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The main purpose of this note is to correct the statement of [5, Lemma 8.2]. The source
of the mistake was an erroneous result in a previous article, namely [4, Lemma 11.12.3].
This note proves corrected versions of both lemmas, and provides counterexamples to

the original statements.

1 Correction of a Lemma in [4]

The published statement of [4, Lemma 11.12.3] is false. It should be replaced by the
following statement. We use the notation as in [4, Section 11] throughout this note,

unless otherwise stated.

Lemma 11.12.3". Recall that T* = Centg«(A*) is a maximal torus in G* defined over F;
let S* be the F'"-split component of T*, a maximal F""-split torus in G* defined over F
and containing A*. We have T* = Centg«(4*) = Centg+(S*). Choose a maximal F*™-split
torus S C G which is defined over F and which contains A, and set T = Cents(S). Choose
Yo € Wy such that ¥ is defined over F'® and satisfies ¥(S) = S* and hence ¥ (T) = T*.
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Then the diagram

g

1
w(G,A) « . w(G*, A*)/WM*, A*)

ZJ, Zl (1.1)

¥ *
[W(G,s)/ww,s)]*™ AT [W(G*, s*) /W @1+, 5]

defines an injective map wg. It depends on the choice of the data P,B* used to define
W, and M*, but it is independent of the choices of S and ¥, € V) with the stated
properties. O

Proof. The left vertical arrow is [6, Lemma 6.1.2]. The right vertical arrow is described
in [6, Proposition 12.1.1]. The proof of the latter justifies the lower horizontal arrow.
Indeed, given w € W(G, A) we may choose a representative n € Ng(S)(L)®F (cf. [6]). We

have y;' o ®@% o Yy 0 @' = Int(ms) for some mq € Ny (S)(L). Since n is ®p-fixed, we get

Dy (Yo () = Yo(n) - [Yo(n) ™' Yo(Ma) Yo(m)Yo(ma) .

As n normalizes M and hence vy(n) normalizes M*, this shows that y(n)WM*,S*) is
d;-fixed.

There exists m} € Ny~ (S*)(L) such that yo(n)m; € Ng«(A*)(F). Then w(”,(w) is the
image of Yo(n)m}, in W(G*, A*)/W(M*, A*). The independence statement is proved using
this description. u

Remark 1.1. The original lemma asserted that ¥, and t/fou are bijective. This usu-
ally fails when G is not isomorphic to G*: for example, take G = GL,(D), where D
is a central quaternion algebra over a p-adic field F; then W(G,A) = S,, whereas
W(G*, A*) /W (M*, A*) = S,/(S; x Ss). O

Remark 1.2, The proof above shows that the obvious isomorphism
Vo : W(G,S)/W(M,S) — W(G*,S*)/W(M*,S*)

maps d-invariant cosets to ®*-invariant cosets. The reason the converse direction does
not hold is that an element n* € Ng+(S*)(L)®" need not normalize M*. Clearly, the image
of the second horizontal arrow in (1.1) consists of those cosets which are invariant under

the transported action of ®, namely under ¥ o ® o ¥ =: ®,,. More usefully for our
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present purposes, an element n* € Ng«(S*)(L)®" represents the image of a ®-fixed coset

if n* normalizes M*. O

1.1 Impact on other results of [4]

The mistake in Lemma 11.12.3 had no impacts on other results of [4]. The sub-
sequent result, [4, Lemma 11.12.4] proves the existence of the normalized transfer

homomorphisms
CIT*(F)/T*(F), "€ 4" 24 CIM(F) /M (F), ]V

which play a key role in [4, 5]. Fortunately, the proof of [4, Lemma 11.12.4] goes through
as written. Its proof used the construction of n and m} given in the proof of Lemma

11.12.3, but not the false surjectivity assertion of that lemma.

2 Correction of a lemma in [5]
2.1 Statement
The goal of this section is to give the corrected statement of [5, Lemma 8.2]. We will use
the notation v/, for the map denoted by 4+ 4 in [5, (8.1)]
o : Z(0M"e —> (T7 )gr
s 8577 Jo(8 )
and v, for the map Z(ﬁ’)¢/W(G,A) — (T:I*)q)*/W(G*,A*) which it induces. The original

statement of [5, Lemma 8.2] was that 1/}0 is a closed immersion. We shall show in Sections
2.4 and 2.5 that this is indeed the case for G* = GL,, but is false in general.

Lemma 8.2°. The morphism

Yo : ZAY)e/W(G,A) > (T )g /W(G, A7) 2.1)
is a finite morphism which is birational on to its image. |

Note that v, is an isomorphism when G is quasi-split, so this issue only arises

for non-quasisplit groups.
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2.2 Preliminaries on dual groups

Lemma 2.1. Suppose M is an F-Levi subgroup of G, hence is a Levi factor of a parabolic
subgroup P = MN defined over F. Then there exists an embedding M C G such that the

I'-action on M is inherited from the I'-action on G. O

Proof. We follow the dual group conventions of Kottwitz [7, Section 1]. Since M C P are
I'-stable subgroups of G, we may define the non-rigidified dual group G together with
its I'-action by taking it to be the group corresponding to the based root system which is
the inverse-limit over all pairs (B, T) with T ¢ M and B C P of the corresponding based

root systems

projlim (X.(T), A" (B, T),X"(T), A(B, T)).
B,1)
The Galois action permutes the pairs (B, T) where T € M and B C P, and we may use
conjugation by an element of P to move back to the original pair. We have B = By, - N,
and the Galois action and the conjugation action both leave N fixed and move only the
Borels By, = BN M around. We may therefore use only conjugation by M to describe the

Galois action on such pairs (B, T). The based root system

proj llm (X*(T)l Av(BMI T)IX*(T)I A(BMI T))
By T)
is used to define M. We can now endow both of the above based root systems with
splittings, which are compatible in the obvious sense that the one for M appears inside
the one for G. The above inverse limits endowed with these splittings pin down M and

G uniquely, in a way compatible with the I'-actions. |

Lemma 2.2. Let M C G be an F-Levi subgroup. Fix an embedding M C G as in Lemma
2.1. Let I denote the inertial subgroup of I' = Gal(F/F) (similar results hold with I in

place of ).
(a) The group M’ is a Levi subgroup of the reductive group Gl
(b) M'=Z(G)' - M"™.
(c) Z(M")=Z(G)' - Z(M").

(d) Z(M'™) c Z()'.
€) ZM" =z O

Proof. We fix a maximal F-torus T C M.
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Part (a): We may assume the maximal torus T'° C G/ is contained in M’°. Then
the latter is generated by T7° and the root groups U; which are contained in M. Here
a ranges over certain roots of O (G, T'°) = [(®Y)°]req (cf. [3, Proposition 5.1]); these are
just the shorter of the restrictions of roots in ®V = <D(@,/f) to T'°. Those roots @ such
that U; C M"° must be restrictions from <I>(M, f), since Uj; is contained in the subgroup
of G generated by U, for € I. One can then check that the root system for (ﬁf'°,?1'°)
is the root system of a Levi subgroup of G'* (use the criterion [2, Proposition 1.20(ii)] —
take any point x € X,(T)z showing M is a Levi subgroup and replace it by its I-average).
Thus M’° is a Levi subgroup.

Part (b): Recall that G/ = Z(G)! - G'* and 7o(T") = 7o(G!) (5, Proposition4.1,
Section 5]). Applying these for M = G as well we get Z(G)! surjects on to 7o(T") = 7o (M),
proving (b). (It is legitimate to apply these results to the Galois action inherited on M by
Lemma 2.1.) Part (c) follows immediately.

Parts (d,e): Using part (a), clearly Z(M)"* and Z(M'°) both belong to T'°. Let
t € Z(M'°). Then for every root & € ®(M"°, T'*) (the restriction of some root « € &M, T)),

we have
a(t) = a(t) =1

the latter equality since the center of a Levi subgroup is the kernel of all roots for
that subgroup. This equality holds for the shorter restrictions, and therefore for all
restrictions, that is, for all «. This shows that t € Z(IV[) for the same reason as before.
This proves Z(M'°) ¢ Z(M)!, that is, part (d). Together with Z(M!) = Z(M)!-Z(M'°) (which

follows from (c)), we get (e) as well. [ ]

*,0

. . . —~T*o0 —=~TI*%, — _
For convenience, we write the simple roots A(M* ", T* y={ai,..., &) and

’ T\*F*ro) = {Bll cee ,,Bk}-

o

AGT T O\AGE

Let f be the order of ®* acting on G*. Fix an integer r > max{ht(a) |« € dD(/G-:, T\*)}. Recall
q is the order of the residue field of F.

Definition 2.3. We construct the following sets:

(@) Let%*C Z(Z/V[\*r*) be the open dense subset whose elements z* satisfy: given
any integers di,...,dy with0 <d; <r,Viand d, + --- + dx > 0, we have

Br(@)N™ - (B(z")) % # g
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for all integers j with |j| < r (we use Lemma 2.2(c) to prove density).
(b) Let <%, C (Z(M\*)I*)q)* be the inverse image of ¥* under the norm map N :

(Z(ZT/F)’*)CD* — Z(]T/FF ); this is open and dense since N is an isogeny. O

For z1,2z, € (Z(M)!)e, write zF = Vo(z;) for their images in (Z(M*)™)4-. Then
Vo(zi) = 85/ 2} € 850 2 (Z(M) ) g

BM*

-1/2

Lemma 2.4. Suppose zj and z; belong to T, and are such that & "z and 5gﬂllfz; are

W(G*, A*)-conjugate. Then z; and z, are W (G, A)-conjugate. O

Proof. Using the identifications W(G*, A*) = W(f}\*, j?*)r* = W(@:r*'o,ﬁr*'o) (see [5,
Propositions 4.1(c) and 6.1]), we have a relation of the form

85,7 25 = (85,  zpn T = (8, Py nzpn (2.2)

for an element n* € Nﬁr*,o (T:r*'o) representing an element w* € W(/G\*F*'o,f’?r*'o). Note
that 8,;1;/*2 € (f"\*l*)w has a canonical lift belonging to 7. S0 applying the norm N, we
obtain

O YN (Z) = (85 %Y n*N(z5) n* . (2.3)

M*

By construction N(z;) € %*, and n*N(z;)n*' belongs to the analogous open set in
Z(W M*)"™. Recall that &i(ag;l/f) = q and ,3_1(8;1‘212) = 1 for all i,j. Using this and Defi-

nition 2.3(a), {ay, ..., o} is precisely the set of roots in <I>(’G\*r*'°, T\*F*'O) whose value on the
left hand side of (2.3) is ¢/. Similarly, {w*(&,), ..., w*(@)} is the set of roots whose value

on the right hand side of (2.3) is qf Therefore, these two sets coincide, in other words

AQE T %y = AT T ).
Since n* is fixed by I'*, it follows from this that A(I/V[\*, T\*) = A( "*1\/4\*, T\*). Indeed, for any
simple root «; € A(]VF‘, T\*), if "*o; involves roots outside A(ZT/I\*,T\*), then the I'*-average
of "*o; would involve roots outside {@;, ..., &)}.
Therefore, we see that n* normalizes M+, in a positive-root preserving way, so
that
85 = wis 2 (2.4)

By By

Further, by Remark 1.2, we see that the coset of W(G*, S*)/W (M*, S*) corresponding to

w* is the image of ®-fixed coset in W (G, S)/W (M, S), that is, w* comes from an element
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w € W(G,A). Then (2.2) and (2.4) imply

Z, = wzow !

as desired. [ |

2.3 Proof of Lemma 8.2°

Proof. We consider the following commutative diagram

~ i Pyt
@)Y, —————> (T4

i ¢ (2.5)

EAD)F)a, /W(G,A) — (TFF)qy /W(G*, A").

Here for brevity we write i for the map v, and i for y,. As remarked above in Section 1, the
mistake in [4, Lemma 11.12.3] does not affect the subsequent result [4, Lemma 11.12.4],
which shows that i induces the bottom arrow i. Also, the valid part of the proof of [5,
Lemma 8.2] shows that i is a closed immersion.

We prove that i is a finite morphism. On the level of C-algebras, we have a

commutative diagram

ClEZ@EYF)g,] < CUT* )y ]

L

¥

CLZ ()Y, 17O < T[T g ¥4

A diagram chase shows that the bottom arrow is finite-type and integral, hence finite.

Write D = (Z(]VI)I)¢ and let D° be its neutral component. Then X*(D/D°) is the
torsion subgroup of X*(D). By [4, Lemma 11.3.4(b)], W(G, A) acts trivially on X*(D/D°)
and hence it preserves the connected (=irreducible) components of (Z (1\71 Mo.

Let Ty := ¥;'%,, an open dense subset of D (cf.Def.2.3). The image of T, in
D/W(G,A), call it %, is open and meets every connected (=irreducible) component C =
zD° /W (G, A). The irreducible components of im(i) are the sets i(C). By constructibility
of the map i|¢, there is an open dense subset T C i(C) contained in i(C N T,). Lemma 2.4

implies that i(C) # i(C') if C # C'. Therefore, after possibly shrinking each ¥, we may
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assume T N i(C’) = ¥ whenever C # C'. Define ¥ := Uc%; (a disjoint union); it is an
open and dense subset of im(7). Also, the inverse image i~1(%) meets every irreducible
component, hence is dense and open in D.

We may further shrink ¥ so that it is contained in the nonsingular locus of im(i),
and the composition (2.5) is étale over T. Lemma 2.4 shows that i is injective on i~ (%).
In fact i : i '(%) — ¥ is a bijective finite étale morphism between non-singular finite-
type C-schemes. It is necessarily an isomorphism, and therefore i is birational on to its

image. [ |

Remark 2.5. The above proof shows that i induces a bijective map from the connected
(=irreducible) components of D to the irreducible components of i(D). However, it seems

quite possible that D could have more connected components than i(D). O

2.4 Example I: G* = GL,

Our goal here is to prove the following.

Lemma 2.6. If G = GL.(D) is an F-inner form of G* = GL,, then the morphism v, is a

closed immersion. O

Proof. The argument is based on that of Jon Cohen [1, Theorem 5.3].

We have n = rd, where [D : F] = d%. We identify G = GL,(C). If M is a minimal
F-Levi subgroup of G, we may identify M = M* with the “diagonal” Levi which is the
product r copies of GLy on the main diagonal. Let T+ be the diagonal maximal torus
in M*, whose elements we can represent as tuples (Xjg,...,X1q 1,-+---- yXr0y e Xrdo1),
where x;; € C* for1 <i <rand0 <j < d — 1. Similarly Z(]\7[) =A{(y1, ...y lyi € C*}.

The embedding i : Z(ﬁ) — T~ in these coordinates is
Vi ¥r) > (q%yl,...,q T YL, e v Q2 Ve @ 2 V).
We may identify the map
CIT*] 5 Cclzan)
with the map

CIX%, ..., X5 1 — Clyi, ..., vH]

da-1_;
Xij = q 2 ]Yi.
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We can regard W(G, A) = S, as a subgroup of W(G*, A*) = S,4 (i.e., as the subgroup of rxr
“elementary matrices” whose “entries” are d x d identity or zero matrices). Therefore, on

taking invariants we have the map

CIXE,... x5 5 cry#, . v (2.7)

1— qfkd
T_q* -Pe(Yd),

d—1
pXy) > gz k-
where pr(X;;) and px(Y;) are the k-th power sum symmetric polynomials in the given

variables. Clearly (2.7) is a surjective homomorphism, and so i is a closed immersion. MW

2.5 Example II: G* = Sp(4n)

Our goal here is to prove that v, is not injective when G* = Sp(4n) forn > 1 and G % G*.
First we need to construct the unique non-quasisplit inner form G of G*. Let (D, —) be a
quaternionic algebra over F endowed with an involution d — d of the first kind (fixing
F). Define an involution X + X* := X' of the central simple F-algebra M,,(D). Now
choose any j € D* with j = —j, and define J € M,,(D) by

J = antidiag(,j,...,J)

(the matrix with 2n copies of j on the antidiagonal, and zeroes elsewhere). Note that
J* = —J. Define the involution of M,, (D)

o X JrX*J.

Finally define the group G := {X | o(X)X = I,}, where I, in the unit element of M,, (D).
Since over a splitting field X — X* becomes isomorphic to the usual transpose operation
and J becomes skew-symmetric, we see that G is an inner form of G*.

A maximal F-split torus A C G is of the form A = {diag(a,,... ,an,agl, .. .,al’l)}
where each a; belongs to F*, the center of D*. Its centralizer M is a minimal F-Levi which

geometrically is isomorphic to GLY; it corresponds to the set of absolute simple roots

AM,T) ={a1=e,—€y, az=e3—€s, ..., Qzp_1 =E2p_1 — €2}

AG, TI\NAM,T) ={az=e3—e3, ..., Oap_p2=Czn_2—Eon_1, Qop=2€2,}.
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On the dual side, we identify M = M* (the Galois action is trivial since G* = Sp(4n) is

split). The dual Levi M corresponds to

AM,T) = {Ollv=el—92, ceey Olzvn_l =€yn-1—€ap}

A(a, ?)\A(M,/T) = {Olzv =ey—€3, ..., azvn_z =€2n—2—C€2pn-1, Olzvnzezn}-
We will construct w € W(G*,A*) and z € Z(ﬁ) with z # 1 and with

w(sy P zywt = 8,172, (2.8)

Clearly such a relation proves that vy is not injective. We take w = €2,_15e,, ;—e,, (S0 €.8.,

W(ezn_1 — €21) = €2,_1 + €5,). Now assume n > 1. Then

w)=o, 1<i<2n-3
v Vv v
W (0, _p) = Qgp_p + Qg4
W(a;n—l) = a;/n—l + 2a2vn

W(Ol;/n) = _(azvnfl + O[ZVH)

We can make (2.8) hold by choosing z € Z(IV[) with oy (2) = o) (2) = -+ = o), _,(2) =1,
o), ,(z) =q,and o), (2) = q .
If n = 1, a similar argument shows we can make (2.8) hold if we require that z

satisfies ay (z) = g . [ |

Remark 2.7. Any finite surjective birational morphism of complex varieties f : X — ¥
with X irreducible and Y normal, must be an isomorphism. It follows that im(i) is not

normal in the example just considered. O

2.6 Impact on other results of [5]

We use the notation of [5]. Here is a list of the necessary changes:

e When G is general non-quasisplit, and K C G(F) is a special maximal para-
horic subgroup, all references to a parametrization I1(G, K) 5 S(G) should
be replaced with a finite-to-one map I1(G,K) — S(G). This appears in The-
orem. 1.1(A) and Theorem. 10.1. (If G* = GL,, then no changes are necessary
thanks to Section 2.4.)

¢ One should delete Section 12 on the map I1(G,K) — I1(G*, K*).
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» Lemma 8.2 should be replaced with Lemma 8.2" above, and Corollary 8.4
should be deleted. The reason the proof of Lemma 8.2 fails is that the map
(8.5) need not be surjective (cf. Lemma 11.12.3’).

e The maps (1.3) and (9.1) are not always injective; in Definition 9.1, the map

ta+4 is not always injective.
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