MIXING PROPERTIES OF GENERALIZED 7,7}
TRANSFORMATIONS

D. DOLGOPYAT, C. DONG, A. KANIGOWSKI, AND P. NANDORI

ABSTRACT. We study mixing properties of generalized T, T~! transformations. We
discuss two mixing mechanisms. In the case the fiber dynamics is mixing, it is sufficient
that the driving cocycle is small with small probability. In the case the fiber dynamics
is only assumed to be ergodic, one needs to use the shearing properties of the cocycle.
Applications include the Central Limit Theorem for sufficiently fast mixing systems
and the estimates on deviations of ergodic averages.
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1. INTRODUCTION

An important discovery made in the last century is that deterministic systems can
exhibit chaotic behavior. Currently there are many examples of systems exhibiting a
full array of chaotic properties including Bernoulli property, exponential decay of cor-
relations and central limit theorem (see e.g. [9, [10, 14, 66]). Systems which satisfy only
some of the above properties are less understood. In fact, it is desirable to have more
examples of such systems in order to understand the full range of possible behaviors of
partially chaotic systems.

Generalized T, T~! transformations are a rich source of examples in probability and
ergodic theory. In fact, they were used to exhibit examples of systems with unusual
limit laws [48] [16], central limit theorem with non standard normalization [§], K but
non Bernoulli systems in abstract [44] and smooth setting in various dimensions [46, [62]
45], very weak Bernoulli but not weak Bernoulli partitions [18], slowly mixing systems
[19, 50], systems with multiple Gibbs measures [31], 54].

A comprehensive survey of probabilistic version of T, T~ transformations, which is
a random walk in random scenery, is contained in [20]. On the other hand, there are
no works addressing how statistical properties of T, T~! transformations depend on the
properties of the base and the fiber dynamics. Our paper provides a first step in this
direction by investigating mixing properties of T', T~ transformations.

Let us explain what we mean by smooth 7, 7! transformations. Let X,Y be com-
pact manifolds, f : X — X be a smooth map preserving a measure y and G;: Y — Y
be a d parameter flow on Y preserving a measure v. Let 7 : X — R? be a smooth map.
We study the following map F': (X xY) — (X xY)

F(z,y) = (f(2), Gr@)y)-

Note that F' preserves the measure ( = p X v and that
N—-1
FN(z,y) = (fo,GTN(x)y) where 7n(x) = Z T(f"x).
n=0

Clearly both mixing of f and ergodicity of GG are necessary for F' to be mixing. Under
these assumptions there are two mechanisms for F' to be mixing.

(1) If G itself is mixing then it is enough to ensure that 7y does not take small values
with large probability (cf. [19, 50]).

(2) On the other hand if we only assume that G is ergodic then we need to rely
on shearing properties of 7 to ensure that 7y is uniformly distributed in boxes of size
1. This can be done by assuming various extension of the Central Limit Theorem (cf.
[11, 27]).

Abstract results detailing sufficient conditions for each of the two mechanisms de-
scribed above are presented in Section [2 Estimates on the rates of mixing of F' under
the assumption that G is mixing are given in Section [dl In Section [5, we prove the
Central Limit Theorem in case F' mixes sufficiently quickly. Section [6] contains mixing
estimates in case G is only assumed to be ergodic (however, we need much stronger
assumptions on the base map f). The results presented in Sections rely on pre-
liminary facts contained in Section [3] In Section [7], we discuss several examples which
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require a combination of ideas from Sections [4 and [6] Section [§] presents application of
our mixing results to deviations of ergodic averages and also contains a survey of ex-
amples of systems satisfying various assumptions required in our results. We will have
some strong assumptions that are sometimes non-trivial to check. In the appendix,
we check one of our assumptions for an important example, namely the anticoncentra-
tion large deviation bounds for subshifts of finite type. This result may be interesting
outside of the scope of the present work.

We also mention that in a followup paper [25] we provide a description of further
statistical properties of the generalized T, T~ transformation, using the mixing bounds
obtained in the present paper.

Acknowledgements: D. D. was partially supported by the NSF grant DMS-1956049,
A. K. was partially supported by the NSF grant DMS-1956310, P. N. was partially sup-
ported by the NSF grants DMS-1800811 and DMS-1952876.

2. LocaL LiMIT THEOREM AND MIXING

For a function A € L'(X, 1) we denote u(A(:)) == [, A(z) dp.

Definition 2.1. 7 satisfies mixing LLT if there exist sequences (L, )neny C R, (Dy)nen C

R? and a bounded probability density p on R? such that for any sequence (8, )nen C R,

with lim 6, = 0, (2,)neny C R? such that |7~ — 2| < 0, for any cube C C R? and any
n—oo n

continuous functions Ag, A; : X — R,
Tim L (Ao(-) A1 (/") Le(m = Do = z0) ) = p(2)u(Ag)u(A)VoI(C),

and the convergence is uniform once (9, ),ey is fixed and Ay, Ay, z range over compact
subsets of C'(X), C(X) and R? respectively.

Definition 2.2. We say that, 7 satisfies mixing multiple LLT if for each m € N, any

sequence (6, )neny C R with lim 6§, = 0, and any family of sequences (zg), . ,zT(Lm))nGN
n—o0
with |% — 20)] < §,, any cubes {C;};<,» C R? and continuous functions Ay, ..., A, :
X — R, for any sequences n,(cl),...,n,im) € N such that ng) — n,(fj_l) > 5,;1 (with
©) _ o
Ny = )’
. m . m n(i) m )
kh_{f)lo (H Lng)—n;f“> H (H A; (f k > H I, (Tn,(j) - Dn(,j) - Zij;ﬂ))
Jj=1 7=0 7=1
= H p(A;) Hp (29 — 271) HVOI(CJ')
5=0 j=1 j=1

where 2% = 0. Moreover, the convergence is uniform once (0n)nen is fixed, A, ..., Apn

range over compact subsets of C'(X) and zU) range over a compact subset of R? for
every j < m.
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Remark 2.3. We note that 7 is bounded and consequently 7,,/n is bounded, too. Thus
if the mixing LLT holds, then L,, < Cn. We assume that D,, = nu(7). In case u(7) =0,
we say that 7 has zero drift.

Remark 2.4. By Portmanteau theorem on vague convergence, the mixing LLT is
equivalent to saying that for all continuous functions Ay, A; : X — R for any compactly
supported almost everywhere continuous function ¢ : R¢ — R for any sequence zy such
that [ — z| < d,, we have

1)l LA A9 — Do = ) = pEA(A)(A) | o(0)ds

n—oo

and the convergence is uniform if Ay, A; range over compact subsets of C(X) and z

ranges over a compact subset of R%. A similar remark applies to the multiple mixing
LLT.

Theorem 2.5. Suppose that (G;) is ergodic.
(a) If 7 satisfies the mixing LLT then F' is mixing.
(b) If 7 satisfies the mixing multiple LLT then F' is multiple mixing.

Proof. (a) For i = 1,2, let ®;(z,y) = A;(x)B;(y) be a continuous function on X x Y.
Since linear combinations of products as above are dense in L?(u x v), it suffices to
show that for every e > 0 there exists Ny € N such that for every N > Ny, we have

(2:2) ‘ /XXY Oy (2, y)Po(FN (2, y))d(p x v) — (A1) pu(A2)v(Br)v(Bs)| < e

Let p(t) := [, Bi(y)Ba2(Gy)dv(y). Note that

(2.3) /X (Y ) x ) = /X Ay(2) Ay(FY (@) - plr () ().

Let 0 = d(e) > 0 be small with respect to €, and Iy C R? be a cube of volume §%,
centered at 0. Consider a (disjoint) cover of R? by a union of small cubes {I;}, where
I; is a translation of /; and let ¢; denote the center of /;. Now let B, C R? be a ball
centered at 0 with radius ¢, and denote Sy := {j : [; "B, # 0}. By the mixing LLT
(with Ay = A; = 1) it follows that there exists K = K(¢) and N} € N such that for
every N > N{,

<{w € X :|ry — Dn| > KLN/2}) < /2.

Let 51 := Skry. Therefore (see (2.2)) and . it is enough to show that
(2.4)

‘Z/Al ) A (f¥ () p(7x(2)) L1, 0y (T () dpa(2) — (A ) A2) v (Br v (Be)

jEST

< €/2.

If § is small enough (using continuity of (G;)), the above sum is, up to an error less
than €/16, equal to

(2.5) > oD + (A (Ao (FY (D1, (7w () = Dy)).

jESl
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By the definition of mixing LLT (with A;, Ay, C = Iy and z = t;), and since the number
of j's such that j € S; is bounded above by C(6,¢) L4, there exists Ny = Ny(¢,0) € N
such that for every N > Ny, the above expression is, up to an error less than €/16,
equal to

(26) > Vol ( ;N) WA A)p(Dy + 1),
jES

Enlarging K and N, if necessary, we can guarantee that

(2.7) 3 o L Vol(L,)p (z—JN) ~1| < %

j651

Now, fix R > 0 and for ¢ € Bg, let

ale) =Y Evol(fo)p <£

jesl

) oty

We claim that there exists Ny = Ny(R) such that for N > N, we have
la(c) — a(0)] < €/16.

Indeed, let k be such that ¢ € Iy, then |ty| < R+ 1 and |t;, — ¢| < 0, by choosing § < €
small enough, and N, large so that }Lz—;l < 6, we have
2

() = a(0)] < Ia( )— alty)] + la(ty) — a(0)]

Vol[
0) ZP )lp(D + 5+ ) = p(Dy + 1t + 1)+

(DN +t])‘+

P —p(U)

Vol( [, t;
D D (0 s L NERIA]
j€S1:|tj—tk|ZKLN N
(5) < Calp, )tk — | + Calp, p, K)R/ Ly + K'C(p) R/ L
< €/64+¢€/64 + €/64 < €/16,
where for the inequality (%), the first term is due to the fact that p is continuous on ¢ and
(2.7)), the second term is due to continuity of p and the choice of Ny (that is, 12—:1 <),

and the last term contains a sum of K¢RL%Y " many terms and hence < K9C(p)R/Ly.
Therefore

(2.8) a(0) — m/@g a(c)de

Now by the ergodicity of G and the mean ergodic theorem for the G-action, there exist
a subset Yy C Y with v(Yy) > 1 — 55 and Ry > 0, such that for any y € Y; and
3

< €/16.
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R Z R07
1 €
Tam By (Gy)dt — v(B _
‘VOI(BR) /teBR (Gt =viB)| < 556,
Here the constant C5 := 10 maxyey{|B1(y)|,|B2(y)|}. Hence for any ¢, if R > Ry,
1
2.9 L Ve (BB
(29) ’VOI(BR) /CEBRP( + ¢)dc — v(B1)v(By)
1
< By(—/ BGCydc—VB>dyy‘
/Gt(Yo) 1) Vol(Bg) By 2(Girey) (Bs) (y)
1
+ By‘—/ By(Gyyey)de — v(Bsy)| du(y
/Y\Gt(YO)’ 1)l Vol(Bg) Jeen, 2(Gitey) (B2)|dv(y)
SmaxﬂBﬂ}—S;Cg + max{| By|} max{|Bs|}2(1 — v(Yp)) < %

Note that is equal to p(A;)u(A2)a(0). By and (2.9), pw(A1)pu(A2)a(0) is,

up to an error less than €/8, equal to
1 t;
(AN p(A2)v(Br)v(Bs) | ) EVOWJ')P In
j€s

Combining the estimates (2.7), (2.5) and (2.6) we obtain (2.4) (and consequently
(2.2))), completing the proof.

(b) The proof is essentially the same as that for (a), therefore we leave it to the
reader. O

3. BACKGROUND

Definition 3.1. We say that G is mixing with rate ¢(¢) on a space B if

(3.1) ‘/Bl(y)BQ(th)dV(y) —v(B1)v(Ba)| < CY(t)|| B1 sl Bals-

We call G exponentially mixing if holds with B = C" for some r > 0 and ¥(t) =
eIt for some & > 0.

We call G polynomially mixing if holds with B = C7 for some r > 0 and
Y(t) = ||t]|=° for some & > 0.

We call G rapidly mixing if for each m there exists r such that holds with
B =C" and ¢(t) = ||t||~™.

These definitions extend to maps (such as to f and F) in the natural way.

Definition 3.2. 7 satisfies exponential large deviation bounds, if for each ¢ > 0 there
exist C' and 6 > 0 such that for any N € N,
N u(T)H > 8) < Ce N,

(3.2) w(|

T satisfies polynomial large deviation bounds, if for each € > 0 there exist C' and § > 0

T
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such that for any N € N,
A DR

T satisfies superpolynomial large deviation bounds, if for each w > 0, ¢ > 0 there exist
C' = C(e,w) such that for any N € N,

(w2 <

We will often use the following standard fact.

Lemma 3.3. For each r, there isw = w( ) such that functions ® € C*(X x Y) admit

a decomposition ®(z,y) ZAk , where Ay, € C"(X), Bx € C"(Y) and

(3.3) Y Aklloroll Bellery < Clr,w) [ @llewxxry.
k
Corollary 3.4. Suppose that there are positive constants K and r, such that
[ A @B A B Gooint) dnt) — A B A B

(3.4) < K[ A'llor oo |1 Bller o) [1A”]

e 1B lerryo(n).
Then F' is mixing with rate .
Proof. Let

(@', D7) 1= ((P'(D" 0 F™)) — ¢(D)¢(2").
Decomposing @', ®” € C* as in (3.3)), we get

(', ") = | Y pul A5 B}, ALBY)| < Ko(n) Yy (1471 1B LA B L)
. o
< Ko(m) Y (1451AB1-) Y (IALIABLNL) < Ko (m)C2(r,w) [9]|l| 27 |- O
J k

4. MIXING RATES FOR MIXING FIBERS

4.1. Double mixing.

Theorem 4.1. Suppose that pu(7) # 0.

(a) If 7 satisfies exponential large deviation bounds and f and G are exponentially
mixing, then F' is exponentially mixing.

(b) If 7 satisfies polynomial large deviation bounds and f and G are polynomially
mixing, then F'is polynomially mixing.

(c) If 7 satisfies superpolynomial large deviation bounds and f and G are rapidly
mixing, then F' is rapidly mixing.
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Pmof (a) For i = 1,2, let ®;(x,y) = A;(x)B;(y) be a C" function on X x Y. Let
= [, Bi(y Bg(th)dl/( ). Since G is exponentially mixing, there exist constants
C’l > O and s > 0 such that

(4.1) |p(t) = v(B1)v(By)| < Ch|Billcr || Bel

Taking ¢ = ||u(7)||/2 in the definition of exponential large deviation bounds, we find
that there exist Cyp > 0 and 6§ > 0 such that u(Ty) < Coe N, where

Ty :={z € X : |[rn(z) = Nu(7)|| = N|u(r)||/2}.
Now note that

(4.2) /XY<D1($,y)<b2(FN(w,y))d(u><V)—/XAl(iv)Az(fN(x))(p(TN(l’)))du(%)-

We rewrite the last integral as the sum of two integrals Z; + Z,, where

T, = / Ay(2) Aa( ¥ () (p(re (2))) (),

e

cr

and
7, - / Ay (2) A (FY (2)) (p(7x(2))) dpa().
X\Tn

By exponential large deviation bounds, |Z;| < Cou(Ty) < Cse™N. For Z,, since f is
exponentially mixing, it is enough to show that

T, — (W(B)(By)) / Ay(@) Ao £ (2))dpu(x)

X\Ty

A =

is exponentially small. Indeed, by
/ [Av(@)[[ A2 (f (@)|p(7w () — v(Br)v(By)|dp(x)
X\Tn

< Cyl| A ol| Aollol| Billr | Bellr - €Y < Cul| Ay x By|||| A2 x Bsl|, - e~

with k1 = k/2. This finishes the proof. The proofs of parts (b) and (c) are analogous
to part (a). We will omit them. O

A<

Remark 4.2. In part (b) above, if 7 satisfies polynomial large deviation bounds with
rate N=%, and f, G are polynomially mixing with rate N=% and N~% respectively,
then F is polynomially mixing with rate N~ ™{01.02.05}

Remark 4.3. Observe that the LLT was not needed in Theorem (4.1l and so the theorem
remains valid if R? is replaced by an arbitrary Lie group, in which case 7y means the

product
(z) = 7(fY )T (fa)T ().

Definition 4.4. Assume that a cocycle 7 is such that === Du converges as n — 00 to a
non atomic distribution. We say that 7 satisfies the antlconcentratlon inequality if for
every unit cube C C R,

p({r e X : miw) ecy) <OL,

for some global constant C' > 0.
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Remark 4.5. Note that by assumption there is a constant R such that
p(l|7ll < RL,) > 0.5
so the power of Ly in the anticoncentration inequality is optimal.

Theorem 4.6. Assume that for some r € N, f is mixing with rate ¢;(N) = L, for
some o > 0 on C", 7 satisfies the anticoncentration inequality and G is mixing with
rate ¥g(-) on C”, where

R

Then F is mixing with rate ¢p(N) := L;,min{d’a} on C" for some w = w(r) € N.

Theorem 4.7. Assume that for some r € N, f is mixing with rate ¢;(N) = L, for
some o > 0 on C", G is mixing with rate ¥¢(-) on C”, 7 satisfies the mixing LLT with
zero drift.

(a) Suppose T satisfies the anticoncentration inequality. If ¥g(-) satisifies and

(4.4) /Cbl(x,y)dz/(y) =0,

(4.5) / By (2)Bs(FN 2)dc(2) =

pOL [[[[ #1600 Guyduta)vly)duta)dn + o (L37).
(b) If ¥ (t) = ||t[| =%, for B < d, then F is mixing with rate ¢p(N) := Ly™™"* on

C" for some w = w(r) € N.
(c) If min{a, d} > 8 and for zero mean functions we have

/ B (y) Ba(Gry)dv = q(By, Bo) (1) + o[t )

where ¢ is a bounded bilinear form on C"(Y') and ¥ is a homogeneous function of degree
—[, then

(4.6) / O, (2)Do(FV2)dC(2) = L Q(®y, Bs) [ PO +0 (L;f)
where
Q®1,02) = [ a(@(a1, ), Balaa, )l )ds).

Remark 4.8. In the case d = 1, (4.5) is proven in [50] under a slightly more restrictive
condition.
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Remark 4.9. We note that the integral in (4.6|) converges. In fact, convergence near 0
follows because p is bounded and d > 3, while convergence near infinity follows since ¥
is bounded outside of the unit sphere. We also observe that for ®;(x,y) = A;(z)B;(y)

(4.7) Q(P1, ©2) = (A1) pu(A2)q(B1, Bs).
Proof of Theorem [4.0. For i = 1,2, let ®; (x y) = A;(x)B;(y), where A; € C"(X) and
B; € C"(Y). Let B; = B; — I/(B) Let p(t) := [, Bi(y)B2(Gyy)dv(y). Note that

(48) /X )oY o)l ) = /X Ay(@) Ao () - plry () dpa() +
v(By)v(By) /X Ay(@) Ag(FY (2))dpu(x).

Since f is mixing with rate Ly* on C", the second summand is equal to p(A;)p(Az) u
to an error less than C||A;||,||A2]|,Ly". It remains to estimate the first summand.

Let {C;}2, be a countable d13301nt family of unit cubes in R? such that Rd U, Ci.
Below we assume without the loss of generality that the function ¢ from satisfies

(4.9) sup ¢ (t) < Kigfw(t).
c; i

Indeed, given t,t € C; we have
V(Bl : Bg o Gt) = V(Bl : BQ o) G{)
where By = By o G,_;. The last integral is smaller in absolute value than

(D) Bl cr < K(1)|| B

Thus decreasing 1) if necessary we may assume that (4.9) holds.
Note first that since 7 is bounded, we have
(4.10)

[ @) Aals @) (nta) = 3 [ Arle) alr (@) () e () ),

Byl

Bs||c

cr cr

Using that G is mixing with rate )¢ on C", (4.10)) shows that

/XA1(x)A2(fN(g;)) plry(2))du(z)| <

CllAwflol[Azllol| Byl [ B2 |l Z[fucpiﬂc(t)]u({m € X : 7n(x) € Ci}).
i=1 &t

Together with the anticoncentration inequality, we have
(4.11)

\ [ @A @) -l ()i

< CD - || Aol A2llol| Ballr [ B2l Ly dzsu(?l/}c: t).
=1
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Now by (9)

(4.12) > “supta(t) < C' | de(t)dt < C”.

i=1 teC; R4

Summarizing, we get

/XAl(w)Az(fN(w)) p(rx(@))dp(z) < C|| Asllo]| Azllol Bl || Ball Ly

showing that F is mixing with rate L;,mm{d’a}. O

Proof of Theorem[{.7. By the same argument in the proof of Theorem [4.6| we just need
to estimate

| @) Aals” @) plr(a)dn(o)
To prove part (a) note that due to for each fixed 1,
Jm L [ A @) A @) oo () e (@) a) = 900) [ ple)it At

This together with the Dominated Convergence Theorem (note that in part (a) we
assume the conditions of Theorem whence (4.11)) and (4.12) apply) shows that

Jm 4 [ @) An( @) - plrvla)duta) = pOp(AD(A) [ ol
proving .
To prove part (b), split /X Ay (2) A (fN () - p(rw(2))dp(z) = Sy + Sa, where

. /X Ar(2) As(1™ (@) - p(r () 1y e (e () (),
and
Sy = / Ar (@) As (Y (@) - plry (2) Ly e (7 (@) )da(2).
To estimate Ss, n)(()tice that for x as in S,
p(rn(2)) < C|[Bil|,|| Ballrtb (7 () < Col| Bullrl| Ball-to(Liv) < Col| Bl || Ball- Ly’
Therefore Sy < Co|| A1 [lol| Az lol| Byl || Ball- L5

It remains to estimate S;. We trivially have
511 = [ @) @) Pl (o)Ll
X
(4.13) SIIAlHoHAzHo/X|p(TN(fC))Iﬂ[_LN,LN]d(TN(fC))du(CU).

d
Cover [—Ly, Ly]? with (at most) ([LN] + 1) disjoint cubes {I;} of size 1 centered at

t;, so that I;’s are translates of the cube Iy. By the mixing LLT for z, = t; (notice
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that ||¢;|| < dLy and so t;/Ly belongs to a compact set), and Ay = A; = 1, we get (for
sufficiently large V),

Lip({r € X : 7n(x) € I;}) < 2p*Vol(Iy) = 2p*

where p* = sup, p. Therefore,

/ (e () Ly (7o () )i Z / (e ()11, (v () s ()

[-Ln,Ln]?

< 2p*L;VdZ§SF|p(t)| < CLy! / p(t)dt < CLYLY P = CLY,
j J

completing the proof of (b).
To prove part (c), fix a small § and split

/X Ay(@) Ay(FY(2)) - plr(@))dp(z) = Sy + S5 + S

where the integrand in Sy is multiplied by 1_s7, sr4j¢(7n(2)), the integrand in Sy is
multiplied by

L Ly /6Ly /81N [=6 Ly 5Ly (TN (2))
and the integrand in Sy is multiplied by Tga\(_ 1, /s 1.y /64 (7v (7)). Arguing as in the proof

B
of part (b) we obtain that S3 = O <i> . Since the integrand is bounded, we have

o (£)) ~o(()). w

into unit cubes I;. Let t; to be the center of /;. Using the homogenuity of ¥ we conclude
from the mixing LLT that

/Al(ﬂf)Az(fo)p(TN(ﬂﬁ))llfj(TN(w))du(ﬂf)

_ e ‘. -
= LN(d+B)M(A1):u(A2)q(Bla Bs) p (L_]) v (L—J) +o <LN(d+5)) )
N N

B
<%> > To handle S, we divide the domain of integration

Summing over j and using (4.7 we obtain
S = LQ(01, @) | p()¥(t)dt +o0 (17)
Ts

1177
where the domain of integration is 75 = [—— —} \ [, 0]%. Combing our estimates for

)
S1, S and S3 we obtain

/Cbl(z)(l)g(F” )d((z) = ﬂQ(tbl,q)Q) _ p(t)‘ll(t)dt—|—o< ) +0 ((L(SN)B) .

Letting 6 — 0 we obtain (4.6|) for product observables, which by Lemma is sufficient
to conclude the general case. 0
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Remark 4.10. Note that the fact that B = C" was only used to decompose any
b e C¥(X x Y)

(4.14) ZA By (y), where ZHA loml[ Buller < oo

Therefore the conelusmns of Theorems 4.6} . n remain valid if (3.1] . ) holds on arbitrary
space B provided that ®;, ®5 admit decomposition (4.14]).

Remark 4.11. The results of this section apply (with obvious modifications) to con-
tinuous time T, T~! systems of the form

(4.15) F'(2,y) = (¢'(2), Grwy)

where ¢ is a flow on X and

(4.16) Tt<l‘>:/0 7(¢*(x))ds

Note that due to the fact that ¢(H;(Hyo F™?)) = ((H,((Hy0 F°)o F™)) it is sufficient to
control the correlation at integer times. Next F'! is T', T~ !-transformation corresponding
to f = ¢, 7 = 71. We note however, that in several case for time one maps of the flow
the LLT is unknown (or false) unless the observable is the time integral given by .
We refer the reader to [29] for the discussion of mixing LLT for continuous time systems.

Example 4.12. (a) Let g; be an exponentially mixing Anosov flow on some manifold
M. Consider a continuous T, T~! system F} with X =Y = M and ¢' = G; = ¢g'. Then
Theorem |4.7|(a) shows that for smooth zero mean observables

Jim VIC(Hi(Hy 0 F')) = Qi(Hy, Hy)

where ()1 is given by . Indeed, the condition can be relaxed and the conclusion
of Theorem (a) holds for all zero mean smooth observables assuming that o > d (in
this example, « is arbitrarily large and d = 1).

(b) For any positive integer k, deﬁne indutively a continuous T, 7! system F} with
X =MY =MF ¢ =g and Gt F}_,, where F} is the flow from the part (a). Then
Theorem - shows that for smooth zero mean observables

lim 7" C(Hy(Hy o F')) = Q(Hy, Hy)

where @)y is given in terms of Q1 by (4.6)).
4.2. Multiple mixing.

Definition 4.13. G; is mixing of order s with rate ¢ on a space B if

v (EBj(Gt y) Hu

)| < Cw(d(ty, .. .t HHB s

where
i#]

This definition extends to maps (such as to f and F') in the natural way.
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Theorem 4.14. If 7 satisfies mixing LLT with zero drift and f and G are mixing of
order s with rate t~® with a > d, then F is mixing of order s with rate 1¥p(N) = L.

Proof. Fori = 1,...,s, let ®;(x,y) = A;(x)B;(y), where A; € C"(X) and B; € C"(Y).
Let p(ty,ta, ..., ts) == [, [1i_; Bi(Gyy)dv(y) (with t; = 0). We have

) [ TI0 doc = [ TTAGY) plome) o @)t

i1

/HA ( (T (), - .., 7, (0 HV )d/i +Hu /HA (fNiz)dp(z).

Note that since f is mixing of order s Wlth rate N—¢ the last term above is equal

to [[_, n(A;)v(B;) up to an error of size at most O (H Il Al mln |IN; — N;| 7 ]. It is

=1
therefore enough to bound the first term. Notice moreover that since 7 is bounded and

satisfies mixing LLT with zero drift, we have Ly < C'N (see Definition [2.1]).

Denote N := min,; |N; — N;|.

Let Z C X be defined by setting: r € Z iff ming; ||7n,(2) — 7w, (2)|| > Ly. Using
that G is mixing of order s with rate ||t =, we get
(4.18)

/Z [T A 0) - (ol (@), o7 (@) = T v(B) )dia(a) < T Al TT B2 5
i=1 i=1 i=1 i=1

So it remains to estimate the above integral on Z¢. By definition, for every x € Z¢,

there exists i, # j, such that

(4.19) 7., (@) = 7y, (@) = min [| 7, (2) — 7, (@)]| < Ly
Let Ziy == {x € Z° : (iy, o) = (i,5)} (if there are several pairs satisfying (4.19)

we take the smallest with respect to the lexicographic order). Let {Ci}iL, be a finite
family of unit cubes centered at {cj}4~, in R? such that [—Ly, Ly]* = U, Ck. Then

/ZHAz<lex>-(p<m<x> o) = TT 30

£5) - (plrw, ), Hv 9) Loy (rw (o) — 7o (0)d(z)|.

(4.20)

Zij |=1

Usmg that G is mixing of order s with rate HtH_O‘, and
min{sup [|£]7%, 1} < Cinf 2]~
Cr Cr

we get that LHS of (4.20]) is bounded above by
s M

(a21) CTL0AdoBI) Y- min {1l 1)) sl € X+ 7 ) =g () € O

=1 k=1
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Note that 7y, (z) — 7, (2) = Tw,—n, (fx). Hence, by the mixing LLT with 4y = 4; =
1, D, =0, we get (by preservation of measure)

p{r € X @ 7, (2) — 7, (2) € Cj}) < QL&iij(ci/LN) < CL_Nd.
Therefore, (4.21)) (and hence also (4.20))) is bounded above by (recall that a > d)

" TLAAdol Bl Ly
1=1
Summing over all 7, 7 and using , we get that the LHS of is bounded by
" 1T WAl Bille) L5
=1
This finishes the proof. O

Theorem 4.15. If 7 has non zero drift and satisfies exponential large deviation bounds,
and f and G are exponentially mixing of order s then F'is exponentially mixing of order
s.

Proof. For i = 1,2,...,s, let ®;(z,y) = A;(x)B;(y) be a C” function on X x Y. Let

p(ty, ... ts) = [, T1;_; Bi(Gyy)dv(y) (with t; = 0). Since G is exponentially mixing,
there exist a constant C; > 0 and x > 0 such that

(4.22) CCHL Hv ) < Cill Billor | Ballore ™).
Fix 0 = Ny < Ny, < ... < Ns. We again use the decomposition (4.17). By ex-

ponential mixing of order s of f, the second term in (4.17)) is exponentially close to
[I;_, v(B:) [T, #(A;), and hence we only need to estimate the first term.
Let Tij == {z € X : |7w,(z) — 7, (x) — (Ni = Nyu(r)|| = (Ni = Ny)llp(7)|1/2}
Let T = U T;;. By exponential large deviation bounds (and preservation of measure),
i#£j
w(T) < s*max u(T;;) < Ce M. Therefore it is enough to bound the integral of the first
ij

term in the RHS on X \ T. By exponential mixing of G,
[ TG (st o)) = T ot o)
X\T = i=1

<C H [ Allo H | Bl » 1;%1%1 e RSNy ()TN ()
- ey

By the definition of T, §(7n,(),...,7n.(7)) > ||M(27')|| n;ln |N; — Nj| completing the
i#]
proof. O

Let ny < ng < --- < ng be as tuple. A partition f = P U P, U--- U Py of a
set {ny,ng,...ns} (where an item may be listed more than once) is called social if for
each j € {1,...,k}, Card(P;) > 1. An element n; is called forward free (backward free)
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for partition P if it is the smallest (respectively, the largest) in its atom. We call n;
forward (or backward) fixed if it is not forward (backward) free. We let F* to be the
set of all forward (or backward) fixed elements. Let

| | Lnjfnj,p
njEFi

For B = (Py,..., P, let (n;,)k_, be the collection of forward free elements, i.e. n;,
is the smallest element of P. Analogously we define (n;,)5_, to be the collection of
backward free elements. Notice that we have the following formula for x*(*B):

(4.23) wHR) = (f[Lnj_nj_l) . <ﬁLW_%_1)_1,

with ng = 0 and analogously

1

(4.24) K (P) = (f[Lnj—njl) (lﬁ[anl ”w) ’

(=1

with ng1 :=ny + n,.
We have the following

Definition 4.16. 7 satisfies anticoncentration large deviation bound of order s if there

o0
exist a constant K and a decreasing function © such that / O(r)r* < oo, and for
1
any unit cubes C4,Cs, ..., Cy centered at ¢y, co, ... cs

p(oim € Cy forj—1,... <K<HLn_n) (maxucj—cjln)

i Ly,

Remark 4.17. For s = 2 anticoncentration large deviation bounds were considered in
[28].

Theorem 4.18. If 7 satisfies anticoncentration large deviation bounds of order s and
f and G are exponentially mixing of order s, then

(e )oo- e

k() = max {x" (), k™ (P)} .

and the minimum in (4.25)) is taken over all social partitions of {ny,...ns}.

(4.25) < cH - ()

where

We first recall the following result, which simplifies our analysis.

Lemma 4.19. ([7]) If G is exponentially mixing of order s, then for some 7 > 0

% (Jllej(Gt y> Hu

(4.26)

< G-t 1By,
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where

A(ty,...ts) = maxmin [[t; — ¢;]|.
i i

With the above lemma, we prove Theorem [4.18

Proof of Theorem[/.18. By Lemma it is enough to show the statement for H; =
Aj X Bj € CT(M) Let

p(ty, ... ts) ==v (H Bj(Gt].y)> - H v(B;).

Then
/ (H Hj<F”jz)> c(2) =
(4.27) "~
/ (H Aj(f"jw)> ()7, (0 ) i) + (ﬁu@)) y (H A fnjx)) |

Since f is exponentially mixing of order s,

1 <H Aj(f"jl‘)> - HM(A;')

where A = A(ny, ..., ng).

Let P be the following partition of ny < ... < ns. Let iy € {2,...s—1} be the smallest
index ¢ such that |n; — n;_1| > A. Then the first atom of P is {ng,...,n;;_1}. Notice
that |n;, —ni,+1| < A by the definition of A. Now recursively, let iy € {ip +1,..., s}
be the smallest index ¢ such that |n; — n;—1| > A. Then the (k + 1)-th atom of P
is {niy, .-, Niy,,—1}. We continue until we partition all of ny < ...n,. Then by the
definition of A, every atom of P has at least two elements, and so P is social. Moreover,
all elements in one atom are at distance at most sA (since the number of elements is
< s). Using that 7 is bounded (and so |L,| < Cn) together with and (4.24), we
conclude

min{x™(P)~ kT(P)"} > <ﬁLnj—”j—1>

(4.28)

S
< C LA e,
j=1

d
> [sA]7% > CA™ > Ce™2,

Combining this estimate with (4.28)) we find that the second term in (4.27) equals
H C(H;) up to an error which is bounded by the RHS of (4.25)). It remains to show
j=1

that

/ (ﬁAj(f”jw)>p(m(x),---,Tns(ﬂc))du(x) <CTTI4; * Bl (mqgm(m))_d,

j=1
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which will follow by showing that

e ot < CTT 1B, e (mrw)

Let Gy = [T5_, | Byller and let D, = {x | p(Tan (@), o, (2))] € [coz—m,coz—m+1)}.
Then

(4.29) / T (@), - o (@) dia(2) < 2G5 Y Q%M(Dm).

m>0
We will estimate the measure of D,,. Note that by Lemma {4.19] for some C}, € N,
D,, C A, i={z : A(ry,(x),..., 70, (7)) < Cym}.
We will therefore give an upper bound on the measure of A,,. By the definition of A it

follows that there exists a social partition P = (P, ..., P) of ny < ny < ... < ng such
that for any atom of 8 and any two n;,n; in the same atom we have
(4.30) |Tn (2) — T, ()] < Cpsm.

Let A, qp C A, be the set of x for which P is social partition of n; < ny < ... < ng

satisfying (4.30). Then
U Am,‘l%

P social
and so we will estimate the measure of A,, y.
Let {C“J} be a disjoint cover of R? by cubes of side length C,s - m centered and ¢;.
Note that by the anticoncentration large deviation bounds of order s (decomposing C’j

into unit cubes),
(4.31)

. 1€ — &l
1 <$ . Tnj(x) c C] for ] = 1 > < K/ Sm (HLnj_nj 1) (m]a,Xm.JLn]j .

i—nj_1

It follows by the definition of 93 and (4.30) that all the {7,,(2)},,cp, belong to one
cube CN’,.Z. Below, we use the notation 7p,(z) € C,, which means that for every n; € P,
o, (1) € C,,. Therefore, we have

M(Amﬂ?) < Z LL({[E : TP@(‘/E> S éTzvg < k}

Let n;, (and nj,) be the smallest (the largest) element of P, ¢ < k. Below we will
argue with (n;,) (analogous reasoning can be done for (n;,)). Let u(¢) be such that
ni,—1 € Pyy. By , monotonicity of © and the above discussion (using that n;,
and n;,—; are in different atoms), we obtain

||E’/‘£ —Cr H
. / u (L)
/L({.’L’ . TPE<QZ’) € Crgag S k} S K'm (l | Lnj—n] 1> (I’?g’g(m[/— .

Nj,—MNiy—1
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Therefore
' s 5 Hémz - 5%(@)”
(Amg) < K'm (H "j—nal)26<e<kmL.. )
=1 r Tig—Mig—1
Note that

> 6 LT S
. €<k; m-L, _, -

ze_nzefl
Z@(€)~‘{(r1,...,rk)  lw, = G Il S £ Ly, for everyﬁgk}‘

4
<Y et -md- (H Lmz_mz_l>d.
y4

<k
Therefore, by the decay assumptions on © and (4.23)),

d
(Amgy) < K'm*H (H Lo, ) (T Zmn) = Bt (),

Jj=1 1<k

Analogously we have that
/L(A ) < K/ sd+d +(;B> d'

Therefore,
,U(Am,&p) S K,de—i_d/ﬁ(fﬂB)_d.
Using that A, = ng Ay, We get,

p(Am) < K/Csm8d+d<rr%n’€(m>)_da

for some constant Cs > 0. Summarizing, by (4.29 m (since D,, C A,,), we get

/’p(TfrH(x Tnb () ‘d/,b < 2KO H ||B ||CT m]n,i 22 msd+d

m>0

Coa [T 1B, e anin )

j=1
This finishes the proof.

5. CENTRAL LiMIT THEOREM

Let H(z,y) be a C" function not cohomologous to a constant function. Let X (H) :

> H(F"(z,y)). Assume that ((H) =0. Let Z =X x Y.

Theorem 5.1. Suppose that F' satisfies (4.25)) and ZL;d converges. Then

n=1

19

Yn(H)

converges as N — 0o to the normal distribution with zero mean and variance o2 given

by formula ([5.1)) below.
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Corollary 5.2. If F satisfies either the assumptions of Theorem [£.15]or the assumptions
of Theorem with Ly > ¢v/N and d > 3, then F satisfies the CLT.

Proof. In the case of Theorem [£.15], this follows from the CLT for exponentially mixing
systems ([I3} [7]). In the case of Theorem [4.18] the result follows from Theorem [5.1] O

Proof of Theorem[5.1 By (4.25) with ny = 0,n2 =n

(5.1) E C(H(H o F™))

n=—oo

exists and is finite. Hence

(B & 3 e ryo ) -

1<i,j<N
N-1
> Moy - 3 oy,
k=—N+1 n=-—00

To finish our proof, we need to estimate the asymptotics of moments ((3X%(H)), for

any m > 3. Denote
Qky, ... km /(HHF’c > (2)

1

so that
N
(5.2) CERE) = > Q- k).
ki, om=1

For the vector (ki, ..., k,,) we associate another vector (n,...,n,,) which is the per-
mutation of the elements of (ki, ..., k) in increasing order, that is n; < ny < ... < ny,
Noting that Q is symmetric, we have Q(k1,..., kn) = Q(n1,...,nn). We rewrite the
above sum into two terms as I1 + I, where I; is the sum of terms, whose social parti-
tion minimizing the RHS of is not pairing (i.e. at least one atom contains more
than two elements), and I5 is the sum of terms, whose corresponding social partition is
pairing. (If there are more than one partition minimizing  at least one of which is not
pairing then we put the corresponding term into I;.)

We need two auxiliary estimates. Let @ = {Q1,...,@,} be a fixed social partition
of the set {1,2,...,m}. We say that Q(n,...,n,) = @ if the partition 8 minimizing
the RHS of for the given numbers ny, ..., n,, is of the form B = { Py, ..., P} with
{i:n; € P} =Qy for all k=1, ...;r. Next we write

Lemma 5.3. (a) Ip = O (N").
(b) If @ =Q1U---UQ, is not pairing, then the sum Iy = O (N(mfl)m) .
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Proof. Since 1/kq(n1, ... nm) < 1/64(n1, ... n4m), by ([@.23) it suffices to estimate

1
(5.3) Z (ﬁg(nl, M)

ni,...Nm

Let n < nf < --- < n! be the forward free elements among {ni,...n,} andny,...n.

° m—r

be the forward fixed elements. For each fixed element nf, let n; be the previous element

in {ny,...n,}. Rewrite (5.3) as
d
1
()
2| 2\

/ / " " N—'FL'
j J
T, M ..M r J

Since L ¢ is summable, the inner sum is uniformly bounded, so that ((5.4) is bounded
by N7. This proves (a).
(b) follows from (a) because if @) is not pairing, then r < |m/2]. O

Since there are finitely many partitions of {1,...m}, Lemma [5.3| implies that || is
bounded above by O (N™~1/2) In particular, for odd m, ((SR(H)) = O(N=1/2),

Now let m be even, and @ be a pairing, that is Q = {Q1, ..., @2} with all atoms @,
containing exactly two numbers. By forward (backward) step we mean n; —n;_; where
n; is forward (backward) fixed in the partition Q(nq,...n,). Let Tg(ng,...n,) be a
largest among all forward and backward steps in the partition @ and let I'(nq, ... n,,) =

PQ(nl,...nm)(nl, . nm)

Lemma 5.4. For any € > 0, there exists M > 0, such that
Z Q(ny, ..., nm)| < N™ 2

Proof. Tt is enough to prove the lemma for I' replaced by I't and also for I' replaced
by I'", where I't is a largest among all forward steps and I'~ is a largest among all
forward steps. We only consider I'" as I'~ is similar. The proof for I'" proceed in the
same way as the proof of Lemma except we estimate the inner sum in by

(5.5) C (i L;d) - (i L;d> :

Indeed there are m — r factors in the inner sum in (5.4)), and by our assumptions one of
them should be greater than M As the second factor can be made as small as we wish
by taking M large and since r = m/2, the result follows. 0

Lemma 5.5. Let ) be a pairing which is different from

(5.6) Q = [(12), (34),...,((m — 1) m)].

Then the number of m-tuples (ki, ..., k) with Tg(ni, no, ..., ny) < Lis O (N™/271),
where the implicit constant depends on L.
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Proof. We claim that if Q # Q then the sets of forward fixed and backward fixed edges
are different. If follows that if both Fg(nl, cey M) < M and I‘é(nl, ce ) < M,
then there are at least m/2 + 1 edges which are shorter that M. The number of such
tuples is O(N(™/2~1) and the result follows.

It remains to prove the claim. That is, we show that if the sets of forward fixed and
backward fixed edges are the same, then Q = (. We proceed by induction. If m = 0
or 2 then there are no pairings different from Q. Suppose m > 2. Then (n,,_1, n,,) is
forward fixed, so it should be backward fixed but this is only possible if (m —1) is paired
to m. Likewise (n1,n9) is backward fixed, hence it is forward fixed. But this is only
possible if 1 is paired to 2. Removing 1,2, (m — 1) and m from ) we obtain a partition
of m — 4 elements for which the set of forward fixed and backward fixed edges coincide.
By induction 3 is paired to 4, 5 to 6,..., (m — 3) to (m — 2). The proof is complete. [J

By the above lemmas, it suffices to consider indeces kq, ..., k,,, so that
(57) Vi = 1, 77’)’L/2 Mo i=ng—noi 1 <M and Vi = 1, ,m/2—1 D Ngjp1 — N > L

for some large M and L = L(M). Indeed, by choosing M = M(e) and N > N,
Ny = No(L), the above lemmas give that the contribution of other terms is < e N™/2.
Now we choose L so that for any fixed Mj, ..., M,/ (finitely many choices), the RHS
of with s =m/2 and H; = H(H o T™j) is less than €. We conclude

m/2

CEN) - )3 H(/ (H(HOT%))W)) < 2eN™/2

k1,...,km satisfying i=1
Let us write A, = [, (H(H o T")) d((z). Now we claim

m/2

> [ Au = (m = DUN™2(1+ o(1))

k1,...,km satisfying (5.7)) =1

M m/2
> (A1 + 1z>0))] :

=0

To prove the claim, first note that

Now it remains to count the number of tuples (ky, ..., k) corresponding to the values
M, ..., M,, /5. Assume for example that M; > 0 for all . To count the number of
possibilities, we first fix a pairing of indeces 1,..,m which can be done in (m — 1)!!
different ways. Then we have ~ N™/2 choices to prescribe exactly one element of each
pair. Let us say these values are s; < sy < ... < 8,/2. Except for a O(Nm/Z) of these
choices, we have s; — s,_1 > 2M + L and so for each remaining index k; we have two
choices: if it is paired to s;, then either k; = s; — M; or k; = s; + M;. Thus the
total number of choices is (m — 1)112™/2N™/2(1 + o(1)) which verifies the claim for the
case M; > 0 for all i. If M; = 0 for some 7, then we only have one choice for the
corresponding k; and so we lose a factor of 2. The claim follows.
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To finish the proof, notice that
M M
S AL+ Lso) = Y C(H(HoF') = 0% as M — oc.
=0 (=M

Thus we have verified

o( N™/2 mis o
<<m<H>>={ V), 4,

(m — DIN™26™ 4+ o(N™?), m is even.
completing the proof of the theorem. O

Remark 5.6. The asymptotic variance given by (5.1]) is typically non-zero. In partic-
ular, if either the drift is non zero, or d > 5, then a direct calculation shows that
: 2\ 2 - _ n
Jim C(53) ~ No? = — 3 nC(H(H o F")

n=—oo

(the convergence of the right hand side follows from the assumptions imposed above).
Thus if 02 = 0 then ((X%) is bounded so by L*Gotshalk-Hedlund Theorem H is an
Ly coboundary. It is an open question if the same conclusion holds if pu(7) = 0 and d
is 3 or 4. However, by assumption, f is exponentially mixing, so if H does not depend
on y then 02 > 0 unless H is an L? coboundary. Thus in many (possibly all) cases o>
is a positive semidefinite quadratic form which is not identically equal to zero, and so
its null set is a a linear subspace of positive (or infinite) codimension.

6. MIXING RATES FOR ERGODIC FIBERS

6.1. Results.

Definition 6.1. We say that (f,7) satisfies a mixing averaged Edgeworth expansion
of order r if there are constants ki, ko and a sequence dy — 0 so that for any function
¢ = ¢n € C*2(R? R) supported on the box J = Jy, the expression

Ty mn0(N) = pu( Ay (2) Ao (fN ) (T (2)))
satisfies

Tay,ap0(N) — N742 (s)E2142(s/V/N)ds

s€R4

< [ Aullon | Azl o |9l ra Vol (J)an N=HH/2

where
" pALA2 ( S)
A1,A _
gr(5> = gr ' 2(8) - g(S)Z IJ]VT’
p=0
g(+) is a centered Gaussian density with positive definite covariance matrix and P,(s) are
polynomials in s whose coefficients are bilinear forms in (A;, Ay), bounded in absolute

value by C||Ail|om || Az, and P2 (s) = p(Ar)p(As).
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Definition 6.2. We say that (f,7) satisfies a mixing averaged double Edgeworth
expansion of order r if there are constants ki, ks and a sequence 6y — 0 so that
for any functions ¢; = ¢;(N;) € C*2(R) supported on the interval J; = J;(N;) (i = 1,2),
the expression

Ty Ao A561.00 (N1, N2) 1= p(Ar (@) Ao (S (2) A (fV2 ()1 (v, (7)) b2 (T, (7))

satisfies

Ty, Ay, As,61,62 (N1, N2)

I (G ) e (=)

Y s i IR A VAT,
1 2

PL v d81d82
p1,p2=0 le (NZ - ]\[1)7
3
(H !\Aj\lcm) <H |I¢iHck2V01(Ji)>
j=1 i=1,2

5min{N1,N2—N1}(maX{N17N2 - Nl})_d/2(min{N17N2 Nl}) (d+r)/

where Pﬁlpr A3 (s1, s2) are polynomials in s1, so whose coefficients are bounded trilinear

3
forms in (A;, Ay, A3), bounded in absolute value by CH | 4]l orr , and

j=1
Pog =™ (s) = n(Ar)p(Az) p( As).
We will use the following hypotheses.

(A1) (f,7) satisfies a mixing averaged Edgeworth expansion of order ry;

(A1) (f,7) satisfies a mixing averaged double Edgeworth expansion of order ry;
(A2) For each & > 0, we have u(|7y| > NV/20) = O5(N~"2);

(A3) There are constants 3 < 1 and k3 € R such that if B € C*(Y") has zero mean,
then for any 7' € Ry, SB(y) := fsE[O,T]d B(Gyy)ds satisfies

V( max |SB|>TdB) %

teR,|t|<T Trs

(A3’) There exist constants 3 < 1, ks € R so that if B € C*(Y) has zero mean,
then for any positive integer M there is some constant C' = C'y; so that for any
T e Ry,

v(y: |SE|>T% <CcT™,
(Ad) p(Ai(2)A2(fN2)) — p(An)u(Az) = O (| Asllem | Azl ora N70)
Given H, Hy,Hy : X xY — R let

(6.1) pry i, (N) = C(Hy(Hz 0 FY)) — ((H1)¢(Ha).
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Theorem 6.3. For i = 1,2, 3,4, assume (Ai) with
(6.2) ri > d(1—p)

(noting that r; is an integer). Then there exists K such that if H; € C*(X x Y'), then
for any ¢ > 0 there is some Cjy so that

B-1
|\, (N)| < Cs|| Hy || o || Ha | ox N¥7 2.
Theorem 6.4. Assume (A1’) with
(6.3) r €N, r >2d(1-p)

and (A2), (A3), (A4) with rq,ry satisfying (6.2). Then there exists K such that if
H; € C¥(X xY), then for any ¢ > 0 there is some Cj so that

(6.4) i1, (N)| < Cs | Hul| oxc || Ho | e N¥E=0F2,

The proofs of the above results use integrations by parts combined with various
versions of (A1) and (A3). The exponents and the ideas of the proofs are similar to
those appearing in [27], section 4.

6.2. Proof of Theorem [6.3. Case of d = 1. Let ¢ be a (C* function such that
0<%¢(s) <1, ¢(0)=0and (1) =1. Given L > 0, let

P(s+L+1) ifse[-L—-1,—1I]

1 if se(—L,L
Ui (s) = 8 € (-0, L)
1—1(s—L) ifselL,L+1]
0 otherwise.
By Corollary and (A4), it suffices to consider the case
(6.5) Hj(xz,y) = A;(x)B;(y) where v(B;) = 0.
with A;, B; € C*. Without loss of generality we can assume k3 > ko, where ks is given

by (Al).
Let L = NY/2%9 Then

P (V) = / / Ay(2) Ao F2) By () B Gy oy dpi()d(y)

(6.6) - / / Ay (2) Ag(¥2) By (4) Ba (G (o) o1 (v () )dpa() i (1)

+/ Ar(2) Ao (F¥2) B (y) Ba(Gry ) (1 — ¥1(7x () )dps(x)dv (y).
The integrand in the last line is zero unless |7 (z)| > L, so by (A2) the last line is
Ol H1flcol| Hall o N7™2)

and so we need only to bound . First, observe that we can restrict the integral to
Y, the set of points where

1SB2(y)| < LY = LP for t € [-L, L.
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Indeed, by (A3), the integral over Y \ Y is in
(6.7) O([[Hillcol[Hallco L")
and so is negligible. Next observe that , restricted to Y is of the form
[ Ta s (Wyinte) with 0,(5) = Bu() Ba(Go)u(s)
Y

Now by (6.2), 71 > 1 and so by (A1), the above expression can be replaced by

//(/ 0,(3)Ex(s/ VR ) 0

B—1

(6.8) 0 (Il[Asllom 1Bullcwo | Azl | Bellre LN ) = o(N 72 +°)
where L = L + 1. Integrating by parts, we obtain

/ ( [ ¢y<s>81<s/m>j—%) dv(y)

-, (/ Eils/VN)Sy(s) )dv(>+o(HH1||couH2ucoLg<L/m)

where S, (y) (y) Jy ¥r(u)Ba(Guy)du. Since
Ssl\s\SL = Bi(y)S* (y)js<z
it follows from the definition of Y that the last integral is

L1+5
0 (||A1||Ch||Bl||cor|A2||ck1 1By cns ) .

with error

N
This completes the proof of the theorem.
6.3. Proof of Theorem [6.3 Case of d > 2. We follow the approach of the one
dimensional case. Let us assume ([6.5) (the general case follows from Corollary .

Now 7 € R? and so we define
d

Yr(s) = Hz/)L(sj) for s = (s1, ..., 84)

j=1
Let Y be defined as
Y ={y:|SP(y)| < L% for t € [-L, L]}.

Next we claim
i) N [ ([ 08 (VR ) vl
Y se[—L,L]¢

where ay ~ by means |a, — by| = o(||Hi||cm ||H2||Ck3Nd%+E). Indeed, repeating the
argument for d = 1, the error term (6.7) remains valid and the error term corresponding
0 is O(LIN~(4+71)/2) which is in o( N4A~1/2+9) by the assumption (6.2).
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Performing d integrations by parts, one in each coordinate direction, we conclude

o) =N [ ([ Sgoe VR )

Now by the definition of Y,
Pty 12 (N) = O(|[Hull oo || Ha | g N~ LA+,
and the theorem follows.

6.4. Proof of Theorem Case of d = 1. Assume ([6.5)) (the general case follows
from Corollary .
For fixed y, let us write

D= [ B () HaF ) (o)
so that
pin.an(N) = (i (Ha o V) = [ ax(y)dv(y)
We will prove that for any d > 0 and for any y € Y,

(6.9) on = o(N7719)
where Y (to be defined later) satisfies
(6.10) v(Y)>1—- N0

(and so the contribution of its complement is negligible). As in the case of Theorem
6.3, the constant in the convergence in can be bounded above by

CsllAxlln [ Azl | Billns | Ball ks -

To simplify formulas, we do not indicate this dependence in the sequel.
Denote
Yi,={yeY :3teR:|t|e[L"L]:|SP|>t"}.
Next we claim that for any n > 0 and for any M there is some C so that v(Y7,) <
CL™™. To prove this claim, observe that for y € Yz, there is some ¢, = t,(y) with
|t.| € [L", L] and |SE(y)| > t5+77 Then [S[] | (y)| > 3[t.]7"" and so
[L] 1 1
Y., C U Yr 0k, where Yy, p = {y cY :|SP(y)| > §k5+" or |SZ.(y)] > §k5+”}.
k=107
Now we apply (A3’), with M replaced by (M + 1)/n to conclude
v(Yi,p) < 20k~ M0/ < =M1

for all £ > |L"]. The claim follows.
Next, define
Y=Y\ U Gz_l(YNl/2+€,6/4)
1=0,1,...,|N|
with a small € = £(6). By the previous claim, Y satisfies (6.10).
Denote Ly = NY/2%¢ [, = 2NV?*¢ and L; = L; + 1. We start by computing
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oN = e+

+ / AL (5 (@) Ao (F2N (2)) Bi(Glry (4)) Ba (G (), (7)o, (Ton ) dpa()
=e1 + Il,A17A27¢y,la¢y,2(N’ QN)

where
Gyi(s) = Bi(Gs(y))r,(s),

and the error term e; satisfies
(6.11) le1] = O (N7) = o(N°)

by (A2).
Now using (A1’), we derive

r1 1
ON = €1 + €2 + E pl+pat2 \77
p1,p2=0 2

where

Ly S1 L S9 — 81 1,A1,A S1 S22 — 81
J = - Gy1(s1)8 7). by 2(52)8 ) B T T ) desdsy
and where by the error term in (A1) and by (/6.3]), e satisfies
(6.12) lea| = O(E1E2N_1/2N_(1+”)/2) -0 (N25—r1/2) _ O(Nﬁ_1+5),

Next, we write the integral w.r.t. so in J as

51+N1/2+6

T+ T :/ (...)dss +/ (...)dss.
s1—N1/2+¢ so€[—La,La]\[s1—N1/2+¢ g+ N1/2+¢]

The integrand in J> is bounded by a polynomial term times g(/N¢) and so J> is negli-
gible. Now let us write

0u(Py) (., y) = %(Pw,y)g(y».

Then using integration by parts in J; we conclude that

= 1 Zl S1
(6.13) ovE— Y prrer= Gy (s1)g <\/_N) Kpip2(s1)ds1,

p1,p2=0 —L

where

]C<81> - ICPl,Pz(Sl) =
L€1Jr]\/1/2""5 B
sB: (@G, 9, (PLALA2 51 S2— 851 d
/sl—N1/2+s 82*81( 1y) l 2 ( P1,D2 g) \/—N, \/N So

N1/2+e
= SBQ G, ) Pl,AhAQ (i’i>} d
/—N1/2+6 “ ( 1?/) { 2< P1,p2 g) \/N \/N U

and ~ means that the difference between the two sides is in o(N#~1+9).
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Using the fact that y € Y and assuming that € = £(d) is small enough, we have
148
(6.14) Kiipm(s1) = O(N'247%)

for any p1,ps. If p1 4+ po > 1, then by (6.14)), the term corresponding to py, pe in (6.13])
is
O(N—2N1/2+5N#+6/2) _ o(NB_1+6).

Next, we claim
(6.15) Kpo(s1) = O <N§+5/2) .

Note that by (A1), PO{’OA“A2 (x,y) = u(A1)p(Az) and so

Koalsr) = n(A0n(42) | o [8%552(051;/)} y (%N) du

_N1/24e

Nl/2+s
u
— (A (A Bo(Gara)d [ —= ) d
i) [ BaGaae’ () o

N1/2+5

“utanuty [ BaGu (<) do

The integral in the penultimate line is O (N 5+6/ 2) since we can perform one more

integration by parts with respect to u. The integral in the last line is equal to
VN By(Goyy)[g(N°) — a(—N°)],

which decays rapidly (i.e. faster than any polynomial) in N and so is negligible. Thus
we have verified

(6.15)
Now we use (6.15) and an integration by parts with respect to s; to conclude that
the term corresponding to p; = py = 0 in (6.13)) is

L
! 8 S1
zN3/2/ SBy)~—(a|—= K ds.
L S1 (y> 831 g \/N 0,0(81) S1
Now the definition of Y together with (6.14)) and (6.15)) imply that the last expression
is O(NP~1%) which completes the proof of (6.9).
We remark that the bound ((6.15)) can be derived in case p; + py > 1 as well. This
was not needed in case d = 1 but will be needed in case d > 2 which we discuss next.

6.5. Proof of Theorem [6.4, Case of d > 2. Assume ([6.7]) (the general case follows

from Corollary .
We proceed as in the case of d = 1. That is, we need to show that

(6.16) on = o N4B-1+9)
for y € Y where Y satisfies
(6.17) v(Y)>1— N1,

First, we obtain |e;| = O(N™"2) = o(N¥“#~Y) as in (6.11]). Similarly, (6.12) reads as
lea| = O(LILIN~2N—(d+m)/2) — Q(N=—"1/2) = o( NUI-D+7)
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by (6.3) and by assuming that ¢ = £(6, d) is small. Next, we write

_ o
02 (Pg)(x,y) = —— (P(x, )
2(Pg)(z,y) 8y1...8yd( (=, y)a(y))
Then as in (6.13]), we derive
"1 p1+pa+3d
(6.18) ON = — Z N_%jphpza

P1,p2=0
where &~ means that the difference between the two sides is in o( N4#~1+9) and

S1

— Sk d
‘-7p17p2 lle[—Ll,Ll]d (by(Sl)g (\/N) D1,D2 (31) S1,
’CPLPQ (81) =

S7:(G,, {a plina (iiﬂ o
/1‘1,6[—N1/2+57N1/2+6}d U ( y) 2( P1,p2 g) \/N \/N

and for u € RY,

where

where sgn is the sign function (sgn(w) = —1 if w < 0 and sgn(w) = 1 if w > 0). For
I={iy,....i} C {1,2,...,d}, let us write
8[ 9 o= 8{1 ..... d}

= e,
83171'1 ...88171"1'

We use d integrations by parts with respect to the variables s11, ..., 514 to write

~ S
6190 Fu= [ 20| ( ) Kl dn
s1€[—L1,L1]¢

We will show that for any I C {1, ...,d} and for any pq, pa,

_

(6.20) 10 Ky o] S NZEHD=3

where ay < by means that ay < byN?%/? (assuming that ¢ = £(§) is small enough).

Assume first that (6.20)) hold. Then observe that

oo (Gt "
Substituting this estimate to , we obtain

[Tl S NUPNENT,
which, implies . Thus it remains to prove .

Assume that g is the standard Gaussian density (if this is not the case, we can
compute all integrals on a parallelepiped of side length ¢N'/2*¢) then apply a linear
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change of variables to reduce to the case of standard Gaussian). To prove (6.20) we
write

h =0, (P} ") .

P1,p2

Recall that I = {71, ..., 1}, the set of indices ¢ such that we are differentiating with
respect to s 4, is given. We need to differentiate the integrand in K, which is a product.
Let I" = {i, ..., } C I denote the set of indices ¢’ so that we differentiate the term

SB2 (G, (y)) with respect to sy For i € I\ I’, we differentiate h with respect to sy ;.
We also write J = {1,...,d} \ I and J' = {1,...,d} \ I'. Performing the differentiation,
we find

I —
0 ICphpz -

>/ / > s
wel- N2k N2l o €0 uy] for 7 '

Il [ for j'€J" 5, 10,1} for irel’

’ S
(6.21) BQ(G(z 2840+, ur3) :slj/+wj/sgn(uj/))(y)) |:81\I h (\/1_ \/_)} dwjrdu,

where in the subscript of G the notation (¢ : a;; 5 : bj) means that for coordinates
i" € I' we use a; and for j' € J', we use bj. Note that

where
o= o4

M) = Gy By O O

(P(z,y)8(y))-

Now assume there is some i’ so that §; = 0. Then By(...) does not depend on u; and
so performing the integral with respect to u; first, we obtain

~ 51
6.23 / h ( ) du;
( ) Uie[—N1/2+E7N1/2+€ V \/

T (G (e B ),

a|I\—|I’ 8d_1
(9:1:11 83:1 8y1...8yi,18yi+1...3yd

where

hi(z,y) =

(P(x,y)a(y)).

Recalling that g(y) = W exp <— S y?/Z), we see that h;(x,y) decays rapidly as
y; — oo (i.e. faster than any polynomial). Since we have |y;| = N¢, decays
rapidly as N — oo. Thus this term, even when integrated with respect to all other
variables, decays rapidly and consequently we can neglect all terms in where
there is some ¢’ so that d;; = 0.
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It remains to study the case when d;; = 1 for all i’ € I’. Then we perform the integrals
in (6.21)) with respect to wy, j € J' and we integrate by parts with respect to uy,i" € I’
to obtain that

10"Ko0 — |

decays rapidly as N — oo, where
S1 u
o[ [ s (2 )
ur g€ Jug i'el’ ’ N VN !

b= (i : NV¥= § uy).

and
As in (6.22)), we have

(6.24) 9'h (j_lﬁ %> — N2} <% %>
where

R oMl o4

h(z,y) = 5, 0, Oy (P(z,9)8(y))-

Note that we can assume ]Sf 2| < N9/2_ Indeed, we can subdivide the rectangular box
with opposite corners 0 and b into small cubes of side length N° and we can assume
that the integral of G(y) over all of the boxes is smaller than N%# for y € Y by (A3’)
(Y satisfies similarly to the case d = 1). Combining this observation with (6.24),

we conclude

dp—|1]

Z| <N / 1Al sodu < ON“F=+0/2
uE[—N1/2+e N1/2+¢]
if £(9) is small enough. This completes the proof of (6.20]) and so the theorem follows.

7. TORAL TRANSLATIONS AND RELATED SYSTEMS

7.1. Rapid mixing. Let f be an Axiom A diffeomorphism, and p be a Gibbs measure
with Hélder potential. Let Y = T™ and G, be a d-parameter flow: G, .)(y) =

d
Yy + Zajtj for some aq,...,a4 € R™. Note that G; has discrete spectrum, so it
j=1

is far from being mixing. However, according to [23] the mixing properties of the
corresponding skew products are typically much better than the results obtained in
Section [ for the case of the mixing fibers. Namely, let II be the linear subspace
generated by aq, ..., ay. We say that Il is Diophantine if there exist numbers K, s such
that for any unit vector v € II for any k € Z™ we have |(v, k)| > K|k|~°.

Proposition 7.1. ([23]) If II is Diophantine, then F' is rapidly mixing except for the
set 7: X — II lying in an infinite codimension submanifold.

Next, we describe an application of this result.
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7.2. Constant suspensions in the fiber. Again we take f as in but now we
consider constant suspensions acting in the fiber. That is let G® be a Z% an exponentially
mixing action on a manifold ) preserving a measure 7, let Y = ) x R?/ ~ where ~
is the identification (7,2 + n) ~ (G, 2). Let G* be the action (¢,2) — (9,2 + ). It
preserves measure dv = dv dz.

Given a T, T~! map as above, consider an associated action F on X x T% given by

F(x,0) = (fx,0+ 7(2)).
Proposition 7.2. Suppose that F is rapidly mixing. Then (4.5)) holds.

Proof. Split H = H 4+ H where H(z,z) = /H(m,g,z)dﬂ(g). Note that G and hence

F preserves this splitting and that H is Z¢ invariant, because G® preserves o and

/Hmy,z—l—ndv /ngy, )i (§) = H(z, ).

It follows that
le:HQ(n) = pHLHQ(n) _'_ pf'fl,f‘fg(n)
The first term decays faster than any polynomial, because F is rapidly mixing and the

second term is O (n’d/ 2) due to Remark . However to apply the remark, we need
to check that G, is exponentially mixing on the space B of C'* functions such that

/H(x, (7, 2))dv(y) = 0 for all (z, 2).

To check mixing, we write t = n + ¢, where n € Z? and ¢ belongs to the unit cube.
Then

/Hl(xl, (7, 2))Ha(z2, G(7, 2))dv = / H(zy, (§,2 — 1)) Hy (29, (G, 2))di(§)dz.

Integrating first with respect to g, we see that the RHS decays exponentially as needed.
O

8. DEVIATIONS OF ERGODIC AVERAGES

8.1. Mixing and deviations. Here we recall some results about the relations of mix-
ing and deviations of ergodic averages.

Lemma 8.1. Let X, Xy, ... be a stationary sequence of random variables on a proba-
bility space (Q, P) and Sy = >_» | X;. Assume that there are constants C' and p such
that for every n

(8.1) E(S?) < Cn*.
Then S,/ nmax{p3}+e converges to zero almost surely for all ¢ > 0.

Proof. Let us assume p > 1/2 (the case p < 1/2 is a simple consequence). For a positive
integer m, let D,, denote the collection of intervals of the form I; ; = [j2° + 1, (j + 1)2']
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for all non-negative integers 4, j so that (j+1)2° < 2™. By the stationarity assumption,

2 " .
FE Z (Z Xn> < ZQ"L—Z’E<S221_) < OZ om=—ig2ip < éZQmp
=0 i=0

IeDp, kel

Now for given positive integer n, let m be so that 271 < n < 2™. Then the interval
[1,n] can be written as a disjoint union of at most 2m intervals from the family D,,. Let
us denote this collection of intervals by D(n). Then by the Cauchy Schwartz inequality,

o3 3n) sy (Sn) oy (50)

I€D(n) kel IeD(n) \kel I€Dy \kel
Thus we have

PEn=2""14+1,..,2": 82 > gn**°) < P(2m Z (Z Xp)? > p2m-1ete))
I€Dy, kel

< 2mn—12—(m—1)(2p+5)E( Z (Z Xk)Q) < C«n—lmQ—ma
1€Dy, kel

Using the Borel-Cantelli lemma and the fact that n > 0 is arbitrary, Lemma[8.1] follows.
U

Lemma 8.2. Under the assumptions of Lemmasuppose that |E(X;X;)| < Cli—j|~*
then (8.1]) is satisfied with

p:{%, , %fﬂ>1,'
N-1
Proof. follows since E(Sx) = NE(X() + 2 Z(N —n)E(XX,). O
n=0

8.2. Examples and open questions. Here we describe several classes of systems
satisfying our assumptions on the base and the fiber dynamics made in previous sections.
We also present several open questions pertaining to establishing those properties in
several new cases.

Mixing of the base system is required in all our results. In addition the results of
Sections {| require mixing in the fiber, so we begin with reviewing known results for
mixing.

Exponential mixing is known in the following cases: uniformly hyperbolic diffeo-
morphisms with Gibbs measures (|10}, 59]); nonuniformly hyperbolic systems admitting
Young towers with exponential tails ([66]); partially hyperbolic translations on homo-
geneous spaces ([49, [0]); contact Anosov flows [53] as well as Anosov flows with suitable
assumptions on Lyapunov spectrum [I], 65]; some singular hyperbolic flows [2]; ergodic
automorphisms of tori [47] and of nilmanifolds (J40]). In all the examples of R or Z
actions listed above, we also have multiple exponential mixing (see e.g. [24]) while
in higher rank the multiple exponential mixing is only known for partially hyperbolic
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translations on homogeneous spaces ([6]), (partial results for some Z<¢ actions are ob-
tained in [41]).

Rapid mixing is known for generic Axiom A flows with Gibbs measures ([21], 22} [33]),
hyperbolic flows having Young towers with exponential tails (see [57] and references
wherein), some singular hyperbolic flows [3], and generic compact group extensions of
uniformly hyperbolic systems ([23]).

Polynomial mixing is known for nonuniformly hyperbolic diffeomorphisms and flows
having Young towers with polynomial tails ([63] 142} [5]), unipotent actions ([49, [6], time
changes of nilflows ([39]), and some flows on surfaces with degenerate singularities ([32]).

Additional assumptions imposed on base dynamics in various results include large
deviations, anticoncentration, LLT and Edgeworth expansions.

An easiest way to get large deviation is to have unique ergodicity since in that case the
set in LHS of is empty. A relative version of unique ergodicity is so called uunique
ergodicity (see [24] for a definition), which holds for partially hyperbolic systems with
unique measure absolutely continuous with respect to the unstable foliation. In this
case holds due to [24]. Exponential large deviations also hold for non-uniformly
hyperbolic systems admitting Young towers with exponential tails for return times
[58, [61], while in case the tail is polynomial, polynomial large deviations hold [56,
43] (see also [28] where the large deviations are discussed under a quasiindependence
assumption).

Anticoncentration inequality is established for systems admitting Young towers pro-
vided that the return time tail has second moment [60].

The LLT is known for Axiom A diffeomorphisms with Gibbs measures ([59]), the
systems admitting Young tower under the assumptions that the tails admit the second
moment ([64]) as well as flows which can be represented as suspensions of flows ad-
mitting nice symbolic dynamics [29] including Axiom A flows and certain Lorenz type
attractors. The results of [29] can be applied to continuous time 7, 7~! systems given
by .

Mixing averaged Edgeworth expansions are obtained in [36] for systems admitting
Young towers with exponential tails. It seems that the methods of [36] as well as
[30] could be used to obtain the multiple expansions as well but this remains an open
problem.

For fiber dynamics we require control on ergodic averages. For mixing systems such
control can be obtain using moment estimates (cf. Lemma [8.1)).

Systems satisfying assumption (A3) (or (A3’)) for d = 1 include exponentially mix-
ing systems described above, as well as toral translations (see e.g. [26]), products of
the last two examples [15], horocycle flows [34], translation flows (those flows are not
smooth, however, the results of Section [6] apply provided that we consider the observ-
ables which vanish near the singularities), typical area preserving flows on surfaces (with
non-degenerate singularities) [37] and nilflows ([35], [38]). Higher dimensional examples
include Cartan and unipotent actions on homogeneous spaces of semisimple Lie groups
([6]) and multidimensional niltranslations [17].

The results of this paper motivate the study of the statistical properties discussed
above for a wider class of dynamical systems. In particular, it is of interest to
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(a) construct example of systems satisfying mixing multiple Edgeworth expansion;
(b) prove mixing LLTs for partially hyperbolic systems;
(c) investigate mixing LLTs and anticoncentration bounds for parabolic systems.

8.3. Deviations of ergodic averages for generalized 7,7~ ! transformations.
Here we illustrate the information the results obtained in this paper provide about the
growth of ergodic sums in several special cases. In the examples below we assume that
the base dynamics f is given by an Anosov diffeomorphism equipped with a Gibbs mea-
sure and for each fiber flow (1-10) we give an exponent « such that with probability one
the ergodic sums of the corresponding generalized T, T~! transformation grow slower
than N®*¢ for every ¢ > 0. This is going to be a simple consequence of Lemmas 8.1
and [8.2] For each example we list the result that implies the assumption of Lemma [8.2
with a suitable 5. In case we use the results of Section |§|, we also assume that (f, 1)
satisfies the mixing double averaged Edgeworth expansion of any order. Currently no
examples of such systems is known but we expect this property to hold for large class
of map (cf. e.g. the computations in [30]).

(1) Anosov diffeomorphisms. In this case we have exponential mixing ([10, [59]);
(a) zero drift : a =3/4 (Thm ; (b) positive drift : o = 1 (Thm .
(2) Diophantine toral translations—here (A3’) holds for any 5 > 0 and so o = 1/2
by Thm (cf. also Prop [7.1)).
(3) Product of Anosov diffeomorphisms and toral translation: o = 3/4 (Thm [6.4).
(4) horocycle flows (see [34]): Thm [6.4] gives
(a) no small eigenvalues of A, zero drift—(A3) holds for any 8 > 1/2, so o =
p1(8) = 3/4
(b) smallest eigenvalue of A is A € (O, i)f(AZS) holds for any 8 > @, SO
= py(B) = LR

(5) translations ﬂowsf(AZS’ ) holds for any 8 > Ay ([37]) where Ag is the second
exponent of Kontsevich-Zorich cocycle. So v = p1 () = 2z (Thm .

(6) partially hyperbolic translations on homogenous spaces. In this case we have
exponential mixing (|49, [6]);

(a) zero drift: « =3/4 (Thm ; (b) positive drift: o =1 (Thm [4.1).

(7) multidimensional Cartan actions on homogenous spaces: 3 (Thms4.7/and .

(8) constant suspensions of Cartan actions on tori: % (Pr .

(9) continuous time T, T~! system given by with both base flow ¢’ and fiber
flow G; given by geodesic flow on a unit tangent bundle over a negatively curve
manifold: o = I by Example (b) with £ = 2. In fact, Example (b)
shows that for all positive integers k, we can obtain a system with o = 1—27%1,

1

(10) generic higher rank actions on Heisenberg nilmanifolds: 5 ([17] and Thm [6.4).

APPENDIX A. ANTICONCENTRATION LARGE DEVIATION BOUNDS FOR SUBSHIFTS
OF FINITE TYPE

We follow the argument in [28§].
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Let (3,0) be a subshift of finite type, g be a Gibbs measure and 7 : ¥ — R? be a
Hélder function of zero mean. We assume that for each a € R4\ {0} the function (a, 7)
is not a coboundary.

Lemma A.1. ([59]) There are constants ¢, dy such that for || < dg

(A1) I (e<§’”\’>) < e NE
(A.2) Dy (€)] < e N where  ®y(&) = pu (eE)
Corollary A.2. There are constants Cy, co such that
(A.3) w(|rn| > L) < Che=2E*/N
and for each unit cube Q
Cy
(A.4) pu(ty € Q) < N3

Proof. To prove the first inequality we may assume without the loss of generality that
d =1 and that VN < L < 2¢,00N (we obtain the general result by increasing C and
decreasing c¢y.) We estimate p(ry > L), the bound for u(7n < —L) being similar. We
have that for each £ € (0, dg)

[L(TN > L) = p (57 > 1) < emfp (7)) < €Lt NE?

Taking & = 5> we obtaln the result.

It is enough to prove ) for cubes of any fixed size p since the unit cube can be
covered by a finite number of cubes of size p. Let

d .
1 — cos(dz ()
o-f(
=1 523’3%1)
where § = do/d and dq is the constant from Lemma . Then

€]
SI1((- ) w)
Hence for each a

Bla(ry — o) = [ a(-Ocon@ie < [ as)ans)lds

|s|<do
since ¢ is real, positive, and supported inside the ball of radius . Thus (A.2]) implies
that there is a constant D such that
D

E(g(v —a)) < o

On the other hand g(0) = 5; so there is a constant p such that g(z) > -; on the cube
of size p centered at 0. Hence if Q is a cube of size p centered at a then

Blglry — o)) 2 -8 E D,

Combining the last two displays we obtain the result. 0

A
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We now prove the anticoncentration large deviation estimate with ©(r) = e=¢"",

Lemma A.3. If Q is a unit cube centered at z, then

C
wity € Q) < Nd%e—c?,zwv.

Proof. There is a constant R such that

z z

%—R) +,U/(TN€ Q, ’TN_TN/Q‘ >g—R>.

We will estimate the first term, the estimate of the second is obtained by replacing o

by o—'. We have u (TN € Q, |Tnyp| > % - R) < Z w(C'C"), where the sum is over
C/7C//

plrn € Q) < (TN € Q, |tny2| >

all pairs of cylinders (C’,C") such that
(i) length(C’) = length(C") = N/2,
(ii) there exists w’ € C’ such that |7/ (W) > % — R,
(iii) there exists w” € C" such that ‘TN/Q((A)/) + 7nj2(w") — 2| < 2R.
By Gibbs property Z u(C'C" <K Z u(CHu(C").
c/7CH C/,C//
By (A.4) for each C’ the sum of u(C") over the cylinders C” satisfying (iii) is smaller

2R)4C
than (N%' Summing over C’ satisfying (ii) and using (A.3]), we obtain the result.

Lemma A.4. Let Oy, ... 9, be unit cubes centered at 21, ... z,. Then with the notation
ZOZOERd,HOZO,

, i c,y N e
p(m; € Qjfor j=1,...5) < (—) e i1 | .
( J ) ]1_[1 (n; — ny_1)%?

Proof. The LHS can be bounded by Z(u(clcg ...Cs)) where the sum is over all tuples
of cylinders such that

(1) length(Cj) =nN; —Nj and

(ii) On Cj, Ty, —n,_, is contained in a cube of size R centered at z; — z;_1.

Using Gibbs property the last can be bounded by K H Z 1(Ci) | - Now
Jj=1 |C;:(i) and (4i) hold
the result follows by Lemma [A.3] 0]
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