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Abstract

Let F' be the complete flag variety over SpecZ with the tautological
filtration 0 C E; C E5 C --- C E,, = F of the trivial bundle F of rank
n over F. The trivial hermitian metric on F(C) induces metrics on

the quotient line bundles L;(C). Let ¢1(L;) be the first Chern class
of L; in the arithmetic Chow ring C/‘E(F) and 7; = —¢1(L;). Let
h € Z|X4,...,X,] be a polynomial in the ideal {(ey,...,e,) generated
by the elementary symmetric polynomials e;. We give an effective
algorithm for computing the arithmetic intersection h(Zi,...,Z,) in
@(F), as the class of a SU(n)-invariant differential form on F(C). In
particular we show that all the arithmetic Chern numbers one obtains
are rational numbers. The results are true for partial flag varieties and
generalize those of Maillot [Ma] for Grassmannians. An ‘arithmetic
Schubert calculus’ is established for an ‘invariant arithmetic Chow ring’
which specializes to the Arakelov Chow ring in the Grassmannian case.

1 Introduction

Arakelov theory is a way of ‘completing’ a variety defined over the ring of
integers of a number field by adding fibers over the archimedian places. In
this way one obtains a theory of intersection numbers using an arithmetic
degree map; these numbers are generally real valued. The work of Arakelov
on arithmetic surfaces has been generalized to higher dimensions by H. Gillet
and C. Soulé. This provides a link between number theory and hermitian
complex geometry; the road is via arithmetic intersection theory.

One of the difficulties with the higher dimensional theory is a lack of ex-
amples where explicit computations are available. The arithmetic Chow ring



of projective space was studied by Gillet and Soulé ([GS2], §5) and arith-
metic intersections on the Grassmannian by Maillot [Ma]. In this article we
study arithmetic intersection theory on general flag varieties and solve two
problems: (i) finding a method to compute products in the arithmetic Chow
ring, and (ii) formulating an ‘arithmetic Schubert calculus’ analogous to the
geometric case. The Grassmannian case is easier to work with because the
fiber at infinity is a hermitian symmetric space. To the author’s knowledge
this work is the first to provide explicit calculations when the harmonic
forms are not a subalgebra of the space of smooth forms. The question of
computing arithmetic intersection numbers on flag manifolds was raised by
C. Soulé in his 1995 Santa Cruz lectures [S].

We now describe our results in greater detail. The crucial case is that of
complete flags, so we discuss that for simplicity. Let ' denote the complete
flag variety over SpecZ, parametrizing over any field k£ the complete flags
in a k-vector space of dimension n. Let E be the trivial vector bundle of
rank n over F' equipped with a trivial hermitian metric on F(C). There is
a tautological filtration

E: Eh=0CE{CEyC---CE,=F

and the metric on E induces metrics on all the subbundles E;. We thus
obtain a hermitian filtration € with quotient line bundles L; = F; /Ei_1,
which are also given induced metrics. Let CH (F) be the arithmetic Chow
ring of F (see §2.2 and [GS1], 4.2.3) and 7; := —¢1(L;), where ¢ (L;) is the
arithmetic first Chern class of L; ([GS2], 2.5).

Let h € Z[X1, ..., Xy] be a polynomial in the ideal (ey, ..., e,) generated
by the elementary symmetric polynomials e;( X7y, ..., X, ). Our main result
is a computation of the arithmetic intersection h(Z1,...,%,) in @(F), as
a class corresponding to a SU(n)-invariant differential form on F'(C). This
enables one to reduce the computation of any intersection product in CH (F)
to the level of smooth differential forms; we show how to do this explicitly for
products of classes ¢;(E;/Ey). In particular, we obtain the following result:
Let k;, 1 < ¢ < n be nonnegative integers with > k; = dim F' = (g) + 1.
Then the arithmetic Chern number d/e\g(ic\’flic\gz ... ZFn) is a rational number.

Let CH(Gy) be the Arakelov Chow ring ([GS1], 5.1) of the Grassman-
nian G4 over SpecZ parametrizing d-planes in F, with the natural invariant
Kihler metric on G4(C). Maillot [Ma] gave a presentation of CH(G4) and
constructed an ‘arithmetic Schubert calculus’ in CH(Gy). There are diffi-
culties in extending his results to flag varieties, mainly because the Arakelov




Chow group CH(F) is not a subring of CH (F). To overcome this problem
we define, for any partial flag variety F', an ‘invariant arithmetic Chow ring’
CH jny(F). This subring of CH (F') specializes to the Arakelov Chow ring if
F(C) is a hermitian symmetric space.

We extend the notion of Bott-Chern forms for short exact sequences to
filtered bundles. These forms give relations in CH(F') (Theorem 2); however
they are generally not closed forms, and thus do not represent cohomology
classes. This forces us to work on the level of differential forms in order to
calculate arithmetic intersections. We compute the Bott-Chern forms on flag
varieties F' by using a calculation of the curvature matrices of homogeneous
vector bundles on generalized flag manifolds due to Griffiths and Schmid
[GrS]. One thus obtains expressions for the Bott-Chern forms in terms of
invariant forms on F'(C).

The Schubert polynomials of Lascoux and Schiitzenberger provide a con-
venient basis to describe the product structure of C'H;p,(F'). Using them
we formulate an ‘arithmetic Schubert calculus’ for flag varieties which gen-
eralizes that of Maillot [Ma] for Grassmannians. However explicit general
formulas are lacking, as we cannot do these computations using purely co-
homological methods.

We note that it is not surprising that Schubert polynomials are the right
combinatorial objects for describing the arithmetic Schubert calculus. For
we know, by the work of Fulton [Fu2], that these are the only polynomials
that satisfy the general degeneracy loci formula in the relative geometric
setting (see loc. cit.). The analogy between the arithmetic case (over the
integers of a number field) and the relative geometric case (over a function
field) has been understood for quite some time; the present work provides a
further illustration of this fact.

This paper is organized as follows. In §2 we review some preliminary
material on Bott-Chern forms, arithmetic intersection theory, flag varieties
and Schubert polynomials. In §3 we state the main tool for computing Bott-
Chern forms (for any characteristic class) in the case of induced metrics.
The definition and construction of the Bott-Chern forms associated to a
hermitian filtration is the content of §4. §5 is concerned with the explicit
computation of the curvature matrices of the tautological vector bundles
over flag varieties F. In §6 we define the invariant arithmetic Chow ring
CH ipy(F). This subring of CH(F') is where all the intersections of interest
take place. In §7 we give an algorithm for calculating arithmetic intersection
numbers on the complete flag variety F', in particular proving that they are
all rational. In §8 we describe the product structure of C'H;p,(F') in more



detail, formulating an arithmetic Schubert calculus. Some applications of
our results are given in §9. One has the Faltings height of the image of F
under its pluri-Pliicker embedding; this is always a rational number. We
give a table of the arithmetic Chern numbers for Fj 2 3. Finally §10 shows
how to generalize the previous results to partial flag varieties.

This paper is part of the author’s 1997 University of Chicago thesis. I
wish to thank my advisor William Fulton for many useful conversations and
exchanges of ideas. Thanks are also due to Kai Kohler who alerted me to a
numerical error in §9.2.

The geometric aspects of this work generalize readily to other semisim-
ple groups. We plan a sequel discussing arithmetic intersection theory on
symplectic and orthogonal flag varieties.

2 Preliminaries

2.1 Bott-Chern forms

The main references for this section are [BC] and [GS2].

Let S, denote the symmetric group and consider the coordinate ring
C[Ti;] (1 < 4,7 < n) of the space M,,(C) of n x n matrices. GL,(C) acts on
matrices by conjugation; let I(n) = C[T;;]%"*() denote the corresponding
graded ring of invariants. There is an isomorphism

o:1(n) — C[Xy,..., X,

obtained by evaluating an invariant polynomial ¢ on the diagonal matrix
diag(X1,...,X,). We will often identify ¢ with the the symmetric polyno-
mial o(¢). We let I(n,Q) = o~ *(Q[X1, ..., X,]°"). For A an abelian group,
Ag denotes A ®7 Q.

Let X be a complex manifold, and denote by AP*?(X) the space of dif-
ferential forms of type (p,q) on X. Let A(X) = P, APP(X) and A'(X) C

A(X) be the set of forms ¢ in A(X) which can be written as ¢ = 9n + On’/
for some smooth forms 7, n’. Define A(X) = A(X)/A'(X); note that if w is
a closed form in A(X) then the cup product Aw : A(X) — A(X) and the
operator dd° : A(X) — A(X) are well defined.

Let FE be a rank n holomorphic vector bundle over X, equipped with
a hermitian metric h. The pair E = (E,h) is called a hermitian vector
bundle. A direct sum F; @Eg of hermitian vector bundles will always
mean the orthogonal direct sum (E1 € E2, h1 @ hg). Let D be the hermitian
holomorphic connection of E, with curvature K = D? € A (X, End(E)).



If ¢ € I(n) is any invariant polynomial, there is an associated differential
form ¢(E) := ¢(5=K), defined locally by identifying End(E) with M,(C).
These differential forms are d and d¢ closed, have de Rham cohomology
class independent of the metric h, and are functorial under pull back by
holomorphic maps (see [BC]). In particular one obtains the power sum forms
pe(E) with py = Zsz and the Chern forms cx(E) with ¢, = e, the k-th

elementary symmeéric polynomial.

Let £: 00— S - EF — @ — 0 be an exact sequence of holomorphic
vector bundles on X. Choose arbitrary hermitian metrics hg, hg,hg on
S, E, Q) respectively. Let

?:(5,h5,hE,hQ): 0—-S—FE—-Q—0. (1)
We say that € is split when (E,hg) = (SE@ Q, hs®hg) and & is the obvious
exact sequence.

Let ¢ € I(n) be any invariant polynomial. Then there is a unique way to

attach to every exact sequence € a form ¢(€) in A(X), called the Bott-Chern
form of &, in such a way that:
(i) dd*4(%) = SE D Q) — o(B), -
(ii) For every map f : Y — X of complex manifolds, ¢(f*(€)) = f*o(E),
(iii) If € is split, then ¢(&) = 0.

For ¢, ¥ € I(n) one has the following useful relations in A(X):

b+ =0+, db=0¢-v(S®Q)+E)- . (2)

2.2 Arithmetic intersection theory

We recall here the generalization of Arakelov theory to higher dimensions
due to H. Gillet and C. Soulé. For more details see [GS1], [GS2], [SABK].
Let X be an arithmetic scheme, by which we mean a regular scheme,
projective and flat over SpecZ. For p > 0, we denote the Chow group
of codimension p cycles on X modulo rational equivalence by CHP(X)
and let CH(X) = @, CHP(X). C/'FIP(X) will denote the p-th arithmetic

Chow group of X. Recall that an element of E?IP(X ) is represented by
an arithmetic cycle (Z,gz); here gz is a Green current for the codimension
p cycle Z(C). The functor ﬁ{p(X) is contravariant in X; let @(X) =
@, CH"(X).

The involution of X (C) induced by complex conjugation is denoted by
F. Let APP(XR) be the subspace of APP(X(C)) generated by real forms



n such that F3n = (=1)Pn; denote by gp’p(XR) the image of APP(Xg) in
APP(X(C)). Let A(XRr) = @p APP(XR) and A(XR) = @p APP(XR). We
have the following canonical morphisms of abelian groups:

¢:CH'(X) — CHP(X), [(Z,92)]— |2,
W C/’I\JP(X) — APP(XR), [(Z,92)] — dd°gz + dz(c),

a: gp_l’p_l(XR) — C/'FIP(X)7 n+— [(0,n)].

For convenience of notation, when we refer to a real differential form
n € A(Xg) as an element of CH(X), we shall always mean a([n]), where [n]
is the class of 77 in A(Xg). There is an exact sequence

CHPPY(X) — AP~ 1771 (Xg) - OH'(X) - CHP(X) — 0 (3)

Here the group CHPP~1(X) is the Eg’l_p term of the spectral sequence of
[Q] §7, used by Quillen to calculate the higher algebraic K-theory of X (see
also [G]).

One can define a pairing C/'?IP(X) ® C/'Efq(X) — C/'EPH(X)Q which
turns CH (X)g into a commutative graded unitary Q-algebra. The maps ¢,
w are Q-algebra homomorphisms. If X is smooth over Z one does not have
to tensor with Q. We also note the useful identity a(x)y = a(zw(y)) for
z,y € CH(X).

Choose a Kéhler form wp on X(C) such that Flwy = —wp and let
HPP(XR) be the space of harmonic (with respect to wg) (p, p) forms on X (C)
invariant under Fs,. The p-th Arakelov Chow group of X = (X, wp) is defined
by CHP(X) = w Y(HPP(Xg)). The group CH(X)g = @p CHP(X)q is
generally not a subring of CH (X)q, unless the harmonic forms H*(Xg) are
a subring of A(Xg). This is true if (X(C),wp) is a hermitian symmetric
space, such as a complex Grassmannian, but fails for more general flag
varieties.

Let f : X — SpecZ be the projection. If X has relative dimension d over

— _—dt1
7, then we have an arithmetic degree map deg : CH - (X) — R, obtained

——d —
by composing the push-forward f, : CH Jrl(X) — CHl(SpecZ) with the

isomorphism C/’El(SpecZ) = R. The latter maps the class of (0,2)) to the
real number .

A hermitian vector bundle E = (E,h) on an arithmetic scheme X is an
algebraic vector bundle £ on X with a hermitian metric A on the induced



holomorphic vector bundle E(C) on X (C) satisfying F% (h) = h. There are
characteristic classes ¢(E) € CH(X)q for any ¢ € I(n,Q), where n = rkE.

— —k
For example, we have arithmetic Chern classes ¢x(E) € CH (X). For the
basic properties of these classes, see [GS2], Theorem 4.1.

2.3 Flag varieties and Schubert polynomials

Let k be a field, £ an n-dimensional vector space over k. Let
t=0<rm<rg<...<rpy,=n)
be an increasing m-tuple of natural numbers. A flag of type r is a flag
E: By=0CFE,CEyC---CE,,=F (4)

with rankE; = r;;, 1 < i < m. Let F(r) denote the arithmetic scheme
parametrizing flags £ of type t over any field k. (4) will also denote the tau-
tological flag of vector bundles over F'(t), and we call the resulting filtration
of the bundle E a filtration of type .

The above arithmetic flag variety is smooth over SpecZ (this follows,
for instance, from the criterion in [H], III1.10.2). There is an isomorphism
F(t)(C) ~ SL(n,C)/P, where P is the parabolic subgroup of SL(n,C)
stabilizing a fixed flag. In the extreme case m = 2 (resp. m = n) F(t) is
the Grassmannian Gy parametrizing d-planes in E (resp. the complete flag
variety F'). Although the results of this paper are true for any partial flag
variety F'(t), for simplicity we will work with the complete flag variety F,
leaving the discussion of the general case to §10. The notation for these
varieties and the dimension n will be fixed throughout this paper.

We now recall the presentation of the Chow ring CH (F') from [B1] and
[BGG]. Define the quotient line bundles L; = E;/E;_;. Consider the polyno-
mial ring P, = Z[X},...,X,] and the ideal I,, generated by the elementary
symmetric functions e;(X1,...,Xy). Then CH(F) ~ P, /I,, where the in-
verse of this isomorphism sends [X;] to —¢1(L;). The ring H,, = P, /I, has
a free Z-basis consisting of classes of monomials X {“XQQ <. Xknwhere the
exponents k; satisfy k; <n — 1.

The Schubert polynomials of Lascoux and Schiitzenberger [LS] are a
natural Z-basis of H,, corresponding to the classes of Schubert varieties in
CH(F). Our main reference for Schubert polynomials will be Macdonald’s
notes [M1]; most of what we need is also contained in the survey [M2].



Let Soo = UpSy, and Py = Z[X1, Xo,...]; there is a natural action of
Seo 0N P, by permuting the variables. For each w € Su, ¢(w) denotes
the length of w and 9, : Py — P the corresponding divided difference
operator, defined as follows: if w = s; = (i,7 + 1) is the transposition that
interchanges ¢ and ¢ + 1, then

f—sif

Os, f = 0if = X——XH

In general if w = s;,si, -+ s;, with k = ¢(w) then
8’w ::ail 087;20"'0 ’Lk7

the resulting operator is independent of the chosen reduced word for w. For
any w € Sy, the Schubert polynomial &, is defined by

Guw = Oty (XTIXG2 - Xp1),

where wy = (n,n—1,...,1) is the longest permutation in S,,. This definition
is compatible with the natural inclusion S,, C Sp41 (with w(n+1) =n+1).
It follows that &,, is well defined for every w € S, and is a homogeneous
polynomial of degree ¢(w).

We let A,, = P2 be the ring of symmetric polynomials in n variables.
The set {&,, | w € Sp,} is both a free A,-basis of P, and a free Z-basis of
H,,. Define

SM = f{we Sy |wn+1) <w(n+2) <--}.

Then {&,, | w € S™} is a free Z-basis of P, ([M1], (4.13)).

Define a Aj,-valued scalar product (, ) on P, by (f,g) = Ow,(fg), for
f,9 € P,. Let {6“}yes, be the Aj-basis of P, dual to the basis {S,,}
relative to this product. Then we have ([M1], (5.12))

S(X) = woSuwuw, (= X). (5)
For any h € I,, we have a decomposition h = Z (h, &) Sy, where each

wESH

(h,&") is in A, N I,.



3 Calculating Bott-Chern forms

Consider the short exact sequence € in (1) and assume that the metrics on
S and @ are induced from the metric on E. Let 7, n be the ranks of the
bundles S and E.

For ¢ € I(n) homogeneous of degree k we let ¢/ be a k-multilinear
invariant form on M, (C) such that ¢p(A) = ¢'(4, A,..., A). Such forms are
most easily constructed for the power sums pg, by defining

p%(Al, Ag, e ,Ak) = TI'(AlAQ . Ak)

m
If A = (A1, A2,...,A\p) is a partition of k, define py) := Hp,\z.. For py
i=1

we can take p\ = [] p’/\i. Since the py’s are an additive Q-basis for the
ring of symmetric polynomials, we can use the above constructions to find
multilinear forms ¢’ for any ¢ € I(n). For any two matrices A, B € M,,(C)
let

k
¢'(A;B) =Y ¢'(A,..., A, B, A,..., A),
=1

where the index ¢ means that B is in the i-th position.
Consider a local orthonormal frame s for E such that the first r elements

generate S, and let K(S), K(E) and K(Q) be the curvature matrices of
S, Q and E with respect to s. Let Kg = 5=K(S), K = 5=K(F) and

Ko = 5= K(Q). Write
( Kui | Ko
Kp = ( Ko | Koo )

where K11 is an r X r submatrix, and consider the matrices

_( Ks| O [ Id. |0
K0_<K21 K@) and J,,—( 0 0).
Let u be a variable and define K (u) = uKg + (1 — u)Ky. We can then

state the main computational

Proposition 1 For ¢ € I(n), we have

ol Ly u); Jp) — ¢ s dr
)= [ SO a0

u



Proposition 1 is essentially a consequence of the work of Bott and Chern
[BC], although we have not been able to find this general statement in the
literature. For history and a complete proof, see [T].

What will prove most useful to us in the sequel is

Corollary 1 For any ¢ € 1(n,Q) the Bott-Chern form 5(?) s a polynomial
in the entries of the matrices Kg, Kg and K¢g with rational coefficients.

Proof. By the equations (2) it suffices to prove this for ¢ = py a power
sum. Using the bilinear form p) described previously in Proposition 1 gives

1
PE) =k [ LK) = KO du

so the result is clear. O

Define the harmonic numbers H; = Z Ho = 0. We will need the

following useful calculations, which one can deduce from the definition and
from Proposition 1:

(a) §(£) =0 for all k and ¢,(E) = 0 for all p > rkE.

(b) ¢2(€) = c1(S) — TrK1; (see [D ] 10 1 and [T)).

(c) If E is flat, then ¢ (€) = Hy_ 1chl Yek—1-4(Q) ([Ma], Th. 3.4.1).

4 Bott-Chern forms for filtered bundles

In this section we will extend the definition of Bott-Chern forms for an exact
sequence of bundles to the case of a filtered bundle.
Let X and F be as in §2.1, and assume that E has a filtration of type t

E: Ey=0CFEF,CEyC---CE,,=F (6)

by complex subbundles E;, with v as in §2.3. Let @Q; = E;/E;_1, 1 <i<m
be the quotient bundles. A hermitian filtration € of type t is a filtration
(6) together with a choice of hermitian metrics on E and on each quotient
bundle @;. Note that we do not assume that metrics have been chosen on
the subbundles E1, ..., E,, or that the metrics on the quotients are induced

10



from E in any way. We say that & is split if, when Ej is given the induced
metric from F for each i, the sequence

& :0—E_1—FE —Q;,—0

is split. In this case of course F = @ Q;.

7

Theorem 1 Let ¢ € I(n) be an invariant polynomial. There is a_unique
way to attach to every hermitian filtration of type v a form ¢(E) in A(X) in
such a way that:

(i) dd°6(&) = 5@ Q) — ¢(E),
=1

(ii) For every map f:Y — X of compler manifolds, $(f*(§)) = f*gz?(g),
(iii) If € is split, then ¢(E) = 0. B

If m =2, i.e. the filtration € has length 2, then #(E) coincides with the
Bott-Chern class (0 — Q; — E — Qy — 0) defined in §2.1.

Proof. The essential ideas are contained in [GS2], Th. 1.2.2 and sections
7.1.1, 7.1.2., so we will only sketch the argument.

We first show that such forms exist. Given any hermitian filtration &,
equip each subbundle E; with the induced metric from E and consider the
exact sequence

E:0—FE; —>EZ—>@Z—>O

If ¢(£) and ¢(€) have already been defined then the equations

S0(E) = SEWED @) + s(E)(E)
i=1
can be used to define m and &b (see [GS2], Prop. 1.3.1 for the case
m = 2). Therefore it suffices to construct the Bott-Chern classes pj, for the
power sums pg. For this we simply let
Pr(&) = pr(&). (7)
i=1

Since the py(&;) are functorial and additive on orthogonal direct sums, it is
clear that (7) satisfies (i)-(iii). The construction for m = 2 gives the classes
of §2.1.

11



We will use a separate construction of the total Chern forms ¢(€): For
each i with 1 <7< m — 1, let Q; be the sequence

m m
00— P Q;—~ P Q;—0
J=i+1 Jj=t+1

and let g = E@@l Let % = &,. To each exact sequence 5 we
associate a Bott-Chern form ¢(&;"). It follows from [GS2], Prop. 1.3.2 that

a&h) =eE Do) =eEe( P @) =@ n N\ @)
j=it+l j=i+l
It is easy to see that ¢(€ Z c(&") satisfies (i)-(iii).
=1

i—

To prove that the form qb(g) is unique, one constructs a deformation of
the filtration € to the split filtration, as in [GS2], §7.1.2. Let O(1) be the
canonical line bundle on P! = P!(C) with its natural Fubini-Study metric
and let o be a section of O(1) vanishing only at co. Let pj, pa be the
projections from X x P! to X, P! respectively. We denote by E, E;, Q; and
O(1) the bundles p}E, piE;, piQ;, and p5O(1) on X x PL. For a bundle F
on X x P! we let F(k) := F @ O(1)F.

For each i < m — 1, we map E;(m — 1 — 1) to E;11(m — 1 — i) by the
inclusion of E; — E;41 and to E;j(m — i) by idg, ® 0. For 1 < j < m let

- - g )

Setting E = E,, we get a filtration of type t over X x P! :

£:0CE CEyC---CEy,=E.
The quotients of this filtration are sz = Ei/Ei,l =Qi(m—1), 1 <i<m.
For z € P!, denote by i, : X — X x P! the map given by i,(z) =
m

(x,z). When z # oo, ziE ~ F, while zzoE ~ EBQZ" Using a partition of
i=1

unity we can choose hermitian metrics h; on ); and h on E such that the

isomorphisms z:,QVZ ~ Q, ZSE ~ F and ZZOE ~ @ Q); all become isometries.
i=1

12



Then one shows (as in [BiGS], Th. 1.2.9 and [GS2], 1.2.3) that 5(?) is
uniquely determined in A(X) by the formula

58) =~ [ B 7)o -
O

Remark. Gillet and Soulé used EE(?) to give an explicit description of the
Beilinson regulator map on K;(X), where X is an arithmetic scheme ([GS2],
7.1).

It is easy to prove that analogues of the properties of Bott-Chern forms
for short exact sequences ([GS2], §1.3) are true for the above generalization
to filtered bundles. In particular the formulas (2) take the form:

o+ =0+0, =0 v(EPQ,)+(E) . (8)
i=1
for any ¢, ¢ € I(n). Using Theorem 1 and the same argument as in the
proof of Theorem 4.8(ii) in [GS2], we obtain

Theorem 2 Let
g: 0CE1 CEQC--'CFm:E

be a hermitian filtration on an arithmetic scheme X, with quotient bundles

Q;, and let ¢ € I(n,Q). Then

@D Qi) - 4(E) = a(4(€)).
i=1

Assume that the subbundles F; are given metrics induced from F and the
quotient bundles @); are given the metrics induced from the exact sequences
&;. Define matrices Kp, = 5-K(E;) and Kg, = 5-K(Q;) as in §3. Then
the constructions in Theorem 1 and Corollary 1 immediately imply

Corollary 2 For any ¢ € I(n,Q) the Bott-Chern form 5(?) is a polynomial
in the entries of the matrices Kg, and Kg,, 1 < 1 < m, with rational
coefficients.

13



5 Curvature of homogeneous vector bundles

Let G = SL(n,C), K = SU(n) and P be a parabolic subgroup of G, with
Lie algebras g, t and p respectively. Complex conjugation of g with respect
to ¢ is given by the map 7 with 7(A) = ~A' Welet v = pN7(p) and n be
the unique maximal nilpotent ideal of p, so that g =0 & n @ 7(n).

Let h = {diag(z1,...,2n) | D2 = 0} be the Cartan subalgebra of
diagonal matrices in g. The set of roots A = {z; —z; | 1 < i # j < n}is
a subset of h*. We denote the root z; — z; by the pair ¢j, and fix a system
of positive roots Ay = {ij | ¢ > j}. The adjoint representation of h on g
determines a decomposition g = h & Z g“. Here the root space g¢ = Ce,,

acA
where e, = e;; = E;; is the matrix with 1 at the ij-th entry and zeroes

elsewhere. Set €;; = 7(e;;) = —Ej;.

Let V.= K N P and consider the complex manifold X = G/P = K/V.
Let p : K — X be the quotient map, and let ¥ C A, be such that n =
Z g ¢ For a, 8 € U, the equations
acV

w*(eg) = dap, w(€g) =0, w(v)=0
wa(eﬁ) =0, wa(ég) = 50[/3, wa(n) =0

define elements of the dual space g*, which we shall regard as left invariant
complex one-forms on K. A given differential form n on X pulls back to

= faw™ A AW AT AL AT (9)
a,b

on K, with coefficients fq;, € C°°(K). Conversely, every V-invariant element
of C*(K)® A 7(n)* ® A n* is the pullback to K of a differential form on X.
A form n on X is of (p,q) type precisely when every summand on the right
hand side of (9) involves p unbarred and g barred terms.

Definition 1 Invg(X) (respectively Invg (X)) denotes the ring of K -invariant
forms in the R-subalgebra (respectively Q-subalgebra) of A(X) generated by
#wa/\wﬁ | a, 8 € U}

Suppose now that 7 : V. — GL(FE)p) is an irreducible unitary represen-

tation of V' on a complex vector space Ey. 7 defines a homogeneous vector
bundle £ = K xy Ey — X which has a K-invariant hermitian metric.

14



Extend 7 to a unique holomorphic representation = : P — GL(Ej), and de-
note the induced representation of p by the same letter. Then £ = G x p Ey
is a holomorphic hermitian vector bundle over X which gives a complex
structure to K xy Ejy.

In [GrS], equation (4.4) x, Griffiths and Schmid calculate the K-invariant
curvature matrix K (E) explicitly in terms of the above data. Their result
is

K(E)= Y m(leare—plo) @ AT, (10)
a,few
The invariant differential forms giving the Chern classes of homogeneous
line bundles were given by Borel [B2]; see the introduction to [GrS] for more
references.

Let Y = F(C) ~ SL(n,C)/B = SU(n)/S(U(1)") be the complex flag
variety and let E denote the trivial hermitian vector bundle over Y, with
the tautological hermitian filtration

E: 0CF1 CEQC'”CE,I:F

with quotient line bundles L; and all metrics induced from the metric on
E. All of these bundles are homogeneous, and we want to use equation
(10) to compute their curvature matrices. Note that (10) applies directly
only to the line bundles L;, as the higher rank bundles are not given by
irreducible representations of the torus S(U(1)™). We can avoid this problem
by considering the Grassmannian Yy, = Gi(C) = SU(n)/S(U (k) xU(n—k))
and the natural projection p : Y — Y. Now (10) can be applied to the
universal bundle Ej over Y; and the curvature matrix K(FE}) pulls back
via p to the required matrix over Y. In fact by projecting to a partial flag
variety one can compute the curvature matrix of any quotient bundle E;/E}.
The representations 7 of V' inducing these bundles are the obvious ones in
each case. What remains is a straightforward application of equation (10),
so we will describe the answer without belaboring the details.

We have defined differential forms w®, @w” on K = SU(n) which we
identify with corresponding forms on Y. With this notation, we can state
(compare [GrS], (4.13)x) :

Proposition 2 Let k < [ and considez the wvector bundle Qi = E;/FE
over F(C). Let the curvature matriz of Q. with its induced metric be © =

{Oas}it+1<a,p<i- Then
Oup = > W AT =) W AT,

i<k §>l
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For notational convenience we let w;; := ywlt, Wij = @It and Qj =
wij Awij, (i < j), where v is a constant such that v2 = 5—. Then we have

Corollary 3

c1(Lg) = Z Qir, — Z Qg

i<k i>k

1 — _
Kg, =5 K(Bi) = - > waj A
g>k 1<0, A<k
Let Q := /\ €2;;. To compute classical intersection numbers on the flag

1<j

variety using the differential forms in Corollary 3 it suffices to know / Q.
_ Y

If #; = —c1(L;), it is well known that n = Sy, (z) = 2} 1o 2 2,y is

dual to the class of a point in Y’; thus / 17 = 1. An easy calculation shows
Y

n—1 n—1 1
that = Hk!-Q,thus/Q: HH‘
k=1 Y =1

6 Invariant arithmetic Chow rings

It is well known that the arithmetic variety F' has a cellular decomposition
in the sense of [Ful], Ex. 1.9.1. It follows that one can use the excision exact
sequence for the groups C H**(F) (see [G], §8) to show that CHPP~1(F) = 0
(compare [Ma], Lemma 4.0.6). Therefore the exact sequence (3) summed
over p gives

0 — A(Fg) - CH(F) > CH(F) — 0. (11)

Recall that A(Fr) = Ker( is an ideal of C/'FI(F) whose C/'E(F)-module
structure is given as follows: if a € C/'I\{(F) and n € A(Fg), then a -7 =
w(a) An. A(Fr) is not a square zero ideal, but its product is induced by
0 -n = (dd°0) A n. This product is well defined and commutative ([GS1],
4.2.11).

We equip E(C) with a trivial hermitian metric. This metric induces
metrics on all the L;, which thus become hermitian line bundles L;. Recall
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from §2.3 that CH(F) has a free Z-basis of monomials in the Chern classes
c1(L;). The unique map of abelian groups

¢ : CH(F) — CH(F)

sending [] c1(L;)* to []¢1(L;)* when k; < n —i for all 7 is then a splitting
of (11). Thus we have an isomorphism of abelian groups

CH(F) ~ CH(F) & A(Fg). (12)

As an analogue of the Arakelov Chow ring we define an invariant arith-
metic Chow ring CH iy, (F) as follows. Let InvPP(Fr) be the group of
(p,p)-forms n in Invg(F(C)) satisfying Fin = (—1)Pn, and set Inv(Fr) =

@pInvPP(Fg). Let Inv(Fgr) C A(Fg) be the image of Inv(Fg) in A(Fg).

Define the rings Inv(Fg) and Inv(Fgp) similarly, replacing R by Q in the
above.

Definition 2 The invariant arithmetic Chow ring C/’?IW(F) 18 the subring
of CH(F) generated by e(CH(F)) and a(Inv(FR)).

Suppose that z,y € CH(F) and view z and y as elements of @(F)
using the inclusion €. Theorem 5 of §8 implies that under the isomorphism
(12), zy € CH(F) ® Inv(Fg). It follows that there is an exact sequence of
abelian groups

0 —> Inv(Fg) % CHipy(F) — CH(F) — 0 (13)
which splits as before, giving
Theorem 3 There is an isomorphism of abelian groups

CH;nyo(F) ~ CH(F) & Inv(Fg).

Remark 1: One can define another ‘invariant arithmetic Chow ring’

—
CHinv

(F):= w_l(Inv(FR)),

where w is the ring homomorphism defined in §2.2. There is a natural inclu-
— —/
sion CH jny(F) — CH,;,,(F); we do not know if these two rings coincide.

17



Remark 2: The arithmetic Chern classes of the natural homogeneous vector
bundles over F are all contained in the ring CH inv(F). In fact one need not
use real coefficients for this; it suffices to take CH(F') & IE(F@) with the
induced product from CH (F). As there are bounds on the denominators
that occur, it follows that the subring of C/'E(F) generated by e(CH(F))
is a finitely generated abelian group. However it seems that this group is
too small to contain the characteristic classes of all the vector bundles of
interest.

7 Calculating arithmetic intersections

In this section we describe an effective procedure for computing arithmetic
intersection numbers on the complete flag variety F. One has a tautological
hermitian filtration of the trivial bundle E over F

E:0CECEyC---CE,=FE
as in §5. Recall that the inverse of the isomorphism CH(F') ~ P, /I, sends

[Xi] to —c1(L;). Let 2; = —c1(L;) and 7; = —¢1(L;) for 1 <i < m.
If ¢ € A,®7Q is a homogeneous symmetric polynomial of positive degree
then ¢ defines a characteristic class. Theorem 2 applied to the hermitian

filtration & shows that
O(T1, B, ..., Tn) = (—1)382 H(E) (14)

in the arithmetic Chow ring CH (F). In particular for ¢ = e; an elementary
symmetric polynomial this gives

62'(53\1, 53\2, N ,fn) = (—1)i El(g)
Let h be a homogeneous polynomial in the ideal I,,. We will give an
algorithm for computing h(z1,Z2,...Zy) as a class in Inv(Fp):

Step 1: Decompose h as a sum h = Y e; f; for some polynomials f;. More
canonically one may use the equality

h= Y (h,&")&,
wESy
from §2.3. Since a(a)y = a(ww(y)) in CH(F) and w(fi(@1,.... 7)) =
fi(z1,...,2,), we have

n

h(zy,Z2,...7,) = Z(_l)ia’(g)fi(xlax% ey Tp) =

i=1

18



= 3 (— 1)) (3 G0)(E)S (w1, 2, ).

weSn

(the signs in the second equality come from a combination of (5), (14) and
the fact that &,, is homogeneous of degree ¢(w)).

Step 2: By Corollary 2, we may express the forms ¢;(£) and (E\G/wﬂé' )

as polynomials in the entries of the matrices Kg, and Ky, = c¢;(L;) with
rational coefficients. In practice this may be done recursively for the Chern
forms ¢; as follows: Use equation (7) and the construction in Corollary 1 to
obtain the power sum forms p;(€), then apply the formulas (8) to Newton’s
identity

Pi — C1Pi—1 + Capi—2 — - -+ (—1)"ic; = 0.

On the other hand Corollary 3 gives explicit expressions for all the above
curvature matrices in terms of differential forms on F(C). Thus we obtain

formulas for ¢;(€) and <h/,\6/w>(5) in terms of these forms. For example,
using the notation of §5, we have

Proposition 3 ¢;(€) =0 and ¢3(€) = — ZQU

1<j
Proof. Use (7), properties (a) and (b) at the end of §3, and the identity
2c9 = cf — po. O

Step 3: Substitute the forms obtained in Step 2 into the formulas given in
Step 1. Note that the result is the class of a form in Inv(Fgp) since all the
ingredients are functorial for the natural U(n) action on F(C).

In particular, if k; are nonnegative integers with > k; = dim F' = (g) +1,
the monomial Xfl -+~ Xkn is in the ideal I,,. If Xfl oo Xkn =3%"e; f;, then
we have

PR 2 = (1 E(E) fila, . ).
7

Now if 2 = A €;; is defined as in §5, we have shown that
a(?)fl(xl, e ’$n> — TZQ

for some rational number r;. Therefore
— A 1 .
~k1 ok ~kny _ _
deg(z7'7y* - - Ty) = ) Z(—l)’ri/ Q= BY Z(—l)lri
Of course this equation implies
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Theorem 4 The arithmetic Chern number d/e%(i"\’fl/x\gz .- 2k s a rational

number.

Remark. For a < b let @b,a = FEy/E,, equipped with the induced metric.
)ki) for

Then one can show that any intersection number d/e%(H Crm,; (@biai

(3
> kim;i(b; — a;) = dim F is rational. This is done by using the hermitian
filtrations
0C Qut1a CQRat2aC " CQyy

and Theorem 2 to reduce the problem to the intersections occuring in The-
orem 4. To compute arithmetic intersections of the form (0,7) - (0,7’) with
n,n € IfIR/(FQ), we need to know the value of dd“n. For this one may use
the Maurer-Cartan structure equations on SU(n) (see [GrS]|, Chp. 1); all
such intersections lie in I/ﬁ;f(FQ).

Although there is an effective algorithm for computing arithmetic Chern
numbers, explicit general formulas seem difficult to obtain. There are some
general facts we can deduce for those intersections that pull back from Grass-
mannians, for instance that 5571”1 = 2" = 0. There is also a useful sym-

metry in these intersections:

n

=k ~ko =~k

aps kg ok
Proposition 4 z7'25* - 77" =2

faghe .flf", for all integers k; > 0.

Proof. This is a consequence of the involution v : F(C) — F(C) sending
E:0CFE CEyC---CE,=FE

to
& .0=F cE.,CE-,C---CO-=FE.
Over SpecZ, v corresponds to the map of flag varieties sending F; to the

quotient E/FE;. If ff‘ are the arithmetic Chern classes obtained from EL,

. . = = -l .
then using the split exact sequences 0 — E; — E — E; — 0 we obtain

~ ~ L ~ =L =L ~ = ~ = ~
.CL‘ZL = —Cl(Li ) = —C1 (En_i)‘FCl (En+1_z‘) = Cl(Enfi)_Cl (EnJrlfi) = Tn+1—i-
Since v is an isomorphism, the result follows. a
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8 Arithmetic Schubert calculus

Let P, I,,, A, and S(™ be as in §2.3. The Chow ring CH(F) is isomorphic
to the quotient H,, = P,,/I,,. Recall that H, has a natural basis of Schubert
polynomials {&,, | w € S,,}, and that the &,, for w € S™ form a free Z-basis
of P,. We let T,, = S ~_S,. The key property of Schubert polynomials
that we require for the ‘arithmetic Schubert calculus’ is described in

Lemma 1 Ifw € T,, then &y € I,. In fact we have a decomposition

Guw= ) (64,6") 6,
vESy

where (G4, &Y) € A, N I,

Proof. Assume first that w(1) > w(2) > --- > w(n), so that w is dominant.
Then by [M1], (4.7) we have

Sy = XIU(l)*lX;U(Q)*l . X;Lu(n)fl'
If w ¢ S, then clearly w(1) > n, so Xf)(l)_l ¢ I,, and thus &, € I,,.

If w € T, is arbitrary, form w’ € T,, by rearranging (w(1),w(2),...,w(n))
in decreasing order and letting w'(i) = w(i) for ¢ > n. We have shown
that &, € I,. There is an element v € S, such that wv = w’ and
l(v) = L(w'") — £(w). Note that since 9, is Ap-linear, 9,1, C I,,. There-
fore ([M1], (4.2)): &y = 0,6y = 0,6y € .

The decomposition claimed now follows, as in §2.3. a

It is well known that there is an equality in P

GuGy = Y b6y, (15)

wESoo

where the ¢ are nonegative integers that vanish whenever ¢(w) # £(u)+£(v)
([M1], (A.6)). A particular case of this is Monk’s formula: if sj, denotes the
transposition (k,k + 1), then

6sk Gw = Z th
t

summed over all transpositions ¢t = (7, j) such that i < k < j and ¢(wt) =
f(w) +1 ([M1], (4.15")).
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We now express arithmetic intersections in CH (F') using the basis of
Schubert polynomials. Lemma 1 is the main reason why this basis facilitates
our task. This property (for Schur functions) also plays a crucial role in
the arithmetic Schubert calculus for Grassmannians (see §10 and [Ma], Th.
5.2.1).

For each w € S| let éw = Gu(Z1,...,2p). If w € T, then Lemma 1
and the discussion in §7 imply that Guw € I?R/(FQ); we denote these classes
by éw. We have

&, = Z (=) (S, &Y (E)Sy(x1,. .., Tn).

vES,
We can now describe the multiplication in CH i (F):

Theorem 5 Any element of C/’l?lmv(F) can be expressed uniquely in the

form Z awéw +n, where a,, € Z and n € Inv(Fr). For u,v € S,, we have
UJESTL

G, -6, = Z cﬁv@w + Z Sy, (16)
’LUESn ’ll)eTn

Su-n=6u(@i,...,xa) An,  and n-n' = (ddn) A,
where &, € I’nvv(FQ), n, 0’ € Inv(Fgr) and the ¢, are as in (15).

Proof. The first statement is a corollary of Theorem 3. Equation (16)
follows immediately from the formal identity (15) and our definition of &,,.

The rest is a consequence of properties of the multiplication in CH (F)
discussed in §6 and §7. O

Remark. It is interesting to note that we also have, for u,v € Ty,
Gy 6y = (dd°G, ) NGy = ) 6,
weTy
in Inv(Fg).
Applying (16) when &, = &, is a special Schubert class gives
Corollary 4 (Arithmetic Monk Formula):

ésk . éw = Zéws +Zéwtv
s t

where the first sum is over all transpositions s = (i,j) € Sp such that
i <k < jand l(ws) = l(w)+ 1, and the second over all transpositions
t=(i,n+1) with i <k and w(i) > w(j) for all j with i < j < n.
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9 Examples

9.1 Heights

The flag variety F' has a natural pluri-Pliicker embedding j : F' — IP’]ZV . J
is defined as the composition of a product of Pliicker embeddings followed
by a Segre embedding; if Q; = E/E;, then j is associated to the line bundle

Q= ® det(Q;). Let O(1) denote the canonical line bundle over projective

space, equ1pped with its canonical metric (so that ¢1(O(1)) is the Fubini-
Study form). The height of F relative to O(1) (see [Fa], [BoGS], [S]) is
defined by

ho)(F) = deg(@(0(1) )+ F).

The pullback j*(O(1)) = @ is an isometry when @ is equipped with the
canonical metric given by tensoring the induced metrics on the determi-
nants of the @, (this follows from the definition of the Segre and Pliicker
embeddings). We deduce that

n—1 n—1 n—1
]*(61(@(1))) 2/6\1 E Z n— Z)i‘\l = Ss,,
=1 i=1 i=1
and therefore
n—1
h) (F) = deg(@ @)D F) = deg((S " &,,)(B)H1).
i=1

Now Theorems 4 and 5 immediately imply
Corollary 5 The height hg ) (F) is a rational number.

9.2 Intersections in Fj 3

In this section we calculate the arithmetic intersection numbers for the
classes Z; in CH(F') when n =3, s0 F = Fy 3.
Over F we have 3 exact sequences

E:0—-E,_1—E —-L —0 1 <e<3.

We adopt the notation of §5 and define €2;; = w;; A w;;. Then Corollary 3
gives

=M+ M3, w2=—C2+ 03, x3=—Q13— a3,
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Kp = — s wig A W23
? wo3z A W13 Qo3 )

We refer now to the properties of the forms ¢, mentioned at the end of
§3. By property (a) E;(gl) = 0, while (b) gives ¢(£2) = —Q12. Property (c)
applied to £3 gives ¢(E3) = —N13— Qg +3021303. Using the construction of

the Bott-Chern form for the total Chern class given in the proof of Theorem
1, we find that

(&) = —a — i3 — Qa3 — Q1213 — 12093 + 3013003, (17)

Notice that this expression for ¢(€) is not unique as a class in I/rFf(FR). For
instance, we can add the exact form

c1(L1)e1(La) — ca(Ea2) = Q12023 — Q120213 — Q13003
to get

¢(€) = =M — Mz — Doz — 2019013 + 201303, (18)
The Bott-Chern form (18) is the key to computing any intersection number
deg(f’f1§§2§§3), following the prescription of §7. (Of course we can just as

well use (17), with the same results.) For example, since
x‘f = m‘i’el - 1‘%62 + x1€3,

we have

./flll = JI%(QH + Q3 + 923) + x1 (2912Q13 — 2913923) =20 —-20=0.

On the other hand, a similar calculation for 73 gives

T3 = —2562(E) — 2203(E) = —20 + 4Q = 2Q.
Thus d/e;g(i?%) = / Q= 1
Fe) 2

The following is a table of all the intersection numbers d/e%(i'\’flic\?fég’)
(multiplied by 4):

kikoks Adeg | kikoks Addeg | kikoks 4deg
400 0 004 0 040 2
310 5 013 5 121 4

301 -5 103 -5 202 7
220 -3 022 -3
211 -2 112 -2
130 -1 031 -1
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Note that the numbers in the first two columns are equal, in agreement
with Proposition 4. We can use the table to compute the height of F' in its
pluri-Pliicker embedding in IP)%:

T o ~ 41
ho)(Fle23) = deg((21 + 2)") = 5

10 Partial flag varieties

In this final section we show how to generalize the previous work to partial
flags F'(r). Our results may thus be regarded as an extension of those of
Maillot [Ma] in the Grassmannian case.

As usual we have a tautological filtration of type t

E:0CEiCEyC---CE,,=F (19)

of the trivial bundle over F(t), with quotient bundles @;. Equip E(C)
with the trivial hermitian metric, inducing metrics on all the above bundles.
The calculations of §5 apply equally well to X, = F(r)(C). Proposition
2 describes the curvature matrices of all the relevant homogeneous vector
bundles, and one can compute classical intersection numbers on X, in a
similar fashion.
Call a permutation w € S an t-permutation if w(i) < w(i + 1) for
all i not contained in {ry,...,rm—1}. Let S, and T}, be the set of t-
permutations in S, and T,,, respectively. For such w one knows (see [Fu2],
§8) that the Schubert polynomial &,, is symmetric in the variables in each
of the groups
Xiyoo oy X5 Xty oo Xy oo 5 X ol e e e X (20)

I Tm—1"

m
The product group H = H Sr,—r,_, acts on P,, the factors for ¢ < m by

i=1
permuting the variables in the corresponding group of (20), while S, _,
permutes the remaining variables X, 41,...,X,. If P, = Pf is the ring

of invariants and I, = P N Iy, then CH(F(t)) ~ Py, /I, The set of
Schubert polynomials &,, for all w € Sy, ; is a free Z-basis for P, /I, .

Let w € Sy If we regard each of the groups of variables (20) as the
Chern roots of the bundles Q1,Q2,...,Qm—1, it follows that we may write
S, as a polynomial &, . in the Chern classes of the @;, 1 <i <m—1. The
class of Gy, in CH(F(v)) is that of corresponding Schubert variety in F(t)
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(see loc. cit. for the relative case). By putting ‘hats’ on all the quotient
bundles involved (with their induced metrics as in §8) we obtain classes éw,r
in CHpy(F(v)).

The analysis of §6 remains valid; the map e can be defined by €(S,, ) =
éum. In particular we have an invariant arithmetic Chow ring CH i (F(t)
for which Theorem 3 holds. If F(tr) = G4 is a Grassmannian over SpecZ,
then CH inv(Gq) coincides with the Arakelov Chow ring CH(Gy), where
G4(C) is given its natural invariant Kéhler metric, as in [Ma].

Suppose that v/ is a refinement of t, so we have a projection p: F(') —
F(t). In this case there are natural inclusions Inv(F (V)r) — Inv(F (Y )r)
and CH(F(r)) — CH(F(¢')). Applying the five lemma to the two exact
sequences (13) shows that the pullback p* : C/'ﬁmv(F(t)) — C/'Eim,(F(t/))
is an injection. Note however that this is not compatible with the splitting
of Theorem 3.

One can compute arithmetic intersections in C H iy (F(v)) as in §7. Ap-
plying Theorem 2 to the filtration (19) (with induced metrics as above)
gives the key relation required for the calculation. In particular we see that
all the arithmetic Chern numbers are rational, as is the Faltings height of
F(t) in its natural pluri-Pliicker embedding. Corollary 5 thus generalizes
the corresponding result of Maillot mentioned in §1.

There is an arithmetic Schubert calculus in CH v (F(t)) analogous to
that for complete flags. The analogue of Lemma 1 is true, that is &, € I, ¢
if we Ty (thls is an easy consequence of Lemma 1 itself). It follows that
for w € T), , Gw ¢ is a class Gw € InV(F( )o)- The analogue of (16) in this
context is

Gu,t'év,t: Z C 6wt+ Z C%éw,r (21)

where u,v € Sy, and the numbers ci, are as in (15). The remaining state-
ments of Theorem 5 require no further change.

Remark. Equation (21) is not a direct generalization of the analogous
statement in [Ma], Theorem 5.2.1. However one can reformulate Maillot’s
results using the classes ¢,(S) instead of ¢,(Q — &) (notation as in [Ma],
§5.2). With this modification, the arithmetic Schubert calculus described
above (for m = 2) and that in [Ma] coincide. In the Grassmannian case
Su,¢ is a Schur polynomial and there are explicit formulas for &, . in terms
of harmonic forms on G4(C) (as in loc. cit.).
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