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Overview

In this talk, we discuss Euclidean embeddings of metric spaces induced by
actions of the permutation group S, on a linear space V.
Let Me S, XeR™ and A= AT € R, Family of actions:
Q@ V=R"™ XX
Q@ V = Sym(n), A~ NANT
© V = Sym(n) x R™9, (A X)— (MANT,MNX)
Problem: Construct (bi)Lipschitz embeddings of the metric space
V = V/ ~ of co-orbits, a: V — R™.
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Similarity of Matrices

Consider two symmetric matrices A, B € Sym(n). When are they

equivalent modulo an orthonormal change of coordinates?

Specificaly, is there an orthogonal matrix U € O(n) so that B = UAUT ?
C O(n) .

An elementary derivation in linear algebra shows that A ~’ B if and only

if A and B have the same set of eigenvalues with exactly same

multiplicities.

But what about other groups G? For instance what about the group of
permutation matrices S,?

Find necessary and sufficient conditions so that A B
Recall:

h={PcO(n):P;;jc{0,1}} = O(n)n{W € [0,1]™" - W1=1,WT"1=1)}
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The Graph Isomorphism Problem

Consider two graphs G = (V, &) and G = (V, £) with n nodes. The graph
isomorphism problem is the computational problem of determining
whether these graphs are identical after a relabeling of nodes.

If Aand A denote their adjacency matrices, these graphs are isomorphic if
and only if A =TIAMNT for some permutation matrix 1 € S,,.

Current state-of-the-art (Wikipedia): Babai (2015,2017) presented a
quasi-polynomial algorithm with running time 20((g ")) " for some fixed
¢ > 0. Helfgott (2017) claims that one can take ¢ = 3.

Similar problem can be stated for weighted graphs: A, A € Sym(n) with
nonnegative entries, isomorphic if and only if A =AM for some M € S,,.
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Graph Alignment Problems

Consider two n x n symmetric matrices A, B. In the alignment problem for
quadratic forms one seeks an orthogonal matrix U € O(n) that minimizes

|UAUT — B||% := trace((UAUT — B)?) = ||A||% + || B||% — 2trace(UAUT B).
The solution is well-known and depends on the eigendecomposition of
matrices A, B: if A= Ui D, UlT, B=U,D, U2T then
Uopt = U2Uy , [[UoptAUpe — BllE = D [Ak — pukl?,
k=1

where D; = diag(\x) and D, = diag(uk) are diagonal matrices with
eigenvalues ordered monotonically.
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Quadratic Assignment Problem

The challenging case is when U is constrained to the permutation group as
is the case in the graph matching problem. In this case, the optimization
problem becomes

min [[UAUT — Bllr

turns into a QAP:

max trace(UAUT B).
UGSn

This is equivalent to computing the natural distance
d(A, B) = minp ges, ||[PAPT — QBQT || between the equivalence classes

A, B € Sym(n) induced by the group action S, x Sym(n) — Sym(n),
(M,A)— nANT.
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Graph Learning Problems

Given a data graph (e.g., social network, transportation network, citation
network, chemical network, protein network, biological networks):

@ Graph adjacency or weight matrix, A € R™",

o Data matrix, X € R"™? where each row corresponds to a feature
vector per node.

Contruct a map f : (A, X) — f(A, X) that performs:
O classification: f(A, X) € {1,2,---,c}
@ regression/prediction: f(A, X) € R.

Key observation: The outcome should be invariant to vertex permutation:
f(PAPT,PX) = f(A, X), for every P € S,.
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Graph Convolutive Networks (GCN), Graph Neural
Networks (GNN)

General architecture of a GCN/GNN

A
—_—
" 5 : Y
g |B=c@@xw+B) (S =0(AW, +B,) | | i=c(AY, W, +B) —>
R —

GCN (Kipf and Welling ('16)) choses~/~4 = I+ A; GNN (Scarselli et.al.
('08), Bronstein et.al. ('16)) choses A = p;(A), a polynomial in adjacency
matrix. L-layer GNN has parameters (py, Wi, By, -+, pr, Wi, Byr).
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Graph Convolutive Networks (GCN), Graph Neural
Networks (GNN)

General architecture of a GCN/GNN

A
—_—
" 5 : Y
g |B=c@@xw+B) (S =0(AW, +B,) | | i=c(AY, W, +B) —>
R —

GCN (Kipf and Welling ('16)) choses~/~4 = I+ A; GNN (Scarselli et.al.
('08), Bronstein et.al. ('16)) choses A = p;(A), a polynomial in adjacency
matrix. L-layer GNN has parameters (py, Wi, By, -+, pr, Wi, Byr).

Note the covariance (or, equivariance) property. for any P € O(n)
(including S,,), if (A, X) — (PAPT,PX) and B; — PB; then Y — PY.
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Deep Learning with GCN

The approach for the two learning tasks (classification or regression) is
based on the following scheme (see also Maron et.al. (‘19)):

GCN

— SVM/NN

where « is a permutation invariant map (extractor), and SVM/NN is a
single-layer or a deep neural network (Support Vector Machine or a Fully
Connected Neural Network) trained on invariant representations.

The purpose of this talk is to analyze the o« component.
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VvV = Rnxd
[ JeleleYolole}

The metric space V when V = R4

Recall the equivalence relation ~ on V = R"*9 induced by the group of
permutation matrices S, acting on V' by left multiplication: for any
X,X/ c RnXd,

X~X & X' =PX, forsome P € S,

Let Rnxd = R"™9/ ~ be the quotient space endowed with the natural
distance induced by Frobenius norm || - ||¢

d()A(l,)A(Q) = Fr’Télg HX1 — PX2||F , )A<1,)A<2 € @
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The metric space V when V = R4

Recall the equivalence relation ~ on V = R"*9 induced by the group of
permutation matrices S, acting on V' by left multiplication: for any
X,X/ c RnXd,

X~X & X' =PX, forsome P € S,

Let Rnxd = R"™9/ ~ be the quotient space endowed with the natural
distance induced by Frobenius norm || - ||¢

d()A(l,)A(Q) = Fr”mg HX1 — PX2||F , )A<1,)A<2 € Rnxd,

€Sn
The computation of the minimum distance is performed by solving the
Linear Assignment Problem (LAP) whose convex relaxation is exact:

trace(PXo X ) = trace(WXo Xy
max race(PX2X{') Wren&;((n) race(WXoX{")

where DS(n) = {W €[0,1]™": W1 =1, WT1 =1} is the convex set of
doubly stochastic matrices.

Radu Balan (UMD) Permutation Invariant Embeddings 05/18/2021



VvV = Rnxd
0®00000

The embedding problem

Problem 1: Construct a Lipschitz embedding & : I@’X\d — R™, ie., an
integer m = m(n, d), a map o : R™? — R™ and a constant L = L(a) >0
so that for any X, X’ € R"™*9,

© If X ~ X' then a(X) = a(X').

@ If a(X) = a(X’) then X ~ X',

O [[a(X) — a(X)|]2 < L-d(X,X’) = Lminpes, || X — PX'||£.

Problem 2: Construct a bi-Lipschitz embedding, i.e., in addition to
conditions 1-3 « should satisfy also

Q Ja>0VX, X eR™4 a.d(X,X) < [|(X) = a(X")]]2.
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The Universal Embedding

Consider the map

e R PRY) L p(X)(x) = = 3 6(x — xi)
k=1

where P(RY) denotes the convex set of probability measures over R9, and
0 denotes the Dirac measure.

Clearly u(X’) = u(X) iff X’ = PX for some P € S,,.

Main drawback: P(R9) is infinite dimensional!
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Finite Dimensional Embeddings

Architectures

Two classes of extractors [Zaheer et.al.17" -'Deep Sets']:
@ Pooling Map — based on Max pooling
@ Readout Map — based on Sum pooling
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Finite Dimensional Embeddings

Architectures

Two classes of extractors [Zaheer et.al.17" -'Deep Sets']:
@ Pooling Map — based on Max pooling
@ Readout Map — based on Sum pooling

Intuition in the case d = 1:
Max pooling:

FRT SR L (x) = x" = (k))imt » Xe(1) = Xe(2) = 500 > Xa(n)
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Finite Dimensional Embeddings

Architectures

Two classes of extractors [Zaheer et.al.17" -'Deep Sets']:
@ Pooling Map — based on Max pooling
@ Readout Map — based on Sum pooling

Intuition in the case d = 1:
Max pooling:

FRT SR L (x) = x" = (k))imt » Xe(1) = Xe(2) = 500 > Xa(n)

Sum pooling: ,

o R =R, o(x) = (vk)ket » vk = > v(ak X))
j=1

where kernel v : R x R — R, e.g. v(a, t) = e (=t or v(a = k, t) = tk.
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Pooling Mapping Approach

Fix a matrix R € R9*P_ Consider the map:

A:R™ L RP =RP - A(X) =] (XR)
where | acts columnwise (reordeE\monotonicaIIy decreasing each column).
Since A(NX) = A(X), then A: R*d — R™D et R=[r, -, rp].
Theorem

The map A is Lipschitz with Lipschitz constant L = Y%_, ||r||2, i.e.
4 (XR)= 4 (YR)ll2 < L min [|X =TV

Proof For any I € S,
d

d d
IMXR)—LOYR)I< > I1H(Xr) LYl D [ Xn=Yall< Y find2lX-nY]|
k=1 k=1 k=1

Take the minimum over I1 and the result follows.
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Readout Mapping Approach

Kernel Sampling

Consider:
n n
o R L R™ , (O(X)); = Z v(aj, xx) or (®(X)); = H v(aj, xx)
k=1 k=1
where v : R? x R? — R is a kernel, and xq, - - -, x, denote the rows of
matrix X.

Known solutions: For m = oo, the measure-valued representation is
globally injective and stable. For m < oo, one can construct Lipschitz
embeddings of compacts.

The challenge is to construct v so that: (1) the map is defined over entire
metric space; (2) the map is bi-Lipschitz.
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Readout Mapping Approach

The RKHS Point of View

Remark: If the kernel v defines a Reproducing Kernel Hilberts Spaces
(RKHSs), and a spectral theorem is applicable (e.g., Mercer's theorem)
then:

(®(X)); = ZUP (a)gp(X)
p>1

This result suggests a tow-stage embedding:
X = & = (gp(X))p>1 = ®(X) = AL

Special case: when g,(X) are monomials, then ®(X) is a family of
polynomials.
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Polynomial Expansions - Quadratics

In the case d = 1 recall Vieta's formulas, Newton-Girard identities

P(X):H( — Xk) Zxk,ZXk, ZX,?)
k
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Polynomial Expansions - Quadratics

In the case d = 1 recall Vieta's formulas, Newton-Girard identities

P(X) = H — Xk) Zxk,ZXk, ZX,?)
k

k=1
For d > 1, consider the quadratic d-variate polynomial:
P(Zi,---.Z9) = ]I ((Zl — 1)’ 4+ (Za — Xk,d)2)

k=1
2n

_ p1 Pd
= Z apy,..pa L1 Ly

P1;---sPg=0

2n+d
m= ( d ) ~(2n)d.

Encoding complexity:
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Polynomial Expansions - Quadratics (2)

A more careful analysis of P(Zi, ..., Zy) reveals a form:
P(Zl, e Zd) = tn+Q1(Zl, ey Zd)tn_1+' . -—{—Qn,1(21, ey Zd)t+Qn(Zl, e Zd)

where t = Z2 + - + Z3 and each Qx(Z1, ..., Zq) € Ri[Z1, ..., Z4) is a
(non-homogeneous) polynomial of degree k. Hence one needs to encode:

() ) ()= ()

number of coefficients.
A significant drawback: Inversion is numerically unstable and embedding is
not Lipschitz.
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Readout Mapping Approach

Polynomial Expansion - Linear Forms

A stable embedding can be constructed as follows (see also Gobels’
algorithm (1996) or [Derksen, Kemper '02]).

Consider the n linear forms A\ (Z1, ..., Zg) = xk1Z1 + - - - Xk,dZ4. Construct
the polynomial in variable t with coefficients in R[Z1, ..., Z4]:

n

P(t) = [[(t= (21, ... Z9)) = t"—er(Z1, .., Zg)t" + - (—=1)"en(Z1, ..., Za)
k=1

= tn+ Z Cp07p17"'7pdtpozlp1 ...Z(I;d
pO)p17'”7deO
po+pr+---+pg=n, pp<n

The elementary symmetric polynomials (e, ..., e,) are in 1-1
correspondence (Newton-Girard theorem) with the moments:
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Polynomial Expansions - Linear Forms (2)

Each pp is a homogeneous polynomial of degree p in d variables. Hence to

encode each of them one needs ( d +g -1 ) coefficients. Hence the

embedding dimension is

()45 () (4
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Polynomial Expansions - Linear Forms (2)

Each pp is a homogeneous polynomial of degree p in d variables. Hence to

encode each of them one needs ( d +g -1 ) coefficients. Hence the

embedding dimension is

me (1) (7 ) ()= ()

The map ag : R™9 — R™, X = (Cpg.py.--py ) po.pr..py IS injective modulo
Sy but it is not Lipschitz. However a simple modification as suggested by
Cahill et.al. ('19) makes it Lipschitz.
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Polynomial Lipschitz embedding

Denote by Ly the Lipschitz constant of ag when restricted to the closed
unit ball By(R™9) : {X € R™9 || X]|| <1} of R™9 je.

lao(X) — ao(Y)|| < Lo||X — Y| for any X, Y € R™9 with || X]|, || Y] < 1.
Let o : R — [0,1], ¢o(x) = min(1, 1) be a Lipschitz monotone
decreasing function with Lipschitz constant 1.

Theorem
The map:

ap i R™ S R™ (X)) = < O‘O(LPO”(XTF)X) ) ’

d

—

map &1 : R"™*d — R™ with Lipschitz constant Lip(&1) < /1 + L3.

with m = < n+d ) = mg + 1 lifts to an injective and globally Lipschitz

Radu Balan (UMD) Permutation Invariant Embeddings 05/18/2021
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Minimality

For d =1, m = n which is minimal.

2

Ford =2, m= %3” Is this minimal?

Radu Balan ( Permutation Invariant Embeddings 05/18/2021
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Algebraic Embedding

Encoding using Complex Roots

Idea: Consider the case d = 2. Then each xi, - -, x, € R? can be replaced
by n complex numbers z1,---,z, € C, zx = X1 + ixk 2.
Consider the complex polynomial:

n

0) = [[le—2) = 2"+ o™

k=1 k=1

which requires n complex numbers, or 2n real numbers.
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Algebraic Embedding

Encoding using Complex Roots

Idea: Consider the case d = 2. Then each xi, - -, x, € R? can be replaced
by n complex numbers z1,---,z, € C, zx = X1 + ixk 2.
Consider the complex polynomial:

n

0) = [[le—2) = 2"+ o™

k=1 k=1

which requires n complex numbers, or 2n real numbers.

Open problem: Can this construction be extended to d > 37

Remark: A drawback of polynomial (algebraic) embeddings: [Cahill'19]
showed that polynomial embeddings of translation invariant spaces cannot
be bi-Lipschitz.
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The Embedding Problem

Notations

Recall the equivalence relation, for X, Y € R"*¢9,
X~Y & diles,, Y=MNX
that induces a quotient space H@’;’ = ]R”Xd/ ~ and the natural distance
d:Rn<d x Rnxd SR d(X,Y) = min X = 1Y
In the following we look for an Euclidean embedding of the form
aiRd S RPa(x)=[1(X) . L (XA) |

where | (+) sorts decreasingly each column of -, independently.
The matrix R = [y A] € R9%P is called the key of encoder a.
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The Embedding Problem

Notations (2)

Definition
Fix X € R™9 A matrix A € R9%D js called admissible for X if

aL(a(X)) = X. In other words, if Y € R"™*9 so that | (XA) =/ (YA)

then there is [1 € S, sot that Y = [1X.

We denote by A4 p(X) (or A(X)) the set of admissible keys for X

Definition
Fix A € R¥*P A data matrix X € R"9 js said separated by A if
A e A(X).

We let S(A) denote the set of data matrices separated by A.
A key A is said universal if S(A) = R™¢.
The Problem: Design universal keys.

Radu Balan (UMD) Permutation Invariant Embeddings
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Max pooling is isometric embedding when d =1

Proposition

Inthe cased =1, |: R" - R", & (x) is an isometric embedding:

_ = min ||x — for all n
I 6=+ W)l = min [[x —My|| , forall x,y €R

Proof
Claim is equivalent to: minpes, ||x — My|| = ||x* — y*].
First note:

: vl = min lxh — Avtl <l — b
min [lx = My|| = min " = MyH)| < et =y

Hence | is Lipschitz with constant 1.

Radu Balan (UMD) Permutation Invariant Embeddings 05/18/2021



Sorting
00®0000000000

Max pooling is isometric embedding when d =1

Proposition
Inthe cased =1, |: R" - R", & (x) is an isometric embedding:
14 G)= 4 W) = min flx = Ny||, forall x,y € R

Proof
Claim is equivalent to: minpes, ||x — My|| = ||x* — y*].
First note:

in s — vl = min b — Avbl < ek — ot
min [l = My|| = min x" = Ay*) < = |
Hence | is Lipschitz with constant 1.
WLOG: Assume x = x*, y = y+. Then
argminnes,||x — MNy|| = argminnes, ||x — xn -1 =Ny — yn - 1)]]

Therefore assume x, = y, = 0 and x,y > 0. The conclusion follows by
induction over n.
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Genericity Results for d > 2
Admissible keys

Theorem

Let X € R™9. Forany D > d + 1 the set Ay p(X) of admissible keys for
X is dense in RI*P with respect to Euclidean topology, and it is generic
with respect to Zariski topology. In particular, RI*P \ Ad,p(X) has
Lebesgue measure 0, i.e., almost every key is admissible for X.

Proof

It is sufficient to consider the case D = d + 1. Also, it is sufficient to
analyze the case A = [ly b] and to show that a generic b € RY defines an
admissible key. The vector b € R? does not define an admissible key if
there are =, Ty, ---, My € S, so that for Y = [M1xy, -+, Mgx4],

Yb==Xb but Y-TIX#0, VleS,

Define the linear operator

Radu Balan (UMD) Permutation Invariant Embeddings 05/18/2021
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Genericity Results for d > 2
Admissible keys

Proof - cont'd
Let

P = {(ﬂl, o Ng) € (Sn)d VN e Sy, Tk € [d] s.t. (M — Ty )xi # o}
Then
{b € RY: [ly b] not admissible for X} = U ker(B(=; My,---,T
(E;I‘I1,~~-,I'Id)68,,><73

It is now sufficient to show that each null space has dimension less than d.
Indeed, the alternative would mean B(=; Iy, -+, My) = 0 but this would
imply (My,---,Mg) ¢ P. O

Radu Balan (UMD) Permutation Invariant Embeddings 05/18/2021
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Non-Universality of vector keys

Insufficiency of a single vector key

The following is a no-go result, which shows that there is no universal
single vector key for data matrices tall enough.

Proposition

Ifd >2 andn >3,

U {beR?: A=][ly b] not admissible forX} = RY.
XeRnxd

Consequently,
ﬂ Ad d+1(X) = 0.

XeRnxd

On the other hand, for n =2, d = 2, any vector b € R? with b1by # 0
defines a universal key A = [l b].
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Non-Universality of vector keys

Insufficiency of a single vector key - cont'd

Proof
To show the result, it is sufficient to consider a counterexample for n = 3,
d =2, with key b = [1,1] .

Then Xb =1[0,-1,1]" and Yb=[1,0,-1]", yet X 2 Y. Thus [k b] is
not admissible for X.

Then note if a € RY so that [ly a] is admissible for X then for any P € S,
and L an invertible d x d diagonal matrix, L"1PT A € Aq1(XPL). This
shows how for any b € R?, one can construct X € R3*2 so that

b As1(X).

For n > 3 or d > 2, proof follows by embedding this example.
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Genericity Results for d > 2

Admissible Data Matrices

Theorem

Assume a € RY s a vector with non-vanishing entries, i.e., ajas - - aq # 0.
Then for any n > 1, S([ly a]) is dense in R"*? and includes an open dense
set with respect to Zariski topology. In particular, R"™9\ S([l4 a]) has

Lebesgue measure 0, i.e., almost every data matrix X is separated by the
vector key a.

Radu Balan (UMD)
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Genericity Results for d > 2

Admissible Data Matrices

Theorem

Assume a € RY is a vector with non-vanishing entries, i.e., ajas - --aq # 0.
Then for any n > 1, S([ly a]) is dense in R"*? and includes an open dense
set with respect to Zariski topology. In particular, R"™9\ S([l4 a]) has
Lebesgue measure 0, i.e., almost every data matrix X is separated by the
vector key a.

Corollary

Assume A € RI*(P=d) js 3 matrix such that at least one column has
non-vanishing entries. Then for any n > 1, S([ly A]) is dense in R™9 and
is generic with respect to Zariski topology. In particular, R"™ 9\ S([ly A])
has Lebesgue measure 0, i.e., almost every data matrix X is separated by
the matrix key [lg Al.
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Proof that S([ls A]) is generic

The case D > d

Assume A € RI*(D=d) gatisfies A1 kA2 - Ag ik 7# 0 for some
k € [D — d]. The set of non-separated data matrices X € R™ 4 (i.e., the
complement of S([l4 A])) factors as follows:

RnXd\S([/d A]) = U (kerL(El,---,ED_d;I'Il,---,I'Id;/
(Z1,Zp—diM1,+,Ng)e(Sn)P

\ | ker I\/I(I'I,I'Il,---,l'ld)) (%)

rlESn

where, with A = [31, UK aD_d], X = [Xl, S ,Xd]:
L(Z1,+,Ep—giMiy, Mg A R™XIRXDP=d 1 (L (LX), =[(Ek—1)x1,(Zk—Tg)xd]ak , kE[D—

MMy, Mg RYG =R ML, Mg )X =[(M=1)xa, -, (M=) xg]
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Proof that S(A) is generic

cont'd

1. The outer union can be reduced by noting that on the "diagonal” A,

A={(Z1, . Zp_g;M1,---,N) €(SHP , M=Ny=--- =Ny}
M(My, Ny, -+, My) =0 — U ker M(”?”L"',nd):R"Xd
nes,
2. 1f (21, -+, Zp_q; M1, ---,Ny) € (S4)P \ A then for every k € [D — d]

there is j € [d] such that =, — IN; # 0. In particular choose the k column
of A that is non-vanishing. Let x; € R" so that (=4 — I1j)x; # 0. Consider
the matrix X =[0,---,0,x;,0,---,0] where x; is the only non identically 0
column. Claim: X & ker L(Z3,...,Mg; A). Indeed, the resulting k column
of L()X is Aj k(Zk — Nj)x; 75 0. It follows that

dim ker L( 1y s=p—d; M1, -, I'Id'A)<nd

Hence R™<9\ S([la A]) is a finite union of subsets of closed linear spaces
properly included in R"%9 This proves the theorem. [J
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Additional Relations

Note the following relationship and matrix representation of X when
matrices are column-stacked:

M(n7n17"'7nd):L(na"'an;nl7"'and;l)

A11(Z1— M) Az 1(=1 — M) Ad1(Z1—MNg)
| A12(=2 — ) Az o(=2 — M) e Ag2(Z2 —Mg)
A1p-d(Zp-d — M) Asp-d(Z=p-a—T2) -+ Adp-d(Zp—ad— Ny

n(D — d) x nd matrix.
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Universal keys

Theorem

—

Consider the metric space (R"*4 d).
There exists a bi-Lipschitz map

N -

B:Rrxd — R™D  R™

with D =1+ (d — 1)n! and m = (1 + (d — 1)n!)n. This map is given
explicitly by 3(X) =/ (XA) for any A € R¥*H(d=1)) whose columns
form a full spark frame, and where | acts column-wise.

Radu Balan (UMD) Permutation Invariant Embeddings 05/18/2021



Sorting
000000000000e

Towards universal keys

Relation (*) from the proof of previous theorem provides an algorithm to
check if a matrix A is a universal key. It is likely that if a universal key
exists for a triple (n, d, D) then universal keys are generic in RI*(D~d)
Open Problem: Given (n, d) find the smallest dimension D (or D — d) so
that there exists a universal key A € R9*(D=d) for Rn*d

So far we obtained:

1B W NS
N NN DN
NN =
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The metric space Sym(n)

The real vector space V = Sym(n) = {A = AT € R"™"} is of dimension
N = w The permutation group S, acts on V by the similarity
transformation (P, A) € S, x Sym(n) — PAPT. The metric space

Sym(n) = Sym(n)/ ~ of equivalence classes admits the natural metric:

d(A,B) = min |A— PBPT |

induuced by the Frobenius norm || - ||¢.

o —

Problem: Construct a (bi)Lipschitz map /3 : (Sym(n), d) — R™.
Specifically, construct 8 : Sym(n) — R™, ag, by > 0 so that for any
A, B € Sym(n):

O A= Bifand only if 3(A) = 8(B);

@ aod(A, B) < [|B(A) — B(B)||2 < bod(A, B)

A A

Then B(A) = B(A) and 3 lifts 3 to Sym(n).
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The group representation point of view

The same action can be viewed as a representation of a subgroup of Sy
acting on RN where N = n(n +1)/2. Specifically, let i : Sym(n) — RN
and j : Sym(n) — R be the linear maps:

I(A) - (Al,la T 7An,n7 A1,27 e 7A1,n7 A2,37 e 7A2,n7 e 7An—1,n)T

J(A) - VeCt(A) = (A1,17 e 7An,17A1,27 e 7An,27 e 7A1,n7 e 7An,n)T

Note /i is an isomorphism, whereas j is injective but not surjective. Let

E = Ran(j) C R™ ~ RN,

The action A — PAPT is implemented by the linear map Lp : R™ — R™,
Lp(§) = (P ® P). Each subspace E is invariant to the action of Lp. This
invariance induces a pull-back Tp : RV — RN which remains a
permutation matrix on RV, Thus we obtain a linear representation of S,
seen as a subgroup of Sy acting on RV, via (M, v) — Tpv.

Radu Balan (UMD) Permutation Invariant Embeddings 05/18/2021



Polynomial Invariants

Based on joint work with Efstratios Tsukanis.

The main task is to find a characterization of the algebra of invariant
symmetric polynomials in n? variables A = R[X11,- - ,X,,,,,]S". For
easiness of notation, we shall collect into a matrix denoted by A the n?
variables of these polynomials. Thus we are interested in finding
polynomials Q(A) in entries of A that satisfy:

O Q(A) = Q(AT) for all Ac R™";

Q@ Q(MANT) = Q(A) for all M € S,.
The algebra A is graded: A = ©4>0Hy4, where each Hy denotes the vector
space of homogeneous polynomials of degree d in A.
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Polynomial Invariants (2)

An homogeneous polynomial of degree d in entries of A can be compactly
written as Q(A) = trace(W - (AR A® --- ® A)) for some W € Rndxnd,
Each invariant symmetric polynomial Q € Hy should satisfy:

Wi=w , wg---oM=N---oNW, vlcs,

Thus Hy can be identified with the self-adjoint elements of the commutant

of the algebra generated by {N®? M e S,}. Let Cy = {N®?  NeS,}
denote this commutant.

Proposition (see also Schneider et.al ('17))
For d =1, dim C; = 2 with a basis provided by Wi = I, and W, = 117,
Thus dim Hy = 2 and a basis is provided by:

Q1(A) = trace(A ZA,, , =1TA1 = ZA'J

ij

V.
— —_ = — SR
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Polynomial Invariants (3)

Let D = diag(A - 1) be the diagonal matrix that collects the row-sums of

A. Note the graph Laplacian is defined as A = D — A, and, if A’ = NANT
then D’ = MDMNT. This covariance property provides us with a large class
of invariant symmetric polynomials:

QPLQI,P2:Q2H“»PL:QL(A) = trace (Apl DN AP2D% . .. APL DqL) .

With this notation, the previous basis for Hy is provided by {Q1,0, Qo,1}-

A plausible conjecture: The system Qp, g1.p2,g2,--,p1,q: defines a complete
system of invariant polynomials.
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Polynomial Invariants (3)

Let D = diag(A - 1) be the diagonal matrix that collects the row-sums of

A. Note the graph Laplacian is defined as A = D — A, and, if A’ = NANT
then D’ = MDMNT. This covariance property provides us with a large class
of invariant symmetric polynomials:

QPLQI,P2:Q2H“»PL:QL(A) = trace (Apl DN AP2D% . .. APL DqL) .

With this notation, the previous basis for Hy is provided by {Q1,0, Qo,1}-

A plausible conjecture: The system Qp, g1.p2,g2,--,p1,q: defines a complete
system of invariant polynomials.

However this is not true: for d = 2 we obtained dim H, = 7, whereas only
3 generators are of this form {Q2,0, Q1,1, Qo2}-
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The Protein Dataset

This section is based on joint work with Naveed Haghani and Maneesh
Singh.

Protein Dataset: selection of 450 enzymes and 450 non-enzymes out of
1113 proteins. Each graph associated to one protein: nodes represent
amino acids and edges represent the bonds between them. Number of
nodes: varying between 10 and capped at 50.

Task: the task is classification of each protein into enzyme or non-enzyme.
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The Deep Network Architecture
Architecture: RelLU activation and

@ GCN with L = 3 layers and 29 input feature vectors, and 50 hidden
nodes in each layer; no dropouts, no batch normalization. output of
GCN: d = 1,10, 100.

o Mid-layer component: «

o Fully connected NN with dense 3-layers and 150 internal units; no
dropouts, with batch normalization.

(X,A)

> GCN 4 SVM/NN
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The Network

Training has been done over 3000 epochs with a batch size of 100. Loss
function: cross-entropy.
The following 5 « blocks have been tested:

@ Identity: a(X) = X; no permutation invariance.

@ Identity x 5: a(X) = X BUT the training data set has been
augmented with 4 random permutatons of each graph.

ordering: a(X) =| (XA), A= [/ 1]
kernels: al(X) = (X h—q exp(—Ix« — ajl1>/07))1<j<m=nd
@ sumpooling: a(X) =17X

o
o
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Enzyme Classification Example
Training Loss: X Entropy

iof Loss Training, d = 1, seed = 1 1010 Loss Training, d = 100, seed =1
ordering &— ordering
=— identity
108 idx5
6
108§
10°
10
10*
102
102
o 1
10 ]
10° g
102 102
0 100 200 300 400 500 600 700 0 100 200 300 400 500 600 700
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Enzyme Classification Example

Training Accuracy

Accuracy Training, d = Accuracy Training, d = 10, seed = 1

°
2

ordering o ordering
identity 045 o identiy
03 idx5 9
o kemels 04 o kemels
sumpooling sumpooling
02 : : : . : ' ' 035
0 100 200 300 400 500 600 700 0 10 200 300 400 500 600 700

Accuracy Training, d

055
05 G ordering
identity
idxs
045 —o— kemels
sumpooling
04
[ 100 200 300 400 500 600 700
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Enzyme Classification Example

Validation Accuracy

Accuracy Validation, d =

o ordering o ordering
0357 identity o identiy
idx5 9
03} o kemels o kemels
sumpooling sumpooling
025 : : : . : ' ' : : . : .
o 100 200 300 400 500 600 700 200 300 400 500 600 700

Accuracy Validation, d = 100, seed = 1

055
05
& ordering
045 dentity
idxS
04 —&— kemels
sumpooling
035
100 200 300 400 500 600 700
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Enzyme Classification Example

Validation Accuracy with Random Permutations

Accuracy Validation Permuted, d = 10, seed =1

ordering o ordering
0354 identity o identity
a5 045 ioxs
03 o kemels o kemels
sumpooling sumpooling
025 . . . . : . i 04 . . . . : i
[ 100 200 300 400 500 600 700 0 100 200 300 400 500 600 700
08 Accuracy Validation Permuted, d = 100, seed = 1
& ordering
045, dentity
idxS
04 —&— kemels
sumpooling
035
100 200 300 400 500 600 700
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The QM9 Dataset

Dataset: Consists of 134,000 isomers of organic molecules made up of
CHONF, each containing 10-29 atoms. see
http://quantum-machine.org/datasets/ Nodes corresponds to atoms; each
feature vector containins geometry (x,y,z coordinates), partial charge per
atom (Mulliken charge), and atom type.

Task: the task is regression: predict a physical feature (electron energy
gap) computed for each molecule.

Architecture: RelLU activation and

o GCN with L = 3 layers and 50 hidden nodes in each layer; no
dropouts, no batch normalization; zero padding to m = 29 number of
rows. output of GCN: d = 1,10, 100.

o Mid-layer component: «

o Fully connected NN with dense 3-layers and 150 internal units in each
of the two hidden layers; no dropouts, with batch normalization.
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The Network

Training has been done over 3000 epochs with a batch size of 100. Loss
function: Mean-Square Error (MSE).
The following 5 « blocks have been tested:

@ Identity: a(X) = X; no permutation invariance.

@ Identity x 5: a(X) = X BUT the training data set has been
augmented with 4 random permutatons of each graph.

ordering: a(X) =| (XA), A= [/ 1]
kernels: a(X) = (£4=1 exp(—xc — jl|*/07))1<j<m=nd
@ sumpooling: a(X) =17X

o
o
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QM9 Regression Example

Training MSE

Numerics
000000000@0000000

Loss Training, d = 1, seed = 1

10%¢ 10’
ordering
identity
idx5
kemels 10°
sumpooiing ff

Loss Training, d = 100, seed = 1

Loss Training, d = 10, seed = 1

ordering
identity
idxs

—— keme

sumpooling

300 400 500 600

ordering
identity
a5
kemels
sumpooling
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QM9 Regression Example

Validation MSE

o Loss Validation, d = 1, seed =1 o Loss Validation, d = 10, seed = 1
il ordering ordering
identity ~— identity
idxs a5
kernels 10° —— kemels.
sumpooling ff ——— sumpooling
————
300 400 500 600

Loss Validation, d = 100, seed = 1

10°
—— ordering
identity
ids
1 —— kemels
107 - sumpooling
10”} QMEW& A
iy
1
)
o o 9
104
0 100 200 300 400 500 600
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QM9 Regression Example

Validation MSE with Random Permutations

Loss Validation Permuted, d = 10, seed = 1

10
ordering
identiy
| ids
10° —— kemels
——— sumpooling
10
\‘w;-:’—’/_’_f:.
I 104 . | I I
4 100 200 300 400 500 600 0 100 200 300 400 500 600
@ Loss Validation Permuted, d = 100, seed = 1
“— ordering
identity
1 ids
o' i
| sumpooling
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Thank you!
Questions?
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