  Onjp  * iy Ot fnio g (1) w

lthe notation ~ meansa” b=min fa;bg
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For any stopping time Tg = To(! ), denote [0, To] = f ~ Tp: O0g. With this
notation and from the de nition of ty we have
h i

P hth:u ONjjorgy ¥ IhNw g7y + hng fNiorgr
=P hth;u ONJornntyy T IMNY  ONJorgag g+ i f\Nj[O;T,{}"tN] N
P th;u uNj[O;T,{}"tN]+th;V VNj[o;T’\n‘/\tN]-thN;l le[O;T,{}"tN] N

+ P jUN on[O;T,\”"‘tN]+jVN ONj[O;T,{}"tN]-'-le f\Nj[O;T,\”"‘tN] ey
(40)

The inequality above comes from using the triangle inequaty and from noting that
for N large, 7 =N @ )< N = 5 We need to estimate the right side of
(40) in order to achieve (39). Those estimates rely on uniform boundedness with
respect to N of sup T Aty Jidnir (t; )iic2. This is a consequence of Theoren3.1
and was done in [L9].

We note that (40) brings the system (35) into play. As mentioned above, the
idea for the proof is to show the solution of @5) is close to hy,, and also to the
solution to (27). We rst look at the rst term on the right-hand side of ( 40). In
what follows, t  TJ ~ tn .

4.1. Estimates for jhy rNj[O.Tn Ay In order to obtain an estimate for the
TN

rst term on the right-hand side of ( 40), we will rstlook at jjhyn: (t; )  rn (G )jjg,
for r = u;v;l. We have

jibng (6 ) (i3 = Mg (6 )ihng (6 )i 2k (6 )irn ()i

+hn ()i (G )i 1)
We rst note that
1 X
thnge (6 )5 by (85 )1 N2 W (P (1) Py (1)
kl2M (N;r;t ) (42)

terms resulting from discontinuities
in the size of populationr,

and look at each of the populationsu, v, and |I. Following the arguments of [L§]

with the necessary adjustments due to the new terms of the fan gf g, for the
bacteria particles (type-u) one can obtain the upper bound

sup  jihnw (&) un (8 )3

t TAT] Mty
i hnw (05)  un (0;)ii3 (43)
ZT’\T,GAtN 2
2 rm-hnw(5) un(; ) d

0 2
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ZT-ATNnAtN )
+ CC supjihna (3 )AN (G )iz d
0
ZTAT,\n‘AtN )
+CC supjihn () un (5 )ijpd
0
ZT'AT,S"IN

= it (hwa () un (s )iisd

ZTAT’GAtN
+ CCT hSy. (0); 2i%exp( C° )+ CC 2 2 i jjun (5 )jj3d

C ) . .
+ N ﬁlTrSN;u 0);1i + sup M (1))
t TATD Aty

Here,

Z
— 2 ‘ X P . . k k .
MN;U (t)_ NI 2 r SN;U uN(1 ) WN !PN( ) dW ( )!
N 0 k2M (N;u; )

is a martingale with respect to fF a1paty 9 2(0;7]-

Note that on the RHS of (43), besides the terms injjhn, (t; ) rn (8 )jjg and
ir (hnau (6 ) un (8 ))jjg, all the other terms tend to zero asN !' 1 . This
happens due to @36), the initial choice for the coe cients , and the martingale
inequality above.

For the excitation particles (type-v), the following estimate holds:

sup  jihnw (6 ) w (& )5

t TAT At
i 05) v (05)jis
ZT'AT,SAIN 2
2 rohao(; ) ww(s) d
0 2
ZTAT’GAtN ) )
+C Csupjihnu (5 )ANC Diis +sup jjAn(; ) Waijsd
0
ZT‘AT’G,\IN . -2
+CC . supjibne () un (5 )iz d (44)
ZT'AT,SAIN )
+C supjibny (5 ) ww (5 )iisd
0
ZTAT,SAtN - >
+ = jir (hna (5) un (5 )ijzd
C o
+ CCTsuphSy (A TJ);1iexp( C° y)
T
§ Z TAT,GAtN - s
+CC § 2 jive (5 )i d

0
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C 2
+ — N TsuphSy( A TH);1i+ C-NTsuphSyy (A TY); i
N L N by

+ sup  jMny(Dj+  sup MN;;\?(t) +  sup M,\j;vl(t)
t TATD Aty t TATD Aty t TATD Aty

; 0 vl .
+  sup My, (1) +  sup My, (1) :
t TAT Mt t TAT Mty

Here, MN;;\? (t) is a martingale with respect to the lItration fF ~7art, 9 2107
de ned as
Z, x
WO §d) wk PE()d

Y —
My, () =
0 k2M (N;u; )

1
N 2
Finally, for the type- | particles, from the dynamics de ned in Sec. 3.3, type-|
particles behave in a similar way to typev particles except for the terms involving
g. This means that the estimates for the population| are exactly the same estimates
as the ones obtained for typev particles without the terms in g and without the
death terms.
Combining the estimates for all three types of particles (i, v, and |), for " < %

C large enough, andN large, we conclude that

#
X Z Tty 2

sup it (6 )t )iy + rohe(5) ()
0

rzuvi t AT Aty 2

is less or equal than the sum of the right hand sides of43), (44), and the expres-
sion that is the analog of (44) for type-1 particles. Using Gronwall's inequality on
this expression one gets, for some ne@ depending onn, T, and all the previous

constants,
h h

P E jhnu ”NJ[O:TN”i“‘N1+ th:Vi o ata]
H : 1+2
+hth;| lNJ[O;T,{}"tN] C N+
P jibnu (05)  un(0;)ij3 + jina (0;)  In (05 )ii3
i
+jiba 0) IN@)iZ+ ' C R
< (N);
where (N) when N !'1 (this is because of the assumptions on the constants,
, and the assumptions for timet = 0). It follows that
h
P Ung e * th;\i/ oy aen ]

. . 1 A
+JhN;| |NJ[O;T’{}/\tN] N+ =0:

4.2. Estimates for  jry - fnjo.rnar, ;- We now estimate the second term on the
RHS of (40). Like before, we rst look at jjry r\ijg. Since

@huny  Ons;un OnE=2huy On; @(un On)i
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we get

jiun (&) O ii2 = jiun (0 ) o (0;)i

Z:D E
+2 un(s ) On(s )r run(; ) on(s d

2D E

2O un(: ) On(s )ir on()un(s ) Ou(s )On(; ) d

Z (45)

=i @) onODIE 2 rw() oG 2d

Z,

2 ruv(; ) on(; son(s)un(; ) On(; ) d

Y

2O ruv(s ) On(s s onG ) On(s ) On(s ) d:

Sinceg is bounded, the second integral on the RHS of45) is bounded by
z t
.. . N2 1 . . 2 4.
C OC”uN(y) 0N(1)”2+E r UN(,) 0N(y) 2dy

and an estimate for the last integral is

zZ, o _ )
nv () OnG ) Wi . . )
¢ 0 c Svu () on(: ) Wy %+Cr svi() NG ) Wi ,
+éruN(?) on(:) 5 d:
(46)
From previous assumptions ¢6) is bounded by
Zih )
C  C &u(:) on(i) Wy
0 2
+Cor osu() G ) Wi z (47)
[
+é roun(s) on(i) o ds

and one can estimatejvy (t; ) On (L )jjg and jjIn (t; ) f\ (t; )ji3 the same way.
Also,

N ) N )3

NO) )
Zt 2 2 Zt

2 G NGoodrC G on (s i
Z

P sw() o) W+ su() WG W d

0
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leads to

Int ) N

0TS Mtn ]
Zt
C  jiun(; ) on(; )jidd
°z, , (48)
+C Snau () OnCs ) WNZ
0

2

+ &) NG ) Wiy zd;

2
which has notermin r &y (; ) IN(; ) Wy - This is an important fact,
because since

Coae () NG W
Coe () NG
Che GG G NG

2
we can use the estimate48) to bound thetermsin r &y (; ) f\ (:) Wy

2
coming from the estimates forjjuy (t; )  On(t; )jjgandijN (t; ) On(t )jjg. Hence,
for T T, and assumingC > 1, we have

X ) I
sup  jirn () AN ()l

r=uvi U TATI M

A #
'I‘/‘TN"tN 2
+ rorv(s ) MN( ) d
0 2
X .. .2
cC Jirn 0; ) A (0;)ii5
r=uyv;l

t
.. " 1
+CCliun(;) OnGZ+ < () () d
0
X ZTAT,GAtN

1 2
+ = rorv(s) MN(r ) L d
C _ ... o0 2
r=uv;l
X ZTAT,\n‘AtN . >
+C supjirn (5 ) P (5 )ijzd
r=uv;l 0
+CT sup  isny (&) ra (6 )iis
r=uvi t TATI Aty
ZTAT,GAtN 2
+ C roswa(s ) InCs) d:

0 2



126 DORON LEVY AND TIAGO REQUEIO

Thus for for C large, one gets using Gronwall's inequality,

X ) N
p4 irn () AN )J[o;TgAtN] > 50

2
" r=uv;l
CcTn X . 2
P Ce-'v irn(G;) M (O;)j5
r=uv;l
X . .2
+ sup jisny () rn (6 )i
gy € TnAtN
r=uv;l N I ”
Z 'r'ATn I\tN 2 N
+ 1 (; I d > —
r roswi(s ) InGi) , >
CTy X 2
P Ce~'n Jirn (0;) A (05
r=uyv;l | #
X ) ' N
+ isnr (6 ) (8 )J[o;TNnAtN] > > :

r=uyv;l

From the result in 4.1 and the assumptions fort = 0, this quantity goes to zero as
N 'l : Thus the second term of @0) is valid and (32) follows.

5. Conclusion. In this paper we have derived a hierarchy of models for desdsing
the motion of phototactic bacteria. The novelty of our approach was in assuming
that the motion of the colony of bacteria strongly depends ongroup dynamics,
rather on decisions made by individual bacteria. The postuhted group dynamics
(whose existence is evident in the experimental data) was icorporated into the
models through the excitation property.

The phototaxis system (24) we obtained, resembles the known chemotaxis sys-
tem. The main di erences between both systems are related tdoth the existence
of an internal property, and to the restrictions imposed on the parameter functions.
For example, in the phototaxis system it is assumed that the elocity is bounded.
This is not the case with the chemotaxis system.

While the analysis presented in this paper closely followshe methods of [L4, 18]
the additional excitation property, which is a property of t he individual bacterium,
adds another layer of di culty to the analysis. From an analy tical point of view, the
phototaxis system does pose several di culties as there is aystem-wide dependence
on v=u and g depends onr | in a nonlinear manner.

The method used in this paper works only for a di using surface memory e ect.
The details of the analysis as presented here do not allow theensitivity function g
to depend on any derivative besides |. It would be interesting to study the e ects
of adding such terms into the phototaxis system, i.e., a sys#m of the form

g@u= ur g(u;v;l;ru;r Du
@= vr g(u;v;lrusr Dv + (u;vu (U; V)V;
@ = (u;hu:

Such a system will allow, e.g., to directly consider a motionof the bacteria that
tends towards areas of a large density of bacteria.

>
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An extensive simulation study of the stochastic model to deermine the depen-
dency of the results on the values of the di erent parametersand on the choice of
the response functions is separately reported ing.

Finally, it will be very interesting to see if the phototaxis system (24) does support
the formation of some of the structures that are observed exprimentally, such as
the ngers and the pinching. This may depend on the choice of prameter functions,
such asg, , and . Such a study is beyond the scope of this introductory paper
and is left to a future work.
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