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We propose a unifying principle which identifies a very broad class of hypotheses and
statistics for which a suitable application of the n out of n bootstrap yields asymptot-
ically correct critical values and power for contiguous alternatives. We also show that
this attractive principle can fail in situations which the m out of n bootstrap can deal
with (Bickel, G6tze and van Zwet, 1997)(BGvZ). We formalize the m out of n bootstrap

theory for testing and show that under mild conditions, it provides correct significance

level, asymptotic power under contiguous alternatives, and consistency. We conclude with
simulation results supporting the asymptotics. ;
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1 Introduction

It is logically clear but not always noted that the usual nonparametric boot-

strap (the n out of n bootstrap) fails in setting critical values for test statis-

tics in hypothesis testing. The problem is that hypothesis restrictions are not

reflected adequately by the empirical distribution when one is resampling as
many observations as one has in the sample. For example, Freedman (1981)

points out that in setting confidence intervals for the usual slope estimate for

regression through the origin, one must resample not the residuals but the
residuals centered at their mean. If one considers setting confidence bands
as the dual of hypothesis testing, a moment’s thought will show that not
centering the residuals is tantamount to not imposing the model require-
ment for the hypothesis tests that the expectation of the error is 0.. For
more recent examples, see Hirdle and Mammen (1993), Mammen (1992)
and Bickel, G6tze and van Zwet (1997) (BGvZ). BGvZ note that the m
out of n bootstrap, m —+ co, ® — 0, is in principle usable. In particular,
Bickel and Ren (1996) study the following situation: testing for goodness of
~ fit with doubly censored data where the usual bootstrap as usual fails and
- finding a distribution approximating the truth under Hy is difficult. They

- propose using the m out of n bootstrap to set the critical value of the test
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and show that the proposed testmg procedure is a.symptotlca.lly consmtent .
and has correct power against 1/n-alternatives.

There have been a number of papers in the literature detailing modifi-
cations of the bootstrap for correct use in testing, see Beran (1986), Beran
and Millar (1987), Hinkley (1987, 1988), Romano (1988, 1989), among oth-
ers. In particular, Hinkley indicated quite generally that bootstrapping from
a distribution obeying the constraints of the hypothesis which is closest in
some metric to the empirical distribution should give asymptotically correct -
critical values. Unfortu.na.teiy, this requires an exercise in ingenuity in most
‘cases, and as has been frequently noted, say, Shao and Tu (1995) for exam-
ple, that it may in practice be very difficult to construct such a distribution.
Romano showed that in an interesting class of situations, including testing
goodness of fit to parametric composite hypothesis and independence, there
was a natural definition of a distribution in the null hypothesis Hy closest
to the empirical, and that, for natural test statistics, bootstrapping from
- this distribution would yield asymptotically appropriate critical values. In a
prescient paper, Beran (1986) gave two general principles for construction of
tests of abstract hypotheses in the presence of abstract nuisance pa.ra.meters
and estimation of the power functions of such tests.

In Section 2, we propose a unifying principle which identifies a very broad
- class of hypotheses and statistics including all those considered by Romano

(1988) for which a suitable application of the n out of n bootstrap yields
asymptotically correct critical values, power for contiguous alternatives, and
consistency under mild conditions. We state a general theorem and apply
it in eight examples including all those of Romano, those of Bickel and Ren
(1996), a test for change-point (Matthews, Farewell and Pyke, 1985) with
censored data, and a number of others. This result, Theorem 2.1, applies
only to test statistics which are regular in the sense of stabmzmg 6h the
n~1/2 gcale under the hypothesis. We then in Theorem 2.2 extend Theorem
2.1 to a broader class of statistics based on estimates of irregular parameters
such as densities. Moreover, we show that our proposed unifying principle
_can fail in situations which the m out of n bootstrap can deal with.

Our unifying principle, though not our point of view, can be viewed
as a particular case of one of Beran's two approaches, even as Hinkley's
work corresponds to the other. However, that part of Beran’s formulation
which is relevant to the principle we state emphasized construction of tests
from confidence region for abstract parameters in the presence of nuisance
parameters rather than the setting of critical values for natural test statis-
tics. Perhaps for this reason, the abstract point of view which obscured the
rather simple geometrically based special case we focus on and the general
conditions whose checking is usually the heart of the matter, the broad ap-
phcabﬂ.lt:y of his a.rgmnent was-not appreciated (eveniby us until a referee
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brought his paper to our attention). We focus here on checkable conditions
and exa.mpies .

In Section 3, we state a.nd prove a theorem showing that the m out of n
bootstrap is an approach that generally provides correct significance level,
asymptotic power under contiguous alternatives, and consistency. This is
essentially a formalization of the discussion of BGVZ.

We close with simulations and a brief appendlx deca.tmg where the
regularity COD.d.ithD.B for the examples can be found.

2 A general approach to defining semlparametrlc hypotheses

For simplicity, we start this section with the case where the data Xj,...,X,
are independently and identically distributed (iid.) taking values in X,
usually RF, with an unknown distribution function (d.f.) F' € F. However,
it should be apparent frorn our dlscwasmn that our a.pproa.ch is more generally

applicable.
Suppose that we want to test

(2.1) | Hy: F € Fp vs. E1 F ¢ R.

- We begin with conmdermg the case that X takes on k+1 va.luea g, T1,- ;,,-
only. Thus F is pa.ra.metnzed by _

P{X—mg}s 0<J<k

_ .
pEP:{pER !.pJ>0 1<j <k, Zp,<l}
_ =1

A hypothesis Fj is then described by, say, {h(8) € IP; 8 € RY, g < k}, where
8 — h(8) is 1—1. If k(@) is continuously differentiable and (6h:(8)/86;)kx4
is of full rank, then h is an embedding of RY in RF (Vaisman, 1984, page 11,
13 and 15). This means that for any py € Fo = h(R?) N P, there exist open
sets Up, and Up in RF and a differentiable function ny : Uy — R*79, such
that pg € Up, and Up, N Fo = {p € Uy | mo(p) = 0}. The map (“atlas”) Mo
- can in many cases of interest be pieced together conmstently to a single r)u _
such that

(2.2) - ={p€ PP | mo(p) = 0}.3

Thus, if the random sample X1,...,Xyn i8 from some p € P, Wh.lch is
in a neighborhood Uy, of some pg E Fo, and if ) = ny(p), where p =
(Ni/n,Ny/n,...,Ni/n)T is the empirical distribution (vector of frequen-
cies) of Xj,.. Xm typical tests are of the form (or asymptotically equiv-
alent to tests of the form): Reject if T(f 7)) is large, where the function

3Even if the “atlas” can not be reduced to a single function, we still can naturally ba.se
. a test on 1, (p) for p as above and P, as the member of Fp closest to p.
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. R¥=¢ _ R* ig contiruous with 7(t) = 0, iff ¢ = 0. Typically, r is
eqmvalent to a norm on RF9.
' For instance, the usual Wald test is to use n#i” £~1f), where ¥ is an
estimate of the covariance matrix X(p) of f. This is equivalent to using
7(z) = xTE; z. In this situation, we can bootstrap parametrically in one
of two ways: : : ‘

(a) Estimate 8 by 8, the maximum likelihood estimator (MLE)-under
Hy : g = 0, then use the appropriate percentile of the distribution of
(y/nf*) as the critical value, where X7,..., X}, are Li. d p(80);

(b) Note that \/n(f} —n,) and \/n 7} have the same distributions under Hy
and use the appropriate percentile of the distribution of T(v/n(7" —1))
as the critical value, but where now X7,.. X » may be obtained Erom )

. the nonpara.metnc bootstrap, i.e., i.. d D.

If By is unj.formly consistent on 6, it follows from, for example, a theorem
of Rao (1973, page 360-362) that these bootstraps are both va.hd (Note tha.t
p(Bp) can be used instead of p in case (b).)

If X does not have finite support, the corresponding conditions for char-
acterization of an embedding in Hilbert space are more involved. Nonethe-
less, as we shall see by example below, the equivalence (2.2) holds quite
broadly.
 Sufficient conditions for use of bootstrap (b) are easily given. Suppose
that for hypothesis (2.1), there exists T : F — T, where T is a Banach
space, possibly RP but often a function space such as D[RF], such that

(2.3) " Fo = {F; T(F) =0}.

It is often convenient to think of both F and 7 as subsets of spaces of finite
signed measures defined on spaces of bounded functions Hz,Hy on & and
another space ) and identify F' as a member of l(H:), T(F) = G as a
member of loo(Hy) via, - -

(z 4) F(h) f h(z)dF(::: G(r) = f r(y) dG(y)

‘We shall throughout assume that measnra,bﬂ.lty tecbmcahtxes are dealt with
by the Hoffman-Jgrgensen approach — see van der Vaart and Wellner (1996).
Let F, denote the empirical distribution of Xi,...,Xn and 7: 7 — RT
be continuous with 7(t) = 0 iff £ = 0. Tests for (2.1) are naturally based
on rejecting Hy for large 7(v/nT(£,)) (provided that \/n(T(F,) — T(F)) is
well behaved). In analogy to the multinomial situation, it seems natural to
use either ' : ' : .
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(a) The quantiles of the distribution of T(v/n T(F‘“)) where Xl s X
are iid. from Fy € Fp, which is a umformly consistent’ est:ma.te of

F under Ha, or

(b) The quantiles of the nonparametric n out ofn bootstrap distribution
of T(\/~ (T(F*) — T(Fyn))), where Fy is the empirical distribution of
Xl, , & sample from Fy; : :

as critical values for (\/n T(F )). In the framework of Beran (1986) this
can be viewed as using the test: Accept if 0 € !C(F ), where C(F ) is the
asymptotic 1 — o confidence region {t;7(/n(T(F,) —t)) < d,,(F )} and -
dn(F) is the 1 — & quantile of the distribution of 7(y/a(T(F,) — T(F))).
We shall give sufficient conditions for the validity of alternative (b) in this
abstract framework below, but before doing s0 we give some examples where
(2.3) applies. .
. Example 1 Goodness of ﬁt to a single hypothesis. Here .7-'0 = {Fo} F is all
distributions and we can clearly take 7 = [, (X), finite signed measures on X
and T'(F)) = F—Fy. Possible 7's are () = ||pt]|oo, where ||-[|co = sup{|u(h)| :
h € H:} for X suitable H;. For example, X = R, Hy = {1(~c0,)i t € R}
gives the Kolmogorov—Smirnov test. Another possibility is weighted averages
of 4®(h) over H,. Thus, 7(u) = [ (u(—o0,z))2dFy(z) leads to the Cramér-
von Mises test. Option (b) corresponds to using the bootstrap distribution
of 7(y/n(E* - F, n)), while (a) leads to simulating from Fp. -

Example 2 Goodness of ﬁt to a composite hypothesis. Here Fy = {Fp; 6 €
9}, 6 € R say, and F; is a regular parametric model. Suppose that
9(F,.) € © is a regular estimate of 6 in the sense of Bickel, Klaassen, Ritov
- and Wellner (1993) (BKRW) where 6 : F — © is a parameter. For instance
§(F) = argmin ||F — Fy||oo may be a possibility. Again we can take F C
loo(Hz) and
aE ) F — Fy(py-

Note that we could take 9( ) as a.uy parameter deﬁned on F such that
0(Fp) = 6.

This example figures prominently in 'Romano (1988). There he consid-
ered Fo describable by Fy = {F; F = 7(F)} and recommended scheme (a),’
resampling from y(£;) for statistic ||£, — (£, I and ¥(F) = Fyer). Our '
scheme simply rewrites F' = ~(F) as F — v(F) = 0. However we prescribe
bootstrapping from the empirical for statistic /n "F 7(F )= F+1(F)|.
That, is we use the bootstrap distribution of /n||E¥ —y(E*) — F, ++(E,)|.
D ° .

Example 3 Tests of location. Suppose X = R? and T'is a location pa.fa.meter

28 "  T(F(-— b)) = T(F) + 6o
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- for all 6y € R%. Let Fy = {F; T(F) = 0}. Thus if T(F) = [z dF, this is the
hypothesis that the population mean of F is 0. If T(F) = F~1(}), then this
is the hypothesis that the population median is 0. We can similarly consider
trimmed means etc. In fact our discussion applies to scale parameters and
more generally transformation parameters — see BKRW (1993) — but we
do not pursue this. In this case our prescription is to use the bootstrap
distribution of /n (T(ﬁ"") T(F )). Here prescriptions (a) and (b) coincide
since the distribution of /7 (T(F‘) — T(F},)) under Hy is by (2.5) the same
as that of \/nT(F*) where F* is the empirical distribution of a sample
from F‘n(- —T(F,)). Equivalently say in the case of the mean the bootstrap
distribution of X} — X,, is the same as the distribution of X, the mean of a -
resample from the residuals X; — X, ..., X, — X. The latter (a) form is the
prescription of Freedman (1981) and Roma.no (1988], and the special case
of the mean is Example 2 of Beran (1986). _ o

We now turn to some simple results.

Suppose T is a subset of a space of finite signed measures with 7 viewed
as a subset of the Banach space loo(Hy) as above.

Suppose T is extendable to F and,

(A1) T is Hadamard differentiable at all Fy € F as a map from (F, || - o)
to (T, * lleo) with derivative 7" : T — loo(H,), & continuous linear
transformation, and F a closed linear space containing F. That is-

(2.6) sup{||T(Fo +AA) —T(Fp) — AT(Fo)Al; A € K} = o))
where K is any compact subset of loo(#;) and A5 0.

(A2) v/n(Fy — Fy) = Zg, in the sense of weak convergence for probabilities
on l(Hz) given by Hoffman- Jargensen a.nd P{Zg, € F} =1 for all
Fp € Fo. . _ o

Theorem 2.1 Under (Al) and (A2), for all Fy € %o,
@7) V(T - T(R) = T(F)Zr,
and with probability 1,

2.8 VAT (F}) — T(F,)) = T(Fo) Zr,-
Proof By Giné and Zinn (1990), (A2) implies that
(2.9) | | Vn(E: — Fy) = Zp,

with probability 1. Now apply a standard argument By Hadama:d differ-
entiability .

(2:10) VAT (Fy) = T(F) = T(Fo) V(P - Fu)'l‘ﬂp()



The Bootstrap in Hyj:otheais Testing 97

@11)  VATED) - T(F)) = TEWAES — Fy) +0p(1)
(2 10) yields (2.7) and subtracting (2.10) from (2.11) yields (2 8). n

Now iettmg Ly be the dlstnbutlon of T(T (Fo)Zr,), we have the fo]]owmg
corollary.

Corollary 2.1 Under the assumptions of Theorem 2.1, if Lq is continuous,
and respectively, ™ and CY are the (1 — a)-quantiles of T(/n[T(FY) —
T(Fy)]) and L',g, then as n —)- 00, .

@12) - P{T(\/_T(F ) > G“(“ | Ho} = c.
In faci, as n —+ oo, ' |
(213) P{r(vAT(F) 2 CXAl(VAT(F) 2 C3] | Ho} 0.

If {F,} 1s a sequence of aliernatives contiguous to Fy € Fo, then (2.18)
continues to hold with P replaced by P correspondmg to Fy,, and hence the
' power functions for the tests using C‘ ™) and Cc(,) are the same.
If (A1) and (A2) hold for all F € F not just Fy and 7(t) — oo, as
ltllco — o0, then the test based on Ca™ is consistent for aII F¢ .7-'9

- Proof (2.12) and (2.13) follow from G'(ﬂ) C? for all Fy € Fy, an imme-
diate consequence of the theorem and Polya’s theorem. Contiguity preserves
convergence in probability to constants so that equivalence of the power func--
tions follows. Finally consistency follows since under the assumption Cy o)
converges in probability under F to the (1 — @)-quantile of Lz (7(T(F)ZF)).
But, '

VAT (Eloo = VAT (F) = T(E)) = VAT(F)eo 5 00

since the first term in the norm is tight while the second term has norm of
the order +/n since T( ) # 0. - o

The examples 1-3 cn'.ed above all satisfy our assumptions essentially un-
der the mild regularity conditions needed to justify that the test statistics
in question have a limit law under Hy. We discuss the conditions briefly in
the appendix. Now we turn to some further examples and a mild extension.

Our next example falls outside of the Romano domain. '

Example 4 Goodness of fit test of a lifetime distrsbution under censoring.
Suppose that for a desired observation T;, there are right censoring variable
C; and left censoring variable B; such that T; is independent from (B;, C;)
and that the available observations are in the form X; = (Y, d;), where in
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the right censored sample case, we have ¥; = min{T;, i}, 6; = I{T; < G},
and in the doubly censored samplé case (Turnbull, 1974), we have Y; =
max{min{T}, C;}, B}, & = I{B; < T; < Ci} + 2I{T; > Ci} + 3I{T; < Bi}
with P{B; < C;} = 1. Let G be the distribution function of T}, then in this
frame work the goodness of fit test Hy: G = Gy, for a given Gy, is important.

We write F' as the distribution of X = (Y,§). Then if G is identifiable,
we have G = ¢(F) with’ G, = ¢(F,) to be the nonparametric maximum
likelihood estimate (NPMLE) for G (see Bickel and Ren, 1996). Thus, we
can take T'(F) = ¢(F) — Go = G — Gy. Although T(-) is not Hadamard
differentiable here, prescription (b) says to use the bootstrap distribution of
7(/7(G% — Gr)). As Bickel and Ren (1996) point out, it is difficult to fulfill
prescription (a) in this case for doubly censored data. since it is not clear
what to use as the member of Fy from which we should resample. We will
return to this example subsequently in Section 4. : a

Example 5 U statistics. A natural generalization of Example 3 is testing
: T(F) = 0 where T(F) = EF¢I(X1, .y Xk), k > 1. The statistic we
Would be led to is the V statistic '

N 1. :
- (214) T(F,) = 52 (X, Xy).
' 1<i1 e S0 _

Typically, however, one considers the equivalent

e 1, 1 ;
(2.15) Un =7 (Fm ;)"_“ Z ¢('Xiu v :Xi;.)
(-: ) 1<i1 <..<ix<n

where T(F s) = [T&L fTu)' Foan ]  O@pensy®y) ]___[;L] dF(z;) and -
Tl <o X T '
T(F,0) = T(F) if F is continuous. ' '
This example is not quite covered by our theory on two grounds.

(i) F = T(F) is not Hadamard dlﬁ'erentlable with respect to a.ny of the
usual metrics un.less v is of bou.uded varxatlon

(ii) T(F,;) is not the statistic U, one wants to consider. _

Both are covered by noting that all we need to do for (ii) is to replace
T(F) by T(F,s), 0 < s <1and F by F x [0,1], following a suggestion of
Reeds (1976). For (i) we note that (2.7) and (2.8) can be established di-
rectly for such statistics, (Arcones and Giné, 1993). So again, bootstra.ppmg

\/—( (F,:, 1/12) (F,,, l/n)) gives the correct answer.
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Another interesting possibility suggested by this example is 7'(F) = 0 in
which case the limit law Ly is point mass at 0. We need to renormalize. It is
- easy to see (Bretagnolle, 1981) that in this case, (2.7) holds with n replacing
/n and a suitable limit, but (2.8) fails. It is possible to bring this example
also into our framework obtaining a solution proposed by Arcones and Giné
(1993), but the hypothesis implicitly tested, Ho : T(F) =0, T(F) =0is
" somewhat artificial. . . o
Next is a complex‘ example illustrating the broad applicability of our
approach to semiparametric hypotheses. '
- Example 6 Test of change-point (Matthews, Farewell and Pyke, 1985).
. Consider a para.metnc problem where F has the following ]:La.za.rd rate func-
tion:

A, f0<t<
(2.16) A(t)={ (1—8x = ~ift>8

where 0 < ¢ < 1 and A > 0 are unknown, and 6 > 0 is the unknown change-
point parameter for the hazard rate which changes from A to (1 — &)X at
time 6. If @ is confined to a finite interval [6;, 62], the following test statistic
was proposed on maximum likelihood grounds by Matthews, Farewell and
Pyke (1985) for the irregular hypothesis Hy: & =0 vs. Hy : £ #0 '

(2.17)  Ta= sup |Za(9)|
k 0.<6<0;

where o = A(Fn) = ([ zdFa(z))” and
@18) 2u(9) = (1= 200 [0~ 08— ) o).

‘Under Hy we have F(z) = Fy(z) = 1 — e~**, thus by integration by parts,
Z,, can be expressed as ' '

(2.19)2@(9) = _—.(1~e"‘~"")"1*’2e3”“’f”ﬁ {A [ " Ule, )z — U6, Fn)} ,

where U(z, ) = Ey(z)—F A(£,)(@)- The hmltlng distribution of T in (2.19)
is studied by Matthews, Farewell and Pyke (1985).

Now suppose that we have right censored data or doubly censored data
as in Example 4. Then the analogous test statistic is obtained by making £,
in U(-, Fy) and A, = A(F,,) be the NPMLE (the Kaplan-Meier estimate for
right censored data) of F for doubly censored data. We modify T}, slightly
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to avoid the usual technicalities in censoring replacing Z, by ZM given by

L, M R X
23(6) = ~a-e a0 {5, [ v Byds - v B}
)=t 9

(2.20) -

where M > 62 Under Hy and some regularity -conditions, 3n converges to
A in probability and /aU(-, F7,) converges weakly to a centered Gaussian
- process G on [61, M]. Therefore we know that under H, ZM(g) wea.kly

converges to
(221)  ZM(8) = ~(1— ) V2P {A [ er@-cio)}

- and ,
(2.22) Tu= 'mp |2,‘}{(9)[ & sup |ZM(9)|, as n — oo.
: <6 _

61<6<8, 81 <0<83

Write ZM( () = VAT(F), where

T(F)(G)-—m(l—-e‘*(F)e)‘lﬁ "{F)"fz{A(F) f Uz, F)dz — U(9 F)} -

(2.23)
- To obtain critical values for Ty, again we simply need to use the bootstrap
distribution of sup{+/n|T(F*)(6) — T(Fy)(6)|; 61 < 6 < 62} a

Our next example illustrates another extension of the para.d.lgm beyond
Theorem 2.1.
Example T Goodne.ss of fit test using kernel density estimates. Consider
_ the problem of Bickel and Rosenblatt (1973). We have observations on

X = R and wish to test Hp : F = Fy where F' = f exists and, in fact,

[[f"loc < Mp < o0 for all F € F, and inf{f(z); ]:c:[ < M} > € > 0 for some
constant M > 0. '

A natural test statistic is sup{] falz) = Eo Fal@); 2| < M ]-, ‘where

@20 fo(@) = [ Knnla—0) dhate):

and Ki(y) = ™K (y/h,) where K is at least wice d:ﬁeréntlable, has
compact support, is symmetric about 0, f K y)dy =1, and h, = n~?,

0 < B < 1 for some g.
This test is consistent against F # Fp concentra.tmg on [--M M], and

the natural Tn(F) = T, (-, F) here is

T, F) = [ Knn—0)d(FG) - Fols)
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Of course, /n Ty, (F}) diverges, but |
(2.25)  Un(e) = V/nby (Tu(z, Fa) — Tn(z, F)) = N (0,0%(z, F)),

where o(z, F) = f(z) [ K*(y)dy, and for © # y, Us(z) and Un(y) ar
asymptotically independent. If our prescription is valid, the distribution of

the test statistic . i
(2.26) | T = sup{|Un(z)[; |z| < M}

should be approximable by the bdotstra.p distribution of
227) T =sup{v/nha |Tu(z, F3) — Tu(, F)l; 2| < M}.

_This is valid, under the conditions of Bickel and Rosenblatt* (1973), by
applying the strong approximation to the empirical process and extreme
value theory used in Bickel and Rosenblatt (1973) to sa.tlsfy the conditions

of Theorem 2.2 below.
Suppose T}, (F,,), as in Theorem 2.1, are such that

(A1"):
(2.28) ||Tn(F.,)—Tn(F) Tn(F)(Fn = F)loo = 0p(n~*/?)

for all F € Fy. Suppose further that X is such that a strong approximation
theorem of the following form applies:

(A2'): There exists a probability space on wh.lc.h we can construct lo(Hz)
valued random elements /n (F —F) having the same distribution as /(£ —
F) and also leo(H) valued Gaussian random elements Zg(+) with mean 0
and the same covariance structure as 1/n(F, — F) for which both

(229 . [VaEa— F)) = Zr()leo = 0p(n)
~ and |
(230 VA - RO = Zr ()l = 0p(n7).

For such result.s see Csrgd and Revesz (1983), Massart ( 1989), and Einmahl
(1989). .

Theorem 2.2 Under (Al') and (A2') suppose_ that

3 (Pl = O

*Bickel and Rosenblatt (1973) did not use the Komlos-Maior-Tusnady (1976) strong
approximation, so their results and the bootstrap extension are weaker than they need
be, which is why the optimal bandwidth h, = n~'/% is used in our sunula.tmn studies in
Section 4. .
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and T is a seminorm, T(ct) = c"r(t.) for ¢ >0, and T is subadditive.- Suppose
also that there ezist {an}, {bn} scalar possibly depending on E such that

(2.32)  an (T (F)N Y2 ZE) + by = L
aﬁd ay = o(ﬂ.l/?)_. Thén, _
| 0 7(Ta(Fy)) +bn = L
and in probability

on (T (E3) = TulFa)) + bu = L.
Proof By our prevmus argument and (Al’ )
(233)  Ta(fR) = Ta(Fn) = Ta(F)(E} = Fu) + 0p(n™"/?)

and the corresponding statement holds for Ty, (Ey,) — Tn(F).
Under (A2') and since 7 is a seminorm,

an (T (F) (B = F)) +bn = an7(Tu(F)n~Y2Zp)
- +bn + Op (an || T (F)llon=/247)).
= an T(Tﬂ(F)an‘lfz) + bn +0p(1) = CF
The last 1dentxty uses (2.31) a.nd Gn = o(n” 2). But, under Hy,

anT(Tﬂ(F,,))+bn = a.n,'rT(Fn) To(F)) -i-b
= Gt (Ta(F)(En = F)) 4+ bn+ Op (ann-lf‘*)

80 that tn, T(T (Fy))+bn = L5. The same argument apphes t0 an T(Tn(F )—.

- Ty(Fy)) + by and the theorem follows. .

We close this section w1th an old example in which a.lthough our for- .
- malism applies, the ‘conditions (A1) or (A1') of our theorems fail and our
solution is incorrect. :

Example 8 Test of distribution support Suppose F = {F F has support
on [0,5] with unknown b, continuous density f and f(b—) > 0}. Then, as is
well known, if X(;) < ... < Xy are the ordered X's, (b — X(n)) has a lim-
iting distribution (f (b-)) 1Exp(1), where Exp(u) denotes the exponential
dlstnbutzon with mean p. Thus t.he natural test statistic for Hg : b= bg is

= n(X(n) —bo). If we let T(F) = F~1(1) —bg, we have put the hypothesis
in our framework and have noted that under H{], g

~Ty = —nT(Fn) = (f (bo=)) " Exp(1).
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However, the bootstrap distribution of n(T'(F*) — T( ».)) does not converge
as was already noted by Bickel and Freedman (1981) — see also BGvZ.
Although Putter and van Zwet (1996) gave a method for repairing bootstrap
inconsistency for a similar case in their Example 3.2, there is a much more
general solution for this problem discussed in BGvZ, which we recapitulate
and discuss briefly in the next section. ' O

3 The m out of n bootstrap hypothesm tests

This method, presented generally in Bickel, Gétze and van Zwet (1997)
(BGvZ) and in an alternative form by Politis and Romano (1996), is based
on the assumption that under Hy : F € Fy, the test St&tlﬁtlc, Ta =T (F,,)

" is such that

which is nondegenerate. The m out of n bootstrap prescribes that the ap-
propriate quantile of the bootstrap distribution of T (FY) be used, that is

‘of the distribution of the statistic based on m observations resampled from
X1,...,Xn. The history of this approach which goes back to Bickel and
Freedman (1981) and Bretagnolle (1981) is partially reviewed in BGvZ. If

- m — co and T — O the prescription succeeds in giving an asymptotically
correct level u.nder very mild conditions whi¢ch we detail below. Politis and
Romano (1996) argue that by resampling without replacement this conclu-
sion holds with no conditions.

Bickel and Ren (1996) checked the reg‘ula.rlty condition for the apphca-—
bility of this method in Example 4 when data are doubly censored. BGvZ
shows its applicability in Example 8. Here is a formal theorem. Let T}, be

- as above, Ty, = T, (Fy,) and C} be given by '

(32) PTS>Cl}=a.
Let # = {h: R~ R; |h(z) — h(y)| < | — yl, [l < 1}, and for h € %,
9m(F) = EF{h(Tm(Xls tey Xm; F))}s

Where@&le s Xms F) Tm( X1y - -3 Xm)_ﬂ'm(F),an& ﬂm(F) =0ifFe

Fo. Furth_ermore, with Xm_ X5 -. vy Xi)1x45

am’,,(F) = ‘"1"‘;2 > " (:)(il:-fﬁ:i")

f14..Hie=m,i; >0

. Ep{h(T (X(t‘_1) 'X('i‘-).F))}

Theorem 3.1 Let m = o(n) with m —+ oo, as n — 00 cmd let C3 be given
by (3.2). Assume for 0<a<l1
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(a) Tu(Xyy.- s Xa; F) = Wp where Wg ~ L',p for aIZ F e Fand Lgp is
cantmuous for F € Fo.

(b) pn(F) = 0, tim(F) — pn(F) — —oco uniformly on bounded L:'p._scﬁ:'tz
compacts contained in F§ if m — oo, T — 0.

(c) 8UPhe [Omn(F) — Om(F)| = o(1), for all F € F.
Then, _
(i) limp o0 P{T 2 C3 | Ho} = P{Wp 2 C} |FeFo} =0y

(i) For alternatives Hy, : F = F,, such that for some Fy € Fy, {F,} are
contiguous to Fy, we have that under H,,

#3 2 CY, as n — oo _
and hence the tests based on the critical values C% and C? have the
same asymptotzc power funct:ons,

(i) For a fized alternative H : F F ¢ .‘FU,P{T,, >0 | Hl} — 1, as
n — oo.

Remark. Assumption (c) essentially says that Tr, is not really perturbed
by o(y/n) ties in its arguments — see BGvZ.

Proof Theorem 2 in BGvZ shows that (c), m — 0o, m/n — 0 implies that,
(3.3) ' E*WT) B Eph(Wr)
where Wr ~ Lp. But bounded Lipschitz convergence is equivalent to weak
convergence. Thus, noting that under Hy, the identity T, (Xi,...,Xn; F) &
Tw(X1, -+, Xn), (3.3) and Polya’s theorem imply that C% 5 C? and another
application of Polya’s theorem yields (i). Assertion (ii) follows from the
- definition of contiguity. To argue for (iii), note that. Theorem 2 of BGvZ
implies that for all F¥

(3.4) : T — pm(Fn) = Lp.

Therefore under F ¢ Fo, |

(35) C2 — tim(Fn) = Op(1).

But T, — F‘m(F ) =Tn = pin (F )&k (ﬂn(Fn) Hm (-Fn)) % co. Then to reject
L2200k eqmva.lent to reject iff Ty — pan(Fr) > C% — pim(Fy). The
result follows from (3.5). _ .

" The proof shows that C* i oo if F ¢ Fo and thus we expect that the
power of this test is less than that of the tests proposed in Section 2 where
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these are valid. We give some simulations to show that this is indeed the
case. The question naturally presents itself: Is there a way of correcting
the m out of n bootstrap to give results comparable to those we obtain by
simulating the tests of Section 27 A systematic answer is given in Bickel and
Sakov (1999) (in preparation) and the 1998 thesis of Sakov.

We note that the m out_of n bootstrap has the additional advantage of
computational savings, see Bickel and Yahav (1988) for instance. In fact
the computational savings can be garnered in the context of Section 2 also.
Specifically it is clear that the conclusions of Theorem 2.1 continue to hold if

the bootstrap distribution of 7(y/n (T(F"") —T(Fy))) is replaced in calCula.ting )

the critical value by that of 7(v/m(T(£%) —T(£,))) as long as m — co. It is

intuitively clear that m << n may give poor critical values. But, in practice,
the effect as long as m is moderate seems small in the simulations we have

conducted Further mvestlga.tlon is necessary..

4 Simulatio_ns

In this section we present some simulation results exhibiting the success of

the method given in Theorem 2.1 and Corollary 2.1 by a number of our

examples and the inferior behavior of the m out of n bootstrap in all cases
but Example 8.

' We give simulations for Example 3 — the median test, Exa.mple 4 — the

- goodness of fit test with doubly censored data, Example 7 and Example 8. 8 -

In our studies, the following powercurves are compared:
Po(0) = P{Ta > GO0}, o
P(0)=P(Ta 2050}, Puite---r-
Pn(8) = P{T, > CXlf}, Bm:i-v-vee--

where a = 0.05, T}, is the test statistic, C{™ is the true critical value obtained

by the Monte Carlo method, C%™ is the critical value based on the adjusted

n out of n bootstrap as in Corollary 2.1, C* is the critical value based on _

the m out of n bootstrap as in Theorem 3.1, and 6 is the parameter used
to compute the power of the test. For each simulation run, Oa( ") and cs
are based on 400 bootstra.p samples, and Py(@), P,(8), Pm(ﬂ) are computed
based on 400 random samples for each 6.

(I). In Example 3, we consider test Hy: 6 =0 vs. Hy : 8 > 0, where 6 is
the median of the distribution F from which X7, ..., X, is drawn. Figure 1
compares the power curves Py, P, and P, where n = 400, F is the normal
distribution with mean 6 and variance 25, and all power curves are the
average of 500 simulation runs.
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Figure 1. Power curves of median test with oomplete sa.mple of size 400.

Here m = \/_ 20 is used since for the median an Edgworth expansion
to terms of order 7-= is valid if the density F' has a finite denvatwe F' and
the Edgworth expansion for the m out of n bootstrap is valid for m= O(ﬂ
under the same conditions with the same leading term and error terms T-
and /T (Sa.kov and Bickel, 1998). The “optimal” rate of m then bala.nws
/Z and = to givem = /n.

(D). In Ebcample 4, we consider the goodness of fit test Hg G =Go
vs. H1 : G # Gy for doubly censored data using the Cra.mér -von MI.BBS test
statistic:

T.=n f (Gn — Go)2dGy.

Denoting Exp(f) as the exponential distribution with mean 6, for n =
200,m = y/n, Go = Exp(1),C = Exp(3), B = §C — 2.5 (which, under Ho,
gives 55.7% uncensored, 25.2% right censored and 19.1% left censored ob-
‘servations), Figure 2 compares the power curves Py, P, and P, which are
the average of 100 simulation runs. ,
(IIT). In Example 7, we consider test Hy : F' = Fp vs. H; : F # R,
with Fy = Exp(1). For test statistic T, given by (2.26) with n = 400, h, =
n~S M = 3,K = U(-1, 1) and 6 as the mean of the exponential dis-
trlbutlon, Figure 3 compares the. power curves Fy, P, and Pn, which are
the average of 100 simulation runs. Here for m = /n, the power curve
P, by the m out of n bootstrap uses the critical value based on T* =
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Figure 2. Power Curves of GOF Test with Doubly Censored Sample of Size 200.

Vhmsup{|f¥, — fal; |2| < M}, which coincides with T}* given by (2.27) if
m=n. .
(IV). In Example 8, we consider test Hy : b = 1 vs. Hy : b > 1, with
F =U(0,b). For n =400, m = n!/? and § = b, Figure 4 compares the power
curves By, P, and P, which are the average of 1000 simulation runs.
~ In this case, the power function P,(f), when the adjusted n out of n
bootstrap is used, is a total breakdown under Hp. One should note that in
Figure 4, the power Pyn(f) under Hy, i.e., when § = 1, is always 0, while
@ = 0.05, although it seems that P,(f) and Py(f) are quite close overall. ©
Here the heuristics based on the asymptotic expansion the distribution of
' the maximum whose first error term is of order 1 and heuristics discussed

in BGvZ stiggest that an appropriate order of m = nl/8, in this case m = 7.

5 Appendix :
We give brief arguments for the validity of the application of Theorem 2.1
in our examples. . » '
_ 'Example 1 Taking . = Hy = indicators of rays for R and 7 corresponding
to the Kolmogorov, Smirnov and Cramér - von Mises tests are covered by
Corollary 2.1 as are the analogous tests when one takes H. to be & universal
" Donsker class in higher dimensions (van der Vaart and Wellner (1996).

Example 2 Suppose the model F is regular and §(F},) is a regular estimate
" in the sense of BKRW. Suppose also that § : F — R¢ is Hadamard differen-

-
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tiable with respect t0 || - [loo (IR loo(Hz)) With derivative 6 : F — R%. Then
F — Fy(r) is Hadamard differentiable since 8 —+ Fy is Hadamard differen-
tiable from R% to Fy by the regularity of the model and thus the compoemon
F—PG(F)—}FQ{F)IS&]SO _
Example 3 The satisfaction of the conditions here on the sets F = - {F :
Er|X|** <0, § >0} and F = {F: f' >0} is well known.

Example 4 The appropriateness of the conditions for nght censored data
~ may be obtained from Anderson, Borgen, Gill and Keiding (ABGK) (1993) .
-and for the doubly censored case in Bickel and Ren (1996).

Example 5 Appropriate references are cited in the example.

Example 6 The arguments for the uncensored case is in Matthews et al
(1985). The censored case modifications are clear from the theory of the
Kaplan—Meier for right censored data or the NPMLE for doubly censored

data (see Bickel and Ren, 1996). '

Example 7 The arguments based on Bickel and Rosenblatt (1973) a.re
sketched in the exa.mple

Example 8 The arguments are given in BGVZ

REFERENCES

Anderson, P. K. Borga,nO ¢, Gill, R. D. and Keiding, N. (1993). Statistical
Modefs Based on Counting Processes. Springer-Verlag. £

Arcones, M. and Gine, E. (1993). Limit theorems for U processes Annals
of Probability 4, 1449-1452.

Beran, R. (1986). Simulated power functions. Ann. Statist. 14, 151-173

" Beran, R. and Millar, P. W. (1987). Stochastic estimation and testing. Ann.
Statist. 15, 1131-1154. _ _ _

Bickel, P, J. and Freedman, D. A. (1981). Some asymptotic theory for the
bootstrap. Ann. Statist. Vol. 9, 1196-1217.

Bickel, P. J., Gétze, F. and Van Zwet, W. R. (1997). Resampling fewer
than n observations: gains, losses and remeches for losses. Statzst:ca
Sinica. (To appear).

Bickel, P. J., Klaassen, C., Ritov, Y. and Wellner;, J. (1993 1998). Eﬁczent
and Adaptwe Estimation in Semiparametric Models. Johns Hopkins
Press, Baltlmore, Springer, New York.

.



10 Peter J Bickel and Jian-Jian Ren

Blckel P. J. and Ren, J. (1996). The m out of n bootstra.p and goodness
 of fit tests with doubly censored data. Robust Statistics, Data Anal-
ysis, and Computer Intensive Methods. Lecture Notes in Statistics.

: Springer—Verlag, 35—47. . '

Bickel, P. J. and Rosenblatt, M. (1973). On some global measures of the
deviations of density function estimates. An. Statist. 1, 1071-1095.

Bickel, P. J. and Sakov, A. (1998). On the choice of m in the m out of n
bootstrap. (Preprmt)

Bickel, P. J. and Yahav, J. A. (1988). Richardson extrapolation and the
bootstrap. J. Amer. Statist. Assoc. 83, 387-393.

Bretagnolle, J. (1981). Lois limites du bootstrap de certaines fonctionelles.
Ann. Inst. H. Poincaré, Ser. B 19, 281-296.

Csorg6, M. and Revesz, P. (1981). Strong Approzimations in Probaﬁ:hty and

_ Statistics. Academic Press. New York.

Freedman, D. A. (1981). Bootstrappmg regression models. Ann. Statisi.
12, 1218-1228.

Galambos, J. (1978). The Asymptotic Theory of Eztreme Order Statistics.
John Wiley & Sons, New York.

Geha.n E. A. (1965). A generalized two-sample Wilcoxon test for doubly
censored data. Biometrika 52, 650-653.

Gill, R. D. (1983). Large sample behavior of the product-limit estimator on
the whole line. Ann. Statist. 11, 49-58.

Giné, E. and Zinn, J. (1990). Bootstra.ppmg genera.l empxncal measures.
Ann. Prob. 18, 852-869.

Gu, M: G. and Zhang, C. H. (1993). A.symptotic properties of se].f-consistept
estimators based on doubly censored data. Ann. Statist. Vol 21,
" No. 2, 611-624. ; :

Hirdle, W. and Mammen, E. (1993). Comparing nonparametric versus p’a.ra.»
metric regression fits. Ann. Statist. 21, 1926-1947.

Hawkins, D. L., Kochar, S. and Loader, C. (1992). Testing exponentially
against IDMRL distributions with unknown cha.nge pomt " Ann.
Statist. Vol. 20, 280-290.

Hinkley, D. V. (1987). Bootstrap slgmﬁca.nce tests. Proceedings of the {7th
Session of International Statistical Institute, Paris, 65-74.

Hinkley, D. V. (1988). Bootstrap methods. J. R. Statist. Soc. B, 50,
321-337.

- Kaplan, E. L. and Meier, P. (1958). Noﬁpara.metric estimation from incom-
plete observa.tions J. Amer, Statist. Assoc. 53 457—481.



The Bootstra.p. in Hypothesis Testing 111

Komlés, J., Maior, P. and Tusnidy, K. (1976). An a.pprﬁximation of partial
sums of independent r.v.s. and the sample df Z. Wahrsch. Verw.
Gebiete 32, 33-58.

Mammen, E. (1992). When Does Bootstrap Work? Springer-Verlag, New
York. _

Massart, P. (1989). Strong approximations for the multivariate empirical

~ and related processes by KMT construction. Ann. Pmbab 17, 266—
- 291,

Matthews, D. E., Farewell, V. T. and Pyke, R. (1985). Asymptotic score-

statistic processes and tests for constant hazard against a change-
. point alternative. Ann. Statist. Vol. 13, 583-591. _

-~ Mykland, P. and Ren, J. (1996). Algorithms for computing the self-
consistent and maximum likelihood estimators w1th doubly censored
data. Ann. Statist. 24 1740-1764.

Politis, D. N. and Romano, J. P. (1996). A general theory for la.rge sample
confidence regions based on subsamples under mmma.l assumptions.
Ann. Statist. 22, 2031-2050. _

Putter, H. and van Zwet, W.R. (1996) Resampling: consistency of substi-
!;utlon estimators. Ann. Statist. 24, 2297-2318.

Rao, C. R. (1973). Linear Statzst:cal Inference and sts Applzcatzom Wﬂey,
New York.

Reeds, J. A. (1976). On the Definition of von Mises Functionals: Ph.D.
Disserta.tion, Harvard University, Cambridge, Massachusetts.

Ren, J. (1995). Generalized Cramér-von Mises tests of goodness of fit for
doubly censored data. Ann. Inst. Statist. Math. 47, 525-549.

Romano, J. P. (1988). A bootstrap revival of some nonparametric dJstance-,
tests. J. - Amer. Statist. Assoc. 83, 698-708. :

Romano, J. P. (1989). Bootstrap and randomization test;s of some uonpa.ra,-
metric hypotheses. Ann. Statist. 17, 141-159.

Sakov, A. (1998). Ph.D. Thesis, University of California - Berkeley.

Shao, J. and Tu, D. (1995). The Jackkmfe and Bootstrap. Spnnger, New
York.

Shorack, G. R.and Wellner, J. A (1986). Empirical Processes with Apphca-
tions to Statistics. John Wiley & Sons, Inc.

- Turnbull, B. W. (1974). Nonparametric estunatmn of a._su.rvivurship function
. with doubly censored data. J. Amer. Statist. Assoc. 69, 169-173.

Vaisman, 1. (1984). A First Course in Differential Geometry. Marcel
Dekker, Inc., New York . _



112 " Peter J. Bickel and Jian-Jian Ren

van der Vaart, A. and Wellner, J. (1996). Weak Conuergenoe and Empirical-
Pmcesses Springer, New York. -

PETER J. BICKEL
DEPARTMENT .OF STATISTICS
UNIVERSITY OF CALIFORNIA -
BERKELEY, CA 94720

USA

bsckel@stat Berkeley. edu

JIAN-JIAN REN

DEPARTMENT OF MATHEMATICS
TULANE UNIVERSITY -

NEw ORLEANS, LA 70118
USA B
renj@ultral.math.tulane.edu



