
Calculus 140, section 3.4 The Chain Rule 
notes prepared by Tim Pilachowski 
 

What we have so far: 
 

Given a function ( ) n
xxf =  where n is a non-zero integer, ( ) 1−=′ n

xnxf  [section 3.2, 3.3] 
 

[ ] [ ] [ ] xx
ee

dx

d
xx

dx

d
xx

dx

d
=−== ,sincos,cossin  for all – ∞ < x < ∞  [section 3.2] 

( ) ( ) ( ) ( )xgxfxgf ′+′=
′

+  [Thm 3.4],     ( )[ ] ( )xfcxfc
dx

d
′∗=∗  [Thm 3.5] 

( ) ( ) ( ) ( ) ( ) ( )xfxgxgxfxgf ′∗+′∗=
′

∗  [Thm 3.6],     ( )
( ) ( ) ( ) ( )

( )[ ]2
xg

xgxfxfxg
x

g

f ′∗−′∗
=

′









 [Thm 3.7] 

 

Composition of functions is taking one function’s formula and inserting it into another’s. Vocabulary and 

notation varies: “g composition f ” = “g of f ” = ( )( ) ( )[ ]xfgxfgfg == oo . 
 

Example A: Given ( ) 13 += xxf  and ( ) xxxg −= 2 , find the algebraic rules for ( )( )xfg o  and ( ) ( )xfg
′

o . 

answers: xx 39 2 + ; 318 +x  

 

 

 

 

 

 

 
 

Theorem 3.8 [Chain Rule] If a function f is differentiable at x, and a function g is differentiable at f (x), then 

( )[ ] ( )[ ] ( )xfxfgxfg
dx

d
′∗′= . 

 

Your text has a short justification at the beginning of the section, and a full proof in the Appendix. 
 

Example B: Given ( ) 34 3 −= xxp  and ( ) xxxq −= 22 , find ( )[ ]( )′xqp .    answer: 
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One way to think of the chain rule is “the derivative of the outside applied to the inside, times the derivative of 

the inside”. Possibly the most important task in using the chain rule is correctly identifying the “outside and 

“inside” functions, i.e. which one is “g ” and which one is “f”. 
 

Example C: Given ( ) ( )3xxxh +=  find ( )xh′ .   answer: ( ) 
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Example D: Suppose that y is a differentiable function of x. Express the derivative of xy 2cos4  in terms of x, y, 

and 
dx

dy
. 

 

 

 

 

 

We have an alternate way of writing the chain rule using Leibniz notation: for y = f(u) and u = g(x), 

dx

du

du

dy

dx

dy
∗= . 

 

Example E: An environmental study determined that the level of carbon monoxide (in parts per million) in the 

air surrounding a small city was a function of the number of people living there (p = population in thousands): 

( ) 175.0 2 += ppC . Population is, in turn, a function of time (in years): ( ) 21.01.3 ttp += . 

a) Explain what 
dt

dC

dt

dp

dp
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and,,  represent. b) Use the chain rule to find 

3=tdt

dC
.     answer b) 0.24 

 

 

 

 

 

 

 

 

 

Examples F: Find the derivatives of the functions 
cx

ey =  and 
x

y π= .   answers: ( ) xcx
ec ππ ∗ln,  

 

 

 

 

 

 

 

 



The natural logarithm function, ( )xy ln= , is the inverse of the natural 

exponential function, x
ey = . By finding the first derivative, we can 

determine that the slope of x
ey =  is 1 at the point (0, 1), i.e. 

( ) 1
0

=
=x

e
dx

d x . By symmetry, the slope of ( )xy ln=  should also be 1 at 

the point (1, 0), i.e. ( ) 1
1
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d
. Also recall that ( )xy ln=  is 

increasing over its entire domain The formula we use for the derivative of 

ln(x) must meet these conditions. 
 

Finding a derivative formula for ln(x) is actually quite simple. First note that since xe
x =ln , then 

( ) ( ) 1ln == x
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dx

d x . By the chain rule, ( ) ( ) ( ) ( )
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Note that ( ) 1
1
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1
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=
=

= xxx
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d
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x
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d
 for all x in the domain of ln(x). 

In other words, the “necessary conditions” listed above have been met. 
 

Example G: Find the derivative of functions r
xy = , where r is any Real number except 0.   answer: 1−r

xr  

 

 

 

 

 

 

 

 

 

 

 

Example H. Given ( ) 
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