KUMMER’S CRITERION ON CLASS NUMBERS OF
CYCLOTOMIC FIELDS

SEAN KELLY

ABSTRACT. Kummer’s criterion is that p divides the class number of Q(uyp)
if and only if it divides the numerator of some Bernoulli number By for
k = 2,4,...,p — 3. This talk will start with explaining how finite groups
of Dirichlet characters are in bijection with finite Abelian extensions of Q, and
why the class number of an Abelian CM field is “almost” computable. This
computation involves the generalized Bernoulli numbers, giving a partial result
similar to Kummer’s criterion.

In the second half of the talk I will discuss a “Kummer-like” criterion,
Herbrand’s theorem. It is a refinement of previous result in the sense that
it tells us more about the structure of the ideal class group of Q(up) as a
Gal(Q(pp)/Q)-module. If there’s time, I'll discuss the first step of Ribet’s
proof of the converse of Herbrand’s theorem.
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1. INTRODUCTION
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Let h, denote the number field Q(u,), where 1, denotes the group of pth roots
of unity. Then Q(p,) is an Abelian CM field with maximal totally real subfield

Qup + 1y h).
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Historically, we are interested in the class numbers of the fields Q(u,) because
they tell us when we can prove special cases Fermat’s Last Theorem using elemen-
tary methods from algebraic number theory. We denote by h, the class number of
Q(pp)- Similarly denote by A the class number of Q(pp + p1, '), and let

h
h- =2
p h;
be what’s called the relative class number. Note that even though we use the letter

h to denote it, it isn’t actually the class number of anything in particular. We
define a prime to be irregular if p| h,,.

The Bernoulli numbers are defined by,

oo

t t"
et—1 Z Bnﬂ
n=0
So By =1, By = —%, By = %7 Bs =0, By = —3—10, and B; = 0 for odd i. Some
people set By = B; = 0. The Bernoulli numbers appear as special values of the

Riemann zeta function at the negative integers, (1 — k) = —%Bk, k=2,4,....

Kummer’s criterion is the following,

Theorem 1. p is irreqular if and only if p divides the numerator of some Bernoulli
number B, k=2,4,...,p— 3.

2. KuMMER’S CRITERION

In this section we derive a weaker form of Kummer’s Criterion,

Theorem 2. p | h,, if and only if p divides the numerator of some Bernoulli number
Bi, k=2,4,...,p—3.

2.1. Finite Abelian extensions of Q. By the Kronecker-Weber theorem, every
finite Abelian extension of Q is contained in some cyclotomic field Q(uy,). Put
another way,

Qab = Q(poo) = UQ(Nn)

Theorem 3. The Galois group of Q(uy) is isomorphic to (Z/nZ)* by sending
m € (Z/nZ)* to the automorphism

Om : Cn C’I’TLn VCn € pin

It follows that
Gal(Q/Q)™ = Gal(Q"/Q) = lim(Z/nZ)* = (Z)*.

By the Galois correspondence, to understand finite abelian extensions of Q we
simply need to understand closed and open subgroups of (Z)*, and the easiest way

~

to work with these are via the 1-dimensional representation, or characters, of (Z)*
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A Dirichlet character is a map x : (Z/nZ)* — C*, although this is an
oversimplification. Really a Dirichlet character is a character on Gal(Q/Q) that
factors through the quotients,

Gal(Q/Q) — Gal(Q™/Q) — Gal(Q(us)/Q) — C*

Also, it is useful to consider Dirichlet character having as its codomain a field other
than C, as the following example illustrates.

Example 4.

Let m € (Zy/pZy)* ~ (Z/pZ)*. Then mP~' = 1 and since p /
| (p — 1), m lifts by Hensel’s lemma to a unique w(m) € Z, such
that (w(m))P~! =1 and

w(m)=m (mod pZ,)

The Teichmiiller character is the character which assigns m —
w(m). Without confusion, can also consider it as a character Gal(Q/Q) —
Gal(Q(pp)/Q) — Zy, as the need arises.

Also notice that the Teichmiiller character generates the entire
group of characters on (Z/pZ)*.

There is a smallest number f|n such that y factors through the quotient y :
(Z/nZ)* — (Z]fZ)*Z]/ — C*. This number is called the conductor of x and is
denoted f,.

The parity of a character is defined to be odd (or 1) if x(—1) = —1 and even
(or 0) if x(—1) =1.

There is a group law on Dirichlet characters, but it is not given by pointwise
multiplication. However for our purposes we only need to know the following facts.
1. If x, % are Dirichlet characters and (fy, fy) = 1, then (x¥)(m) = x(m)y(m). 2.
If  is a Dirichlet character then (x%)(m) = (x(m))".

Now let X be a finite group of Dirichlet characters, and let f be the lem of
their conductors. Then we can define H C (Z/fZ)* as the intersection of all
their kernels, H = ﬂxe  ker x. Under the Galois correspondence this gives a field
K C Q(pys), and all Abelian extensions of Q arise this way. This gives a covariant
bijection

finite Abelian extensions finite groups X of
{ K/Q } <—> { Dirichlet characters }

The benefit of working with groups of Dirichlet characters is first illustrated by
the following formula, and later by the relative class number formula.

Theorem 5 (Conductor-discriminant formula). Let X be a finite group of Dirichlet
characters corresponding to a field K/Q. Then

di| = H Ix
XEX
where f, is the conductor of x, di is the discriminant of K.



Example 6.

Let p be the unique character of order 2 on (Z/pZ)*. Then p is the
quadratic character mod p,

m 1, m is a quadratic residue mod p
p(m)=|—|) = ‘
—1, otherwise.

Let X = {1, p}, and K the corresponding field. If p =1 mod 4 then
—1 is a quadratic residue, so p is an even character. Otherwise,
p is an odd character. In the former case, ker p contains complex

conjugation, and therefore K is real quadratic. Otherwise, K is
imaginary quadratic. From the formula, |dx| = p, so K = Q(v/Ep).

Example 7.
Let X be the group generated by the Teichmiiller character above,

s0 K = Q(up). Then X contains p—1 elements of conductor p and
the identity, which has conductor 1. Therefore the discriminant of

Q(up) s pP~.
REFERENCE: [Was| Chapter 3.

2.2. Generalized Bernoulli Numbers. Let x be a Dirichlet character of conduc-
tor f. The generalized Bernoulli numbers B, , are defined by the expression

f t o
te™ t"
Xmte™ _§~p T
eft —1 X!
m=1 n=0
It turns out the generalized Bernoulli numbers are all polynomials in f, x, and

the plain old Bernoulli numbers. For most applications, we only need the first few
generalized Bernoulli which are,

m=
Also, B; ,, = 0 if the parity of ¢ and x are different.
Example 8.
Let p=T7. Since
33=—-1 (mod 7)

by Hensel’s lemma there is unique number a € Z7 such that o
—1 and o = 3 mod 7Z7. It is easy to see that o generates ug C Zo .

3:
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Thus we can write the standard character w explicitly as

w(l) =1, w(2) = a?, w3 =«
w(4) = —a, w(b) = —a?, w(6) = —1.
Then

Biw=1(1+20"+30— 4o — 50> —6) = (-5 — a — 30?)
and you can verify that By 2 = By e =0 and By 3 = —1.

Kummer’s condition is a requirement on how divisible certain Bernoulli num-
bers are by p. You might suspect there is a relation between the divisibility of
the Bernoulli numbers and the generalized Bernoulli numbers. Let’s look at our
example,

Example 9.

Let w be the standard character as before. You can check that,
a =31 (mod 49Z;).
that is, the T-adic expansion of a is 7T+ 4 -7+ O(49). Thus
—5—a—-3a>=-5-31-3-312=21 (mod 49Z7)
and therefore
B, =3 (mod 7Z7)
Similarly, By s = 6 mod 7TZ7.
Notice that %Bg = % =3 mod 7, and iB4 = 7%20 =6 mod 7.

In general we have the following,

Theorem 10. Let w : (Z/pZ)* — Z) be the Techmuller character of conductor p.
Let k=2,4,...,p—3. Then

1
By -1 = EBk (mod pZy).
and both sides are p-integral. By ,»—2 is not p-integral, but pB; ,p»-2 is and
pBy wp-2 = —1 (mod pZy)
[Was] uses p-adic L-functions to prove a limited version of this theorem, while
[La] uses Bernoulli distributions.

The last equivalence comes from the definition of w: it is the character such that
w(m) =m (mod pZ,). Therefore,

p—1 p—1
Z mw~t(m) = 1=-1 (mod pZ,)
m=1 m=1
1-
in general,
1 1
;ank,n = EBk (mod pZyp)

Also both sides are 0 when k is odd.



REFERENCE: [Was| Chapters 4-5, [La] Chapters 1-2.

2.3. L-functions. The Dedekind zeta function, defined for any number field

K,is .
Cre(5) = Z (Na)s

aCOxk
where N denote the ideal norm induced by Nmp/q, and the sum is taken over all
ideals of K. This series converges uniformly for Re s > 1, and a functional equation
extends (x to a meromorphic function on the entire complex plane. At s = 1, there
is a simple pole with residue

2" (2w)"2hR
d|
Now suppose X is a finite group of Dirichlet characters corresponding to the Abelian
extension K/Q. Then the Dedekind zeta function decomposes into a product of
Dirichlet L-functions,
=11 0

XEX
where

for Res > 1.

The upshot of all this is that knowledge of the Dirichlet characters gives us
a tremendous amount of information about the field without having to know its
elements. We have two important theorems from ANT.

Theorem 11. Let X be a finite group of Dirichlet characters corresponding to a
field K/Q. Then the Dedekind zeta function of K has a pole at s = 1 with residue

2" (2m)"2hR H

|VV|\/|7 xXEX

X#1
Where 11,12, R, W are the number of real embeddings, pairs of complex embeddings,
regulator, and group of roots of unity of K

Let 7(x) denote the Gauss sum,

Then we have the following.

Theorem 12. 1. The Dirichlet L functions satisfy a functional equation,

Afs,x) = f/%lm s

where

As) = (/)70 (52 Do)
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1 ;
and § = 5 parity of x.
2. The Dirichlet L functions have special values at the negative integers,

1
L(lfn,x):fEBn,X ,n>1

3. If x is an odd character (i.e., x(—1) = —1) then

miT(X)
Ix

L(laX) = Bl,y

Notice that 2. is in analogy with the special values of the Riemann zeta function
at the negative integers given in the introduction.

Finally, we need one last lemma,

Lemma 13.

I ~00 =Vldl

xeX

REFERENCE: [Mar] Chapter 7 for a self contained presentation of L-fuctions.
Thm 12 is in [Was|] Chapter 4.

2.4. CM fields have “almost” computable class number. Our endeavor is
to understand the class groups of cyclotomic fields. What this formula is telling
is that we can reduce the problem of computing the class number to the problem
of understanding the units, which determine the regulator. The problem is that
understanding the units of cyclotomic fields is as elusive as understanding the class
number.

However, our saving grace is that the fields we are interested in are also CM
fields, and the units of CM fields have a special property.

The goal of this section is to explain the relative class number formula,

Theorem 14. Let K be a CM Abelian extension of Q with associated characters
{x}, K% its maximal real subfield. Let h, h™ be their class numbers and h = hth™.
Then

h™=Qu [ (=3B

x odd

First some examples.

Example 15.

Let K = Q(v/—23), an Abelian CM field. Since —23 = 1 mod 4,
K C Q(p23) and has conductor 23. Notice that in this case, h~ =
h, since the mazimal real subfield is Q. The associated group of
Dirichlet characters is the order 2 group generated by the quadratic
character x, given in the example in the first section.



Since 1,2,3,4,6,8,9,12,13, 16, and 18 are the quadratic residues
mod 23,
h=h"=1-2-—1B,
—(1+243+4-54+6—-7+84+9—-10—-11+12
+13-14—-154+16—-17+18-19—20 — 21 — 22)
=3
Theorem 16. Let K be a CM field and K+ its mazimal real subextension with
rings of integers Og and Og+. Denote by W the roots of unity of Ok .

Then the following is true.

(1) The class number of Kt divides the class number of K.

(2 Q=[0g WO, |=10r2. If K=Q(u,) then Q = 2.

(3) Rx/Ry+ =2"/Q where r = [K+:Q] — 1.

(4) If K corresponds to the group of characters X, then KT corresponds to the
subgroup of even characters X+ C X.

Pf: The first statement follows from class field theory. Since K/K™* is totally ramified at
the infinite primes, the Hilbert class field of KT, Hy+, is linearly disjoint from K (oo is
simultaneously ramifies and unramified in K N H x+7). So we have a tower,

Hgk

HK+K

unram.

u@ %&m at oo

and recall that the index [Hk : K] is equal to the class number of K. ]

Pf: Theorem 14 follows from combining the previous theorem and the results of the pre-
vious section |

REFERENCE: [Was| Chapter 4.

2.5. Kummer’s criterion. Now let K = Q(u,), so the associated group of Dirich-
let characters is the cyclic group of order p—1 generated by the Techmuller character
w (see above). There are exactly 2p roots of unity in K, and @ = 1. Therefore,

1
=2p H Bl w’c = WBl,wBl,w?’ s Bl7w1’_4(_pBl,wP_2)

1<k<p
k odd

Using the congruences of the previous section, we get,

1
hp = WBQB4 R Bp_?, (mod p)
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Therefore

Theorem 17. p divides the relative class number if and only if p divides By for
somek=2,4,...,p—3. As a result,

p divides By for some k=2,4,...,p—3 == p s irregular

To get the full Kummer condition requires a bit more work. The problem is with
the real class number h; . Interestingly, we have the following conjecture.

Conjecture 18 (Vandiver).
pf h;.

This conjecture has only been verified for a relatively small (in the world of
computational number theory) number of primes, is generally accepted to probably
be true, but has no known methods that will work towards a proof.

REFERENCE: [Was| Chapter 5 for p|h, <= p|h,

3. HERBRAND’S THEOREM AND ITS CONVERSE

3.1. Galois groups acting on the ideal class group. Let K/k be a Galois
extension of number fields, G = Gal(K/k). Let C be the ideal class group of K.
You can check that G acts on the prime ideals p C Ok, by

p’ =op={ox|x € p}.

Therefore G acts on the free abelian group on the prime ideals of K, and therefore
on its quotient C.

Since we are interested in the p-part of the ideal class group, we also have the
following

1. C/CP?, is a F,[G] module. 2. If P is the p-Sylow subgroup of C, then P is a
Z,[G] module.

1: C/CP is a group of type (p,...,p) so is also an F, vector space. 2: P is
p-primary, and any p-primary group has a natural Z, action. (Let x € P, y € Z,,.
Choose r, 27" = 1, then choose n € Z such that n = y mod p"Zy and set y-x = ™.
Check this is well defined.)

We need the following theorem.

For the moment, let G be any finite group, |G| = n. Recall the dual, é, is
non-canonically isomorphic to G, and |G| = |G|.
Theorem 19. Denote by p,, the group of nth roots of unity. Let k be any field
satisfying
chark [ n, and, fn C k.
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Then any k[G]-module A decomposes as,
A=p A,
xe@
where the action of G on A, is given by

ox = x(0o)x forallo € G and z € A,
Pf: For each x € G define

oceG
which is an element in k[G] by hypothesis. You can compute directly that the collection
of elements {ey } are a k-basis of orthogonal idempotents for k[G].

Finally define
Ay = e A.

The Herbrand-Ribet theorem is the following.

Theorem 20. Let K = Q(u,) and w the standard character that generates the
Dirichlet characters corresponding to K. Let P be the p-primary part of its ideal
class group, which decomposes P = &;P,i. Then fork=2,4,...p— 3,

P,i-x is non-trivial <= p| By

The forward implication is due to Herbrand (1932) and the converse is due to
Ribet ([Rib] 1976).

REFERENCE: Any text on rep theory? Or, [Was].

3.2. Stickelberger’s Theorem. Now let’s return to the case we are interested in.
Here, our field is Q(p,) whose Galois group {0, }me(z/pz)x and character group

{w? f;ll we defined previously.

Since |G| = p — 1, any of the fields Q(pp—1), or Z,, or F, will satisfy the hy-
potheses of the theorem.

Let 6 be the element .
1w
0= , Z mo,,t € QG].
m=1

Theorem 21 (Stickelberger). 1. Foralli = 2,...,p—1, the element (i—0;)0 € Z[G].
2. Let I be the ideal generated by all these elements. Then I anihilates the ideal

class group of Q(u,).?

2Remark: This theorem is true for any Abelian extension K/Q. Here we have to replace the
element 6 by
o= > (ao/pe;’ €QIG]
a€(Z/fZ)*
where f is the conductor of K, (a/p) means a’/p if we choose the representative a’ of a such that
1< a’ < f, and o, means the restriction of o, € Gal(Q(uyr)/Q) to K.
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P£:[Of the forward direction of the Herbrand-Ribet theorem] Recall the decomposition of
the p-primary part of the ideal class group A,

-1
p=@r :é}Pwi.
i=1

XEX

Let z € Pi, 2 < ¢ < p Then,
. R, ) )
(c— o)z = (c — w'(0e)) (p > mwl(a;f)> z=(c—w(0))By i
m=1

That is, elements of the Stickelberger ideal act as multiplication by (c—w*(c))B; ,—i € Zp.
Since w has order p — 1, so, By ,—i = B; ,p—1-i. By Kummer’s congruences,
1

p—1i

By—i  (mod pZp)

Blywpﬂ- =
Also, it is easy to check that if ¢ # 1,
c#c (mod p)

so that (¢ — w’(c)) is not divisible by p.

But P, is a p-group. Thus the only way that it can be annihilated by an element of
Zp is if it is divisible by p. |

Remark: Show that P, has to be 0 by computing the action of the Stickelberger
ideal mod pZ,,.

REFERENCE: [La] Chapters 1-2.

3.3. Some class field theory. Let K/k be Galois, and consider an Abelian ex-
tension E/K. Class field theory describes the possible extensions F in terms of the
ideal class group of K. The statements are generally complicated, but in our case
we can state a special case of the theorems of class field theory.

Theorem 22. There is a covarient bijection between subgroups B < A of the ideal
class group of K and unramified® Abelian extensions E/K. Under this correspon-
dence,

B ~ Gal(E/K).

As an application, notice we have the following

Corollary 23. Let h be the class number of K. Then p|h if and only if there
exists an unramified extension E/K such that Gal(E/K) is a (nontrivial) Abelian

p-group.

Remark: The maximal such FE is called the p-Hilbert class field.

The isomorphism in the theorem above is called the Artin map. It is actually
very easy to define, assuming you’ve been given the field E/L. Take a prime ideal

3at all primes including the infinite ones
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p of L. Since p is unramified in E, there is a unique element F'rob, € Gal(E/L)
which generates the decomposition group of p and satisfies

Froby(z) =2"? (mod p)

for all x € Og. The Artin map is then the induced map p — Frob, on the ideal
class group. It satisfies an important property, that for any o € Gal(E/L),

Frobs, = UFmbpgfl

Note this doesn’t apply to the theorem since our Galois group is Abelian, but this
is an important property of Frobenius.

REFERENCE: See [Mil].

3.4. The first step of Ribet’s proof. Now suppose we have a tower of fields
E A
>Gal(E/K)

such that F/K is Abelian and E/k is Galois. Recall that the ideal class group of
K, C, is a G module. I claim that Gal(E/K) is also a G-module. The action is
defined as follows: if ¢ € G, choose any ¢ € Gal(E/k) such that o|x = 0. The
action on Gal(E/K) is defined to be 7 € Gal(E/K),

77 =515 L

You can check this is well defined, using the fact that Gal(E/K) is Abelian.

Theorem 24. Take the tower as above, and suppose E/K is also unramified, and
let B < A be the corresponding class group. Then the Artin map

B — Gal(E/K)

is a G-module isomorphism.

Pf: It is already a group isomorphism, so we just need to check that it’s a G-module
homomorphism. Let o € G. Take any class in B represented by a prime ideal p of K, and
choose o € Gal(E/k) as above. Then Frobyo- is an element of Gal(E/K), but think of it
as an element of Gal(E/k). Then

Frobye = Frob,s = 5(Frob, )5 ' = (Froby)”.
[ ]

Using this theorem, it is clear that in order to prove the converse direction of
the Herbrand-Ribet theorem, it suffices to prove the following:

Theorem 25. Suppose there exists a tower as above, with K = Q(u,) and k = Q,
such that,

1. Gal(E/Q(p)) is an Abelian p-group.
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2. E/K is unramified at all primes.

3. The action of G on Gal(E/K) is given by
77 =wi(o) - T, forallo € G, 7 € Gal(E/K).

Then P, is nontrivial.

Ribet then uses modular forms to construct the field £ under the assumption
that p| By (Actually in Ribet’s paper (1) is slightly different because he is using
C/C? instead of P).
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